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Abstract 

This paper introduce and study four concepts of R0 supra fuzzy topological spaces. 

We have shown that all these four concepts are ‘good extension’ of the 

corresponding concepts of R0 topological spaces and established relations among 

them. It has been proved that all the definitions are hereditary, productive and 

projective. Further some other properties of these concepts are studied. 
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¢hj§aÑ p¡l (Bengali version of the Abstract) 

R0- p¤¤fË¡ g¡¢S V−f¡mS£u −c−nl (R0 supra fuzzy topological spaces.) Q¡l¢V d¡lZ¡−L 

HC f−œ EfÙÛ¡fe Hhw i¡m i¡−h ¢hQ¡l ¢h−nÔoZ Ll¡ q−u−R z Bjl¡ −c¢M−u¢R −k HC Q¡l¢V d¡lZ¡ q−μR    

R0- V−f¡mS£u −c−nl Ae¤p‰£ d¡lZ¡l "i¡m pw−k¡Se ' Hhw Cq¡−cl j−dÉ f¡lØf¢lL pÇfLÑ fË¢a¢ùa 

L−l¢R z HV¡ fËj¡Z Ll¡ q−u−R −k ph pw‘¡…¢mC Ešl¡¢dL¡l p§−œ fË¡ç , fËp¡lZn£m Hhw A¢i−rfL z 

A¢dL¿¹¥ HC pLm d¡lZ¡l BlJ ¢LR¥ djÑ−L i¡m i¡−h ¢hQ¡l ¢h−nÔoZ L−l¢R z  

1. Introduction 

The fundamental concept of fuzzy set was introduced first by Zadeh [10] in 

1965. Later Chang [4] and Lowen [6] developed the theory of fuzzy topological 

spaces in the sense of Zadeh. A large number of research papers have been 
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published dealing with various aspects of such spaces.  In 1983, Mashhour et al. 

[7] introduced supra topological spaces and studied s-continuous functions and s*-

continuous functions. Abd EL-Monsef et al. [1] introduced the fuzzy supra 

topological spaces and studied fuzzy supra continuous functions and characterized 

a number of basic concepts.   Hossain and Ali [5] generalized on R0 and R1 fuzzy 

topological spaces. The aim of this paper is to introduce α-R0 supra fuzzy 

topological spaces and study their basic properties. Here ]1,0[=I  and 

)1,0[1 =I have their usual meaning. 

1.1  Definition(10): For a set X, a function ]1,0[: →Xu  is called a fuzzy set in X. 

For every Xx ∈ , u(x) represents the grade of membership of x in the fuzzy set u. 

Some authors say that u is a fuzzy subset of X. 

1.2 Definition(4): Let X and Y be two sets and   YXf →:   be a function. For a 

fuzzy subset u in X, we define a fuzzy subset v in Y by  

    v(y) = sup { u (x) }  if  f –1[{y}] ≠ φ ,  x∈ X 

            = 0  otherwise . 

 and the inverse image of v under f is the fuzzy subset  f –1(v)=vof in X is defined by  

                    f –1(v)(x) = v ( f (x)) , for x∈ X. 

1.3 Definition(4): Let ]1,0[=I ,  X be a non empty set and  IX be the collection of  

all mappings from X into I, i.e. the class of all fuzzy sets in X. A fuzzy topology on 

X is defined as a family t of members of IX, satisfying the following conditions: 

     ( i )    1 , 0  ∈  t , 

     ( ii )   If  u i  ∈ t  for each  i ∈ Λ, then  ∪ i∈ Λ u i  ∈ t. 

     ( iii )  If u 1 , u 2 ∈ t  then  u 1 ∩ u 2 ∈ t . 

The pair (X, t) is called a fuzzy topological space ( fts, in short ) and members of t 

are called  t- open ( or simply open ) fuzzy sets. A fuzzy set v is called a t-closed 

(or simply closed) fuzzy set if 1-v∈t. 
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1.4 Definition(6) : A fuzzy topology on a nonempty set X is a collection t of fuzzy 

subsets of X such that  

(i) all constant fuzzy subsets of X belong to t. 

(ii) t is closed under formation of fuzzy union of arbitrary collection of members of t. 

(iii) t is closed under formation of fuzzy intersection of finite collection of 

members of t. 

1.5 Definition(1): Let X be a nonempty set. A subfamily t* of IX is said to be a 

supra fuzzy topology on X if and only if 

     ( i )    1 , 0  ∈  t* ,  

     ( ii )   If  u i  ∈ t*  for each  i ∈ Λ, then  ∪ i∈ Λ u i  ∈ t*. 

Then the pair (X, t*) is called a supra fuzzy topological space. The elements of t* 

are called supra open fuzzy sets in (X, t*)  and complement of a supra open fuzzy 

set is called a supra closed fuzzy set. If (X, t) be a fuzzy topological space and t* be 

a supra fuzzy topology on X. Then t* is called a supra fuzzy topology associated 

with t if *tt ⊂ . 

1.6 Definition(8):  Let (X, t) and (X, s) be two topological spaces. Let t* and s* are 

associated supra topologies with t and s respectively and  f : ( X , t ) ⎯→⎯ ( Y , s ) 

be a function. Then the function f  is a supra fuzzy continuous if  the inverse image 

of each i.e., if for any  v ∈ s*  , f -1 ( v ) ∈ t* , the function f  is called supra fuzzy 

homeomerphic if and only if  f is supra  bijective and both  f and  f -1 are supra 

fuzzy continuous. 

1.7 Definition(8):  Let (X, t*) and (Y, s*) be two supra topological spaces.   If u 1 

and  u 2 are two supra fuzzy subsets of  X and Y respectively then the Cartesian 

product  u 1 × u 2 of two fuzzy subsets u 1 and u 2 is a supra fuzzy subsets of  X  × Y 

defined by  ( u 1 × u 2 ) ( x , y ) = min ( u 1(x) , u 2(y) ), for each pair  (x, y) ∈  X  × Y.  
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1.8 Definition(9):  Suppose { X i , i ∈ Λ }, be  any collection of sets  and  X  

denoted  the Cartesian   product  of  these sets,  ie   X = Π i∈Λ X i .  Here  X  

consists  of all  points       p =   < a i ,   i ∈ Λ >, where  a i ∈ X i . For each  j o ∈ Λ ,  

we  define  the  projection π jo : X ⎯→⎯  X jo  by    π jo ( < a i  : i ∈ Λ > ) = a jo .  

These projections are used to define the product supra topology. 

1.9 Definition(10) : Let  (X, T)  be a topological space and T*  be associated supra 

topology with T.  Then a function f : X ⎯→⎯ R  is lower semi continuous if and 

only if  { }α>∈ )(: xfXx  is open for  all R∈α .  

1.10 Definition(10) :  Let  (X, T)  be a topological space and T*  be associated supra 

topology with T. Then the lower semi continuous topology on X associated with T* 

is }sup,]1,0[:{)( * lscraisXT μμω →= . We can easily show that ω(T*) is a 

supra fuzzy topology on X. 

 Let P be the property of a supra topological space (X, T*) and   FP be its 

supra fuzzy topological analogue. Then FP is called a ‘good extension’ of P “ if 

and only if  the statement (X, T*) has P  if and only if (X , ω(T*)) has FP ” holds 

good for every topological space (X, T). 

2.  α-R0 spaces in supra fuzzy topology 

2.1 Definition: Let (X, t*) be a supra fuzzy topological space and α ∈ I1. Then 

(a) (X, t*) is an α –R0 (i)  space  if and only if for all x , y ∈ X with  x ≠ y, 

whenever there exist u ∈ t* with u (x) =1 and  u (y)≤ α , then there exist v ∈ 

t*  with v (x) ≤ α  and v (y) = 1. 

(b) (X, t*) is  an α –R0 (ii) space if and only if for all x, y ∈ X ,  x ≠ y, 

whenever u ∈ t* with u (x) = 0 and u (y) > α , then there exists v∈ t* with v 

(x) > α  and v (y) = 0 . 



 

J.Mech.Cont.& Math. Sci., Vol.‐7, No.‐1, July (2012) Pages 931‐940 

 935

(c) (X, t*) is an α-R0  (iii)  space if and only if for all x, y ∈X with x ≠ y, 

whenever there exists    u ∈ t* with 0 ≤ u (x) ≤ α < u (y) ≤ 1, then there 

exists v ∈ t* with  0 ≤ v (y) ≤ α < v (x) ≤ 1 . 

(d) ( X , t* ) is an R0 (iv)   space if and only if for all  x , y ∈ X with  x ≠ y , 

whenever  there exists u ∈  t* with u (x) < u (y), then  there exists v ∈ t* 

with v (x) > v (y) . 

The following examples show that α – R0 (i), α- R0 (ii), α –R0 (iii) and R0 (iv) are 

all independent.   

2.2 Example: Let X = {x, y} and u  , v ∈IX are defined by u (x) =  1, u (y) = 0 and  

v (x) = 0.45,       v (y) = 1. Consider the supra fuzzy topology t* on X generated by 

{0, u, v, 1, Constants}. Then by definition, for  α = 0.55 ,  (X, t*) is α – R0(i) ,   but  

(X, t*) is not α –R0 (ii) . 

2.3 Example: Let X = {x, y} and u, v ∈ IX are defined   by u (x) = 0, u (y) =1 and 

v (x) = 0.73, v (y) = 0. Consider the supra fuzzy topology t* on X generated by {0, 

u, v, 1, Constants}. Then by definition, for  α =  0.63 , ( X , t* ) is  α –R0 (ii) ,  but   

( X , t* ) is not α –R0 (i). 

2.4 Example: Let X = { x , y } and u, v ∈ IX  are defined by u (x) =1 , u (y) = 0  

and  v (x) = 0.32,    v (y) = 0.69.  Consider the supra fuzzy topology generated by 

{0, u, v, 1, Constant}. Then by definition,  for α  = 0.52,  (X, t*) is α-R0 (iii), but 

(X, t*) is not α –R0 (i)  and (X, t*) is not α – R0(ii).  

2.5 Example: Let X = { x , y } and u, v ∈ IX  are  defined  by  u (x) = 1 ,  u (y) =  0 

and  v (x) = 0.24, v (y) = 0.48. Consider the supra fuzzy topology t* on X generated   

by {0, u, v, 1, Constants}.  Then by definition , for  α= 0.53,  (X, t*) is  α –R0 (iv), 

but  (X, t*) is not  α – R0 (i), ( X , t* ) is not α –R0 (ii), and  (X, t*) is not  α – R0 (iii). 

2.6 Example: Let X = { x ,y , z} and  u , v, w ∈ IX  are  defined by   u (x) = 1 ,  u 

(y) =1,  u (z) = 0  and   v (x) = 0, v (y) = 0,  v (z) =1 and w ( x) = 0.92 , w (y) = 

0.52 , w (z) = 0. Consider the fuzzy topology  t*  on X  generated  by  { 0 , u ,v , w 

, 1, Constants} .Then for α = 0.63,  it  can  easily shown that  (X, t*)  is  α –R0 ( i) 

and  ( X , t* ) is  α –R0 (ii) . But we observe  (X, t*)  is  not α –R0 (iii),  and   (X, t*) 
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is  not R0 (iv), Since  w (x) > α ≥ w (y) but  there does not exist q ∈ t* such that q 

(x) ≤  α < q (y). 

2.7 Example: Let X = { x , y , z } and u , v ∈ IX are  defined by u (x) = 0.83 , u (y 

) =  0.41 , u (z) =0.36,  and v(x) = 0.36,  v (y) = 0.83 , v (z) =0.24. Consider the 

supra fuzzy topology t* on X generated by {0, u, v, 1, Constants}. Then by 

definition,  for  α =0.5,  (X, t*)  is  α – R0(iii), but (X, t*)  is  not R 0 (iv), since   u 

(y)  > u (z)  but we have no  q ∈ t* such  that  q ( y) < q(z) . 

2.8 Theorem: (X, t*)  is  0- R0 (ii)  if and only if  (X , t* ) is 0- R0 (iii). 

Proof: The proof is trivial. 

2.9 Theorem:  Let (X, t*) be a supra fuzzy topological space and Iα (t*) = {u -1(α, 1]   

/ u ∈ t*}.  Then the following is true: 

(a) ( X , t* ) is  α – R0 (iii) space  if and only if   ( X ,  Iα (t*) ) is  R0  space. 

(b) if  ( X , t* ) is  α – R0 (i) space, then  ( X ,  Iα (t*) ) is not  R0 space and 

conversely. 

(c) if  ( X , t* ) is  α - R0 (ii) space then  ( X ,  Iα (t*) ) is not R0 space and 

conversely. 

(d) if  ( X , t* ) is  R0 ( iv), then  ( X ,  Iα (t*) ) is not R0 space and conversely.    

Proof: Let (X, t*) be α – R0 (iii). We have to prove that (X, Iα (t*)) is R0. Let  x , y ∈ 

X  with  x ≠ y  and  M ∈ Iα (t*)  with  x ∈ M , y ∉ M  or  x ∉M ,  y ∈ M . Suppose 

that x ∈ M, y ∉ M. We can write, M = u-1(α, 1], for some u ∈ t*. Then we have u 

(x) > α, u (y) ≤ α, i.e., 0 ≤ u (y) ≤ α < u (x) ≤ 1. Since  ( X , t* ) is α –R0(iii),  α ∈ I1 

,then there exists v ∈ t*  such that  0 ≤ v (x) ≤ α <v (y) ≤ 1, i.e., v (x) ≤ α, v (y ) > α 

. It follows  that x ∉  v -1( α , 1],  y ∈  v -1( α , 1 ] and  also  v -1(α , 1 ] ∈ Iα (t*) . 

Thus (X, Iα (t*)) is   R0. 

Conversely, suppose that ( X , Iα (t*) ) is R0 . We have to prove that (X, t*) is α –R0 

(iii). Let  x , y ∈ X with  x ≠ y  and  u∈ t*  with   0 ≤ u (x) ≤ α < u (y) ≤ 1, i.e.,  u 

(x)  ≤ α ,  u (y) > α , it follows  that  x  ∉ u-1 ( α , 1],   y ∈ u-1( α , 1 ] ,  and   u-1( α , 

1] ∈ Iα (t) , for  every  u ∈ t*. Since  (X , Iα (t*))  is  R0, then  there exists  M ∈ Iα 

(t*) such that  x  ∈ M , y ∉  M . We can write  M =  v -1 ( α , 1] , where  v ∈ t*,  it 
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follows that v (x) > α  , v (y) ≤  α ,  ie 0 ≤ v (y) ≤ α < v (x) ≤ 1 .  Thus (X, t*) is α – 

R0 (t*), i.e., (a) is proved. 

2.10 Example: Let X = { x , y , z }  and u, v ∈ IX are defined by u (x) =1, u (y) = 0 

,  u (z) =  0.8  and  v (x) = 0,  v (y) = 1 ,  v (z) = 0.7.  Consider  the  supra fuzzy 

topology t*  on  X  generated  by { 0 , u , v ,1, Constants} . Then for α = 0.6, we 

have,  (X  , t* )  is  α – R0 (i) .  Now,   Iα (t*) = {X , Φ , { x , z } , {y ,z}, {z}}. It  is 

observed that  (X , t*)  is  not  R0  space , since  y , z ∈ X ,  y ≠ z  and  {x , z} ∈ Iα 

(t* ), with  z ∈  { x , z }, y ∉ { x , z }, but no such  U ∈ Iα (t*)  with  x ∉ U , y ∈ U . 

2.11 Example: Let X = { x, y, z } and  u, v ∈ IX  are  defined  by  u (x) = 0.3, u (y) 

= 0,  u (z)= 0.8,  and  v (x) = 0.8, v (y) = 1, v (z) = 0. Consider the supra fuzzy 

topology t* on X   generated by {0, u, v, 1, Constants}. Then, for α  = 0.5 , we 

have, ( X , t* ) is α – R0 (ii)  and  ( X , t* )  is also  R0 (iv) . Now Iα (t*) ={ X , Φ, 

{z}, { y}, {y , z }}. It is observed  that ( X , Iα (t*) ) is  not R0  space,  since x, y ∈ 

X , x ≠ y  and {y} ∈ Iα (t*)  with  x ∉ {y},  y ∈ {y} , but no such  U ∈ Iα(t*)  with  

x ∈U, y ∉ U. 

2.12 Example: Let  X = { x , y } and  u  ,  v , w ∈ Ix   are  defined  by  u (x) = 1, u 

(y) = 0 , v (x) =0.4, v (y) = 0.9,  w (x) = 0.7, w (y)  = 0.3. Consider the supra fuzzy 

topology t* on  X  generated by {0, u, v, w, 1, Constants}. Then for α = 0.6,  we 

have, (X, t*)  is  not α –R0 (i) and (X, t*) is  not  α – R 0 ( ii). Now, Iα (t*)  = {X , Φ, 

{x}, {y}}. Then we  see that  I α (t*) is a topology on X and (X, I α (t*))  is  R0 . 

2.13 Example: Let X = { x , y } and u , v ∈ IX  are defined  by  u (x) = 0.4 , u (y)  

= 0.5, v (x) = 0.3 , and v (y) = 0.4. Consider the supra fuzzy topology t* on X 

generated by {0, u, v, 1, Constant}. Then, for  α =0.6 ,  we have (X , t*) is not α – 

R0 (iv). Now, I α (t*) = { X , Φ }.  Then I α (t*) is  a topology  on  X  and   (X , I 

α(t*))  is   R0 .  

Hence the proof is complete.  

2.14 Theorem: Let (X, T*) be a supra topological space. Then (X, T*) is  R0 ,  if 

and only if            (X, w(T*))  is  α – R0 (p),  where  p =  i , ii , iii , iv  . 
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Proof: Let (X, w (T*))  be  α –R0 (i).  Let   x, y ∈ X   with   x ≠ y and U ∈ T* with 

x ∈ U, y ∉ U.  But 1U ∈ w (T*) and   1U (x) = 1, 1U (y) = 0. Now,  we  have 1U ∈ w 

(T*)   with  1U (x) = 1,  1U (y) ≤ α.  Since ( X, w (T*))  is  α –R0 (i) ,  there exists v 

∈ w (T*) such that v (x) ≤ α ,  v (y) = 1. Then   x ∉ v -1( α , 1 ] ,   y ∈  v -1 ( α , 1 ]  

as   v (x)  ≤  α ,  v (y) = 1  and also there exists  v -1 ( α , 1]  ∈ T*.  Thus (X, T*) is 

R0 – space. 

Conversely, suppose that (X, T*) be a   R0 –space. We   have to prove that (X, w 

(T*)) is α – R0(i).  Let  x, y ∈ X  with   x ≠ y  and  there  exists  u ∈ w (T*)  such 

that  u (x) = 1 , u (y) ≤ α  . Then x ∈ u -1(α, 1], y ∉ u -1 (α, 1] as u (x) =1, u (y) ≤ α. 

Hence  u -1 (α, 1] ∈ T*. Since  (X, T*) is   R0,  then there exists V ∈ T* such that  x 

∉ V, y ∈ V,  but  1V  ∈ w (T*)  and   1V (x) = 0,   1V (y) = 1,  i.e., there exists  1V ∈ 

w (T*) such that  1v (x) ≤ α , 1V (y) = 1 .Thus  ( X , w (T*)) is  α – R0(i) . 

Hence  ( X , T* ) is  R0  if and only if  (X , w (T*) )  is  α – R 0(i). 

In the same way, we can prove that  

(a) ( X , T* )  is  R 0  if and only if ( X , w (T*) ) is  α – R 0(ii). 

(b) ( X , T* )  is  R 0   if and only if ( X , w (T*) ) is  α – R 0(iii).  

(c) ( X , T* )  is  R 0   if and only if ( X , w (T*) ) is  R 0(iv) 

Thus it is seen that α – R0 (p)   is a good extension of its topological counter part (p 

= i, ii, iii, iv).  

2.15 Theorem: Let (X , t*) be a supra fuzzy topological space  and  A⊆ X  , t* A= { 

u /A  :  u ∈ t*},  then 

(a) ( X , t* ) is an  α –R0 (i) if and only if  ( A , t*  A)   is an  α – R0 (i) . 

(b) ( X , t* ) is an  α –R0 (ii)  if and only if  ( A , t* A)   is an  α – R0 (ii). 

(c) ( X , t* ) is an  α –R0 (iii)  if and only if  ( A , t* A)   is an  α – R0 (iii) 

(d) ( X , t* ) is an   R0(iv)  if and only if  ( A , t* A)   is an  R0 (iv).        

Proof: Suppose that (X, t*) is α – R0 (i). Then for  x  , y  ∈ A , with  x ≠ y  and  u ∈ 

t* A  such that  u (x) =1, u (y) ≤ α ,  then also  x  , y  ∈ X ,  x ≠ y.  But we can write 

u = w/A, where w ∈ t* and hence w (x) =1, w (y) ≤ α. Since (X , t*) is α –R0 (i), 

then there exists  m ∈ t* such that m (x) ≤ α,  m (y) = 1. But from the definition 
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m/A ∈ t* A ,  for every m ∈ t* and  m/A (x) ≤ α ,  m/A (y) =1. Thus  (A, t* A)  is  α – 

R0 (i) . i.e., (a) proved. 

    Similarly (b), (c) and (d) can be proved. 

2.16 Theorem: Given  ( Xi  , t* i),  i ∈Λ  be supra fuzzy  topological spaces  and  X 

=  ∏ i ∈ΛXi   and  t*  be a product supra fuzzy topology  on  X . Then 

(a) ∀ i ∈ Λ ,  ( X i  , t* i )  is  α – R0 (i) if and only if  ( X , t* )  is  α – R0 (i) . 

(b) ∀ i ∈Λ,  ( X i  , t* i )  is  α – R0 (ii)  if and only if  ( X , t* )  is  α – R0 (ii) . 

(c) ∀ i ∈ Λ ,  ( X i  , t* i )  is  α – R0 (iii)   if and only if  ( X , t* )  is  α – R0 (iii) . 

(d) ∀ i ∈Λ,  ( X i  , t* i )  is  R0 (iv)    if and only if  ( X , t* )  is  R0 (iv) .   

Proof: Let  ( X i  , t* i ) , i ∈Λ  be  α –R0 (i) . We have to prove that (X, t*) is   α – 

R0 (i).  Let x , y ∈ X , with  x ≠ y  and  u ∈ t*  such that  u (x) = 1,  u (y) ≤ α  . But  

we  have  u (x) = min{ ui (xi )   : i ∈Λ} and  u (y) = min{ ui ( yi )  : i  ∈ Λ } and 

hence  we can find  an  ui ∈ t* i and  xi ≠ yi  such that  u i  (xi) = 1 and ui(yi)  ≤  α. 

Since  ( Xi , t* i ) , i ∈ Λ  is  α- R0 (i) , α ∈ I1, then  there exist  vi ∈ t*
 i ,  such  that  

vi (xi) ≤ α , vi(yi) = 1. But π i (x) = xi  and  π i (y) = yi  and  hence  vi (π i(x)  ≤  α, vi ( 

π i (y))  = 1. It follows that there exists  uioπ i ∈ t* such that ( vio π i) (x) ≤ α  , (vi o 

π i) (y) =1.  Thus (X, t*) is α – R0 (i). 

           Conversely, suppose that (X, t*) is α – R0 (i). We have to prove that ( xi , t* i 

), i ∈ Λ , is  α– R0 (i). Let for some  i ∈ Λ ,  ai  be a fixed element in Xi, suppose 

that  Ai = { x ∈ X = ∏i ∈ ∧Xi   /  xj = aj  for some i ≠ j }.  So that Ai  is the subset of  

X , and this implies that  ( Ai , t* A i )  is also the subspace of ( X , t* ). Since (X, t*) 

is  α –R0(i) ,  then (Ai , t* A i ) is also α –R0 (i) and Ai is a homeomorphic  image of  

Xi. Thus (X i , t* i )  is  α – R0 (i), i.e., (a) is proved. 

Similarly, (b), (c) and   (d) can be proved. 
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