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Abstract :

In this paper we study some properties and give some characterizations of these
sublattices. Also we prove that for a central element n of a lattice, the standard n-congruences
are permutable.
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@U( I (Bengali version of the Abstract)

93 G TLTHEF (Sub Lattice)- 97 RE 4T Pma FW TR GR IF KT
SRTIe (g o FH ZECRI 3216 AN TR FEE & WIGOF n- (TR CAmET e 2o
(Standard) n- JTFOIE [T QA7)

1. Introduction:

Distributive lattices have a lot of important properties that lattice in
general do not have. This fact gives the reason why researchers have tried to
define different types of elements and ideals of lattices which preserve some
properties of distributive lattices. Several authors including G. Gratzer and
E.T. Schmidt [1], G. Gratzer [2], W.H. Cornish and A.S.A Noor [3] have
studied these elements and ideals in different contexts, which are known as
Distributive, Standard and Neutral elements (ideals).

By G. Grétzer and E.T. Schmidt [1], if a is an element of a lattice L, then
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) a is called standard if x A (avy)=(XAaAa) v (XAy)forall
X,y €L,
i) a is called neutral if forall x,y € L

() xA(@avy)=(Xnaa)v(XxAay)thatis, ais standard and

Banxvy)=(@nrx)v(any).

An ideal S of a lattice L is called a standard ideal if

IA(SVvI)=(0AS)Vv(IAJ) foralll,Je I(L).

That is, S is a standard ideal if it is a standard element of I(L). Standard
ideals play important roles in establishing some beautiful results in non-
distributive lattices. For example, they play the same role for lattices as
invariant subgroups for groups.

G. Gratzer [2] in his book presents the problem “Generalize the concepts
of distributive, standard and neutral ideals to convex sublattices”. E. Fried
and E.T. Schmidt [4] have done the generalization work for standard ideals.
Also J. Nieminen [5] have made an attempt to study distributive, standard
and neutral convex sublattices, although there are several certain errors in his
work.

For a lattice L, the set of all convex sublattices of L with the empty set
® is a lattice, denoted by CS(L). For any A, B € CS(L), we define
AnB=({anb|ae A beB}) thatis, the convex sublattice generated
by the elementsa A b foralla € A, b € B.We also define AV B =
{avb|lae A beB}and Av B=(A, B)=(A uUB) thatis, convex
sublattice generated by A and B.

By E. Fried and E.T. Schmidt [4], A convex sublattice S of a lattice L is

called a standard convex sublattice if for all I, K € CS(L),
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0] IAn(SvK)=(1AS)v (Il ~K)and

i)y IVvESvK=(VvS)v(IVK)

where SN K= ¢dand I n (S v K) # ¢.
It should be mentioned that all through this paper, we write standard
sublattice for standard convex sublattice. In this paper we study some
properties of these sublattices with several characterizations.At the end we
include a result on the permutability of standard n-congruences.
Observe that in a lattice L the ideal generated by {aAb|a e A, b € B},
thatis, ({faAb|a e A, b € B} = (A] A (B]. Moreover the dual ideal of L
generated by {anb|a e A, b e B}, thatis,[{anblae A, be B})=[A) v
[B). Similarly (favb|ae A,be B}=(A]v(B]and[{avb|ae A Dbe
B}) = [A) A [B). Therefore when A and B are ideals then A A B = A A B and
AY B =A v B andwhen A and B are dual ideals then
A AxB=AvBand AVB=AAB.
By E. Fried and E.T. Schmidt [4] we know that A A (B] = (A] A (B] and A
v (B]=(A] v (B]
Also by above observations we find that,

(AAB]=(A1A(B], [AAB)=[A)Vv[B), (AVB]=(A]v(B]

and [AV B) =[A) A [B).
If for two convex sublattices C and D, C n D # ¢, then we shall write
C n Dby C A D. Itis well known that for any convex sublattice C of a
lattice L, C = (C] n [C).
Therefore, AAB =(AaAB]n[AAB) =((A] A (B]) A ([A) v [B)) and
AVB=(AVB]n[AVB) =((A] v (B]) A ([A) A [B)).
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Following results are easily verifiable.

AV (B]=((Al v (B]) A[A), AA[B)=(AlA([A) v [B)).
AVIB)=[A)A[B), AvI[B)=[A)Vv[B). Also (AvB]=(A]v(B]
and [A v B) =[A) v [B). Moreover, (AN B]=(A] A (B]and
[A N B)=[A) A[B), provided AAB=ANB=#¢.
Following result is due to E. Fried and E.T. Schmidt [4], that is, the

concept of standard sublattices coincides with standard ideals in case of
ideals.

Proposition 1. An ideal S of a lattice L is standard if and only if it is a
standard sublattice.

Next theorem gives nice characterizations of standard sublattices which
is due to E. Fried and E.T. Schmidt [4].

Theorem 2. The following four conditions are equivalent for each convex
sublattice S of a lattice L.
(o) Sis astandard sublattice
(B) Let K be any convex sublattice of L such that S n K # ¢. Then,
to each x e (S, K) there exist s, s, € S aj, a, € K such that;
X=(XAS)v(Xaa)=XVSs)A(XvVvay).
(B") Let K be as before. Then, for each S and to each elements
X € (S, K) and to each s,, S;’ € S there are elements s;, S’ € S,
a1, a, € K such that
X=(XAS)VXA(@VS))=((XvsH)AXv(aas))
(y) The relation 6[S] on L defined by “ x =y (0[S]) if and only if
XAYy=((XAy)vi)aXvyandxvy=(Xvy)Aas)v(XAy)with

suitable t, s in S ” is a congruence relation.
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Corollary 3. If S is standard sublattice then S is a congruence class by the

congruence relations 0[S].

In E. Fried and E.T. Schmidt [4], Fried and Schmidt proved that non
empty intersection of two standard sublattices is a standard sublattice.
Moreover, the meet of a standard ideal and a standard dual ideal is a standard

sublattice.

Remark. J. Nieminen [5] proved that if a sublattice S is standard in CS(L)
then (S] is standard in I(L) and [S) is standard in D(L). But this is completely
wrong, as there are certain errors in his proof. In his proof he showed that if
I, K e I (L),

IA(S]VK)=IAa((S]vK)=1a(SVvK)=(IAS)v (I AK)

= A(S] v (I AK).
But notice that in | A (S v K) of above proof, there is no guarantee that S
N K = ¢. Hence (S] is not necessarily standard in I(L), similarly [S) is not
necessarily standard in D(L), the lattice of dual ideals of L.

In this connection it is notable that by E. Fried and E.T. Schmidt [4]
every singleton set {s}, where s € L of a lattice L is a standard sublattice. So
according to J. Nieminen’s result [5, Lemma 1], (s] for all s € L must be
standard which is absurd for a non-distributive lattice. But as S = (S] N [S)
for all S € CS(L), so the converse of Nieminen’s result obviously holds; that
is,

Lemma 4. If for any S € CS(L), (S] is standard in I(L) and [S) is standard
in D(L), then S is a standard sublattice.
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It is well known that for a standard element s in a lattice, s A a =

sAbandsva=svbimplya=Db We now prove a similar result for

standard sublattices.

Lemma 5. Suppose S is a standard sublattice. If for any A, B € CS(L) with
SNA#¢,SNnB=xdpandSAA=SAB,SVA=SVvBandSvA =Sv
B hold, then A = B.

Proof: We have, A= (A] N [A)=(A] A [A) = (A]A[A Vv S) A [A)
=(AA(AVI))A[A)=(AA(BVS))A[A)
=((AAB)v (AAS)) A[A)as S is standard.
=(AAB)v(BaS)A[A)=(B A (AvS)A[A) asS is standard
= (BABVS)A[A)=B]A[BVS)A[A)=(B]A[AVS)A[A)
Thus, A=(B]JA[A) ... ... ... (1)
Again, A= (A] n[A)=(A] A[A)=(A]A(AV S]IA[A)
=(AlA AV AV S)=(AIAAV(BvVS)=(AlA(AVB) Vv (AVYS))as
S is standard,= (A] A ((AV B)v (BVS))=(A] A(BVY(AVS)) asSis
standard,= (A]A BV (Bv S))=(A] A(Bv S]A[B)=
(A] A(AVvS]A[B).Thus, A=(A] A [B) ... ... ... .. (2
From (1) and (2) and by unique representation of convex sublattices
(A] = (B] and [A) = [B). Therefore, A = B.
By G. Gratzer and E.T. Schmidt [1, Lemma 2.4.8.] we know that if for
any ideal | and a standard ideal S of a lattice, both I A S and | v S are

principal, then I itself is principal. Now we give a generalization of this
result.
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Proposition 6. Let S be a standard sublattice. Suppose I is an ideal of a lattice L

suchthat | A S=(a]Jand I v S=(b]then I is a principal ideal provided | n S

# .

Proof: Since S is standard, so by Theorem 2, b=(b A s) v (b A i) for some s e

Sandiel. Sincel,Sc(b],sos, i< bandb=svi.Alsoael aslisan ideal.

We claim that | = (i v a].

Here b]=1vSo(ival]vSo(ilvS=(i]v(S]=(ivs]=(b]

Therefore IvS=Sv (ival.Again(@a]=1AaS=1A(S] o (iva] A (S]= (@]

A(S] o (@.HenceSAI=(S]A(iv a]=Sa(iva]

Finally, S\ I=((S] v (I) A [S)=(b] A [S)and

SV(val =(S]v (ival) A[S) =(S]v]v (iva]) A[S)

=(]v (i v sva]) A [5)=((S]v(b]) A[S)=(b]A[S).
ThusSVI=SV (iva].

Moreover, SN 1= ¢,letue SN, thenu el AS=(a]. Hence ue S (i v a],

thatis, S m (i v a] # ¢. Hence by Lemma 5, 1= (i v a].

Similarly we can prove the following result.

Proposition 7. Let S be a standard sublattice. If for a dual ideal D, both D /' S

and D v S are principal dual ideals, then D itself is principal, if D N S = ¢.

Here is another characterization of standard sublattices.
Theorem 8. A convex sublattice S is standard if and only if
(XI A IS v (y]) = ((x] A (S]) v (x A y] and

[P) V (S v [@)) = ([p) A [S)) v ([p) A [@))

=[P ALS) vIpAa),
forall x,y,p,qge LwithS n (y]=dand S n (q] # ¢.
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Proof : If S is standard, then clearly above relations hold.To prove the

converse, let K be any convex sublattice with S n K = ¢. Suppose b € S n K.
Now choose a € S v K, thens; A ky<a<s, vk, forsomes,, s, € Sand kg, k; €
K. Thena e (aJanda<s,v k, v bimpliesthat ae (S]v (kxvb]=Sv (kv
b]. Hence, a € @ a S v (k v b)) and
b € S (k, v b]. Then by first relation a € (a] ~ (Sv (ko v b]) = (@ A (S]) v
(@A k], wherek=k,vbe K Thusa<(@ans)v(@anak)<aforsomes e S
implies thata=(a A s) v (a A k). Similarly a>s; A (k; A b) impliesa € (a] V (S
v [ki A b)) and b € S n [ky A b). Then using the second relation, we can
similarly show thata = (a v s;) A (a A k") for some s; € S, k' € K. Therefore by

Theorem 2, S is a standard sublattice.

Theorem 9. A lattice L is distributive if and only if its every convex sublattice

Is a standard sublattice.

Proof: Let L be a distributive lattice and S be any convex sublattice of L. We
have to show that S is a standard sublattice. Let I, K € CS(L) with Sl
zdpand | N (SvK)=¢.

First we show that | A (SvK)=(1aS)v (I AK).

Clearly, I AS)v (1 aK) < I A (SvK).

To show the reverse inclusion, consider i A r, where i € | and reSv
K.Nowr e SvK,thens;Ak; <r<s;,v Kk, forsomes;, s, e Sand k; k; e K
implies that (i A s)) A (I AKy) <TAT<LIA(SvKy) and so (i
SOA(IAK) S TATr<(insy v (iaky asL isdistributive. Hence
inre(aS)v(aK).Sincel a(Sv Ky={ianr|liel, reSvK).
Therefore, | A (SvK)c (I AS) v (I AK),and this implies that,
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I A(SVvK)=(I AS)v (Il ~K).By asimilar proof we show that
IV(SvK)=(IVS)v(IVK). Hence Sis a standard sublattice.
Conversely, suppose every convex sublattice of L is a standard sublattice. Since
every ideal | of L is a convex sublattice of L so I is a standard sublattice and
hence by Propositionl, | is standard in I(L). That is, every element of I(L) is a
standard element, which implies that I(L) is a distributive lattice and so L is a
distributive lattice .

Following result is also due to E. Fried and E.T. Schmidt [4] .

Theorem 10. Let n be an element of a lattice L. If every convex sublattice
containing n is standard then L is a distributive lattice.

We call the convex sublattices containing the element n as n-sublattices
and the standard sublattices containing n as standard n-sublattices. It should be
mentioned that by A.S.A. Noor and M.A. Latif [6], standard n-sublattices are
known as standard n-ideals and theorem 10 above, is a very trivial result of
A.S.A. Noor and M.A. Latif [6].
The congruence relations ® and @ of a lattice L are said to be permutable if for
a,b,ceLwitha=b(®), b=c (®)imply that there exists d € L such thata=
d(®)andd=c (O®).
An element n of a lattice L is called central if it is neutral and is complemented
in each interval containing it. For a standard n-sublattice S, we call the
congruence O (S) as standard n-congruence. Now we give a theorem on the
permutability of standard n-congruence. To prove this we need the following
lemmas.
Lemma 11. Let S and T be two standard n-sublattices and n be a neutral
element of a lattice L. Ifx<y<zandx=y ©(S),y=z ©(T), then there exists

rwithxvn<r< zwvnsuchthatxvn=r®(T)andr=zvn O(S).
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Proof: Since x v n =y v n O(S) so by Theorem 2, we have

yvn=((yvnas)v(xvn=(yas)v(nas)v(xvn=({(yas)vn)v(xvn)=
xvnva for some s € S where a=(yas)vn. Now n<(yas)vn<svn

impies that a<S. Also, sincey vn=zvn ©(T), so proceeding as above we
get beTsuchthatzvn=yvnvb Setr=xvnvb Thenxvn=xvnv
b= ro(T)asn,nvbeTandr=xvnvb=xvnvavbo®()(@snnva
€ S)=yvnvb=zvn Moreover, x vn<r<zvn and this completes the
proof.

A dual proof of above lemma gives the following result.

Lemma 12. Let S and T be two standard n-sublattices and n be a neutral
element of a lattice L. If x <y <zandx=y O(S), y=z O(T), then there exists

swithx An<s< zansuchthatx An=s ®(T),s=z An O(S).

Theorem 13. If n is a central element of a lattice L, then any two standard n-

congruences are permutable.

Proof: Suppose S and T are standard n-sublattices of L. Let X, y, z € L with x =
y ©(S),y=z O(T). First consider x <y < z then by above lemmas there exist
rnsebLwithxvn<r<zvnandxan<s<zansuchthatxvn=r ®(T),r
=zvnO@S)andxAan=sO(T),s=zAn O(S). Nows<n<r. Sincenis
central, thereexistsp e LsuchthatpaAn=sandpvn=r.Setu=z A (p v X),
then x = x v (X A n = x v s O =
Xv pAan=XXvpAXvn=XXvp AreT)=xvp@sr=p, xvn)
Thusx=zAX=zA(XVvpP)=UuOBO(T).Alsoz=zA(zvn)=zAr®S)= zA
rvxvn=za(pvxvn=za(PEvx)vzan=zZa(pvx)) V'S

OF)=zA(pvXx)(@ass<p,zan)=u O(S).
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In the general case consider X, Xx vy, X vy v z. Wehave x=Xxvy®(S)andx v

y=XvyvzO(T). Then by first part, there exists v e Lwithx<v<xvyvz,
suchthatx=v O(T) andv=x vy vz 0(S). Similarly fromz=z vy ©(T) and
zvy=zvyvx0O(S),wefindwe Lwithz<w <xvyvzsuchthatz=w
O)andw=xvyvzO(T).Setg=vawtheng=vAaw=vAXVvYyvVZ)
O(T) =v. Since v=x O(T), so We have g=x ®(T). Similarlyg=vAaw=w A
(xvyvz)O(S)=w.Since w =z O(S), so we have g =z O(S). In other words
® (S) and © (T) are permutable.
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