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Abstract

This paper introduce and study four concepts of Ry supra fuzzy topological spaces.
We have shown that all these four concepts are ‘good extension’ of the
corresponding concepts of Ry topological spaces and established relations among
them. It has been proved that all the definitions are hereditary, productive and
projective. Further some other properties of these concepts are studied.
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1. Introduction
The fundamental concept of fuzzy set was introduced first by Zadeh [10] in
1965. Later Chang [4] and Lowen [6] developed the theory of fuzzy topological

spaces in the sense of Zadeh. A large number of research papers have been
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published dealing with various aspects of such spaces. In 1983, Mashhour et al.
[7] introduced supra topological spaces and studied s-continuous functions and s*-
continuous functions. Abd EL-Monsef et al. [1] introduced the fuzzy supra
topological spaces and studied fuzzy supra continuous functions and characterized
a number of basic concepts. Hossain and Ali [5] generalized on Ry and R; fuzzy
topological spaces. The aim of this paper is to introduce a-Ry supra fuzzy

topological spaces and study their basic properties. Here | =[0,1] and

I, =[0,1) have their usual meaning.

1.1 Definition™: For a set X, a function u: X —[0,1] is called a fuzzy set in X.
For every x € X, u(x) represents the grade of membership of x in the fuzzy set u.
Some authors say that u is a fuzzy subset of X.
1.2 Definition®: Let X and Y be two setsand  f : X — Y be a function. For a
fuzzy subset u in X, we define a fuzzy subset vin Y by
vy =sup {u @)} if £ {y}]#¢, xe X
=0 otherwise .
and the inverse image of v under f is the fuzzy subset f'(v)=v,fin X is defined by
() (x) = v (f(x)), for xe X.

1.3 Definition®: Let | =[0,1], X be a non empty set and I* be the collection of
all mappings from X into I, i.e. the class of all fuzzy sets in X. A fuzzy topology on
X is defined as a family t of members of I¥, satisfying the following conditions:

(i) 1,0 et,

(i) If u;j et foreach i € A, then Ujcpu; €t.

(iii) Ifu;,u, et then uyNu, et.

The pair (X, t) is called a fuzzy topological space ( fts, in short ) and members of t
are called t- open ( or simply open ) fuzzy sets. A fuzzy set v is called a t-closed

(or simply closed) fuzzy set if 1-vet.
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1.4 Definition® : A fuzzy topology on a nonempty set X is a collection t of fuzzy
subsets of X such that

(i) all constant fuzzy subsets of X belong to t.
(i1) t is closed under formation of fuzzy union of arbitrary collection of members of t.

(iii) t is closed under formation of fuzzy intersection of finite collection of

members of t.

1.5 Definition™®: Let X be a nonempty set. A subfamily t of IX is said to be a

supra fuzzy topology on X if and only if
(i) 1,0 et,
(i) Ifu; € t" foreach ie A, then Uicau; e t*.

Then the pair (X, t") is called a supra fuzzy topological space. The elements of t
are called supra open fuzzy sets in (X, t") and complement of a supra open fuzzy
set is called a supra closed fuzzy set. If (X, t) be a fuzzy topological space and t" be

a supra fuzzy topology on X. Then t"is called a supra fuzzy topology associated

withtiftct’.

1.6 Definition®: Let (X, t) and (X, s) be two topological spaces. Lett and s are

associated supra topologies with t and s respectively and f: (X ,t) —>(Y,s)

be a function. Then the function f is a supra fuzzy continuous if the inverse image
of each i.e., if forany ves ,f'(v)et ,the functionf is called supra fuzzy
homeomerphic if and only if fis supra bijective and both fand ' are supra

fuzzy continuous.

1.7 Definition®: Let (X, t") and (Y, s") be two supra topological spaces. Ifu;
and u, are two supra fuzzy subsets of X and Y respectively then the Cartesian
product u; x u; of two fuzzy subsets u; and u, is a supra fuzzy subsets of X xY

defined by (u;xu;)(x,y)=min(u(x),uxy)), for each pair (x,y) e X xY.
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1.8 Definition®: Suppose { X;i,i e A}, be any collection of sets and X
denoted the Cartesian product of these sets, ie X =TIjcp X;i. Here X
consists of all points p= <a;, i€ A> where a;e X;.Foreach j,€ A,

we define the projection mj, : X —— X0 by mjo(<aj;:ie A>)=aj,.

These projections are used to define the product supra topology.

1.9 Definition®® : Let (X, T) be a topological space and T~ be associated supra

topology with T. Then a function f: X —— R is lower semi continuous if and

only if {XeX: f(X)>a} is open for all ¢ € R.

1.10 Definition™® : Let (X, T) be a topological space and T" be associated supra
topology with T. Then the lower semi continuous topology on X associated with T
is o(T")={u: X >[0,1],  is supra Isc}. We can easily show that o(T") is a

supra fuzzy topology on X.

Let P be the property of a supra topological space (X, T ) and FP be its
supra fuzzy topological analogue. Then FP is called a ‘good extension’ of P ““ if
and only if the statement (X, T') has P if and only if (X, o(T")) has FP ” holds
good for every topological space (X, T).

2. a-Rg spaces in supra fuzzy topology

2.1 Definition: Let (X, t') be a supra fuzzy topological space and o € 1,. Then
(a) (X, t') is an a R (i) space if and only if for all x , y € X with x #y,
whenever there exist u € t* with u (x) =1 and u (y)< a, then there exist v €
t* withv (x)<a andv (y)=1.
(b) (X, t') is an a Ry (i) space if and only if for all x, y € X, x #y,
whenever u e t with u (x) =0 and u (y) > o, then there exists ve t" with v

x)>a andv (y)=0.
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(¢) (X, t") is an a-Ro (iii) space if and only if for all x, y X with x #y,
whenever there exists u e t with 0 <u (x) < a <u (y) < 1, then there
exists v e t with 0<v(y)<a<vx)<1.

(d) (X, t )isanRe(iv) space if and only if forall x,y € X with x #y,
whenever there exists u € t with u (x) <u (y), then there exists v € t’
with v (X) > v (y) .

The following examples show that a — Ry (i), a- Ry (ii), a —Ry (iii) and Ry (iv) are
all independent.

2.2 Example: Let X = {x, y} and u , v eI* are defined by u (x) = 1, u (y) =0 and
v (x) =045, v (y) = 1. Consider the supra fuzzy topology t on X generated by
{0, u, v, 1, Constants}. Then by definition, for a=0.55, (X, t*) is a—Ry(i), but
(X, t) is not o —Rg (ii) .

2.3 Example: Let X = {x, y} and u, v € I* are defined by u (x) =0, u (y) =1 and
v (x) =0.73, v (y) = 0. Consider the supra fuzzy topology t on X generated by {0,
u, v, 1, Constants}. Then by definition, for a = 0.63, ( X, t )is o —Rg(il), but
(X,t")isnot o —Ry (i).

2.4 Example: Let X = { x,y } and u, v € I* are defined by u (x) =1, u (y) =0
and v (x) =0.32, v (y)=0.69. Consider the supra fuzzy topology generated by
{0, u, v, 1, Constant}. Then by definition, for o = 0.52, (X, t*) is a-Ry (iii), but
(X, t*) is not a —R (i) and (X, t*) is not o — Ry(ii).

2.5 Example: Let X = {x,y } andu, v € I* are defined by u(x)=1, u(y)= 0
and v (x) = 0.24, v (y) = 0.48. Consider the supra fuzzy topology t on X generated
by {0, u, v, 1, Constants}. Then by definition , for a=0.53, (X, t)is a—Rq(iv),
but (X,t)isnot a—Ry (i), (X,t )isnota—Ry (i), and (X, t)is not o — Ry (iii).

2.6 Example: Let X = {x.,y, z} and u,v,w e IX are definedby u(x)=1, u
¥)=1, u(z)=0 and vx)=0,v(y)=0, v(z)=landw (x)=0.92,w (y) =
0.52 , w (z) = 0. Consider the fuzzy topology t on X generated by {0,u,v,w
, 1, Constants} .Then for o= 0.63, it can easily shown that (X,t) is o—Rq( i)
and (X ,t )is a—Ry(ii) . But we observe (X,t') is not a —Ry (iii), and (X, t")
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is not Ry (iv), Since w (x) > a > w (y) but there does not exist q € t such that q
(x)= a<q(y).

2.7 Example: Let X={x,y,z } andu, v € I* are defined by u (x)=0.83 , u (y
)= 0.41,u(z) =0.36, and v(x) =0.36, v (y) =0.83, v (z) =0.24. Consider the
supra fuzzy topology t on X generated by {0, u, v, 1, Constants}. Then by
definition, for a=0.5, (X,t) is a— Ro(iii), but (X, t) is not R ¢ (iv), since u
(y) >u(z) butwehaveno q et such that q(y)<q(z).

2.8 Theorem: (X, t') is 0- Ro(ii) ifand only if (X,t ) is 0- Ry (iii).

Proof: The proofis trivial.

2.9 Theorem: Let (X, t*) be a supra fuzzy topological space and I, (t*) = {u (0, 1]
/u e t'}. Then the following is true:

(a) (X,t)is a—Ry(iii) space ifand only if (X, I, (t))is Ro space.

(b)if (X, t )is o— R (i) space, then ( X, I, (t))is not Ro space and

conversely.

(¢)if (X ,t )is a- Rg(ii) space then ( X, I,(t)) is not Ry space and

conversely.

(d)if (X, t )is Ro(iv), then (X, I, (t*) ) is not Ry space and conversely.
Proof: Let (X, t) be a— Ry dii). We have to prove that (X, I, (t)isRo. Let x,y €
X with x#y and M € Ia(t*) with x e M,y ¢ M or x ¢M, y € M. Suppose
that x € M, y ¢ M. We can write, M = u'l(a, 1], for some u € t". Then we have u
xX)>a,u(y)<a,ie,0<u(y)<a<u((x)<1.Since (X, t" ) is a —R(iii), a € I
jthen there exists v e t suchthat 0<v (x)<a<v(y)<l,ie,v(x)<a v(y)>a
It follows thatx ¢ v'(a,1], ye v'(a,1]and also vi(a,1]el, (t*) .
Thus (X, I, (t)) is Ro.

Conversely, suppose that ( X, I, (t*) ) is Ry. We have to prove that (X, t*) is a —Ry
(iii). Let x,y € X with x#y and uet with 0<u(x)<a<u(y)<l,ie, u
(x) <a, u(y)>a, it follows that x egu'(a,l], y eu'(a,1], and u'(a,
1] € Iy (t), for every u e t". Since (X, Iy (t*)) is Ry, then there exists M € I

(t*) suchthat x e M,y ¢ M. We can write M = v'(a, 1], where vet, it
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follows that v (x) > a , v(y)< o, ie0<v(y)<a<v(x)<1. Thus(X,t)is a—
Ry (t*), 1.e., (a) is proved.

2.10 Example: Let X = {x,y,z } andu, v e IX are defined by u (x) =1, u (y) =0
,u(z)= 08 and v(x)=0, v(y)=1, v(z)=0.7. Consider the supra fuzzy
topology t on X generated by { 0, u,v,I, Constants} . Then for a = 0.6, we
have, (X ,t*) is a—Ro (1) . Now, L,(t*) ={X,0,{x,z},{y.z}, {z}}. It is
observed that (X, t*) is not Ry space,since y,ze X, y#z and {x,z} €l
("), with ze {x,z},y e {x,z},butnosuch Uel,(t) with x ¢ U,yeU.
2.11 Example: Let X={Xx,y,z } and u,v € I* are defined by u(x)=0.3,u(y)
=0, u(z=0.8, and v (x) =0.8, v (y) =1, v (z) = 0. Consider the supra fuzzy
topology t on X generated by {0, u, v, 1, Constants}. Then, for o = 0.5, we
have, (X ,t )is a—Rp (i) and (X ,t ) isalso Ro (iv). Now I, (t)={ X , @,
{z}, {vy}, {y,z}}. Itis observed that ( X, I, (t*) ) is not Ry space, since x,y €
X,x#y and {y} € I, (t") with x ¢ {y}, y € {y},butnosuch U e I(t) with
x eU,y ¢ U.

2.12 Example: Let X={x,y}and u, v,w e I* are defined by u(x)=1,u
¥)=0,v(x)=04,v(y)=0.9, w(x)=0.7,w (y) =0.3. Consider the supra fuzzy
topology t on X generated by {0, u, v, w, 1, Constants}. Then for o = 0.6, we
have, (X, t') is not o —Rg (i) and (X, t') is not o — R (ii). Now, I, (t) = {X , ®,
{x}, {y}}. Then we see that Ia(t*) is a topology on X and (X, Ia(t*)) is Ry.

2.13 Example: Let X = { x,y } andu, v e I are defined by u (x) =04, u (y)
= 0.5, v (x) = 0.3, and v (y) = 0.4. Consider the supra fuzzy topology t on X
generated by {0, u, v, 1, Constant}. Then, for o =0.6 , we have (X, t*) is not o —
Ry (iv). Now, I 4 (t)={ X, ® }. Then I, (t)is atopology on X and (X,]I
() is Ro.

Hence the proof is complete.

2.14 Theorem: Let (X, T) be a supra topological space. Then (X, T is Ry, if
and only if (X, W(T*)) is a—Ry (p), where p=1,1ii,1iii,iv .
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Proof: Let (X, w (T*)) be o —Rp(i). Let x,y e X with x#yandU € T" with
xelU,yeU Butlyew (T*) and ly(x)=1, ly(y)=0.Now, we have ly e w
(T with 1y (x)=1, ly(y)<a. Since (X, w (T")) is a—Rq (i), there exists v
e w (T") such that v (x) < o, v(y)=1.Then xev'(a,1], ye v'(a,1]
as v(x) < o, v(y)=1 and also there exists v (a,1] € T. Thus (X, T") is
Ry — space.
Conversely, suppose that (X, T') be a Ry —space. We have to prove that (X, w
(T*)) isa—Ry(i). Let x,y € X with x#y and there exists u e w (T*) such
that u(x)=1,u(y)<a .Thenx e u(a, 1],y e u™ (o, 1] as u (x) =1, u (y) < a.
Hence u™'(a, 1] € T". Since (X, T*) is Ry, then there exists V e T  such that x
¢V,yeV, but ly ew (T*) and 1ly(x)=0, ly(y)=1, i.e., thereexists ly e
w (T such that 1, (x)<a, ly(y)=1.Thus (X, w(T))is a—Ro(i).
Hence (X, T )is Ry ifand only if (X, w (T")) is a—R(i).
In the same way, we can prove that

(@) (X,T ) is Rg ifand only if (X, w (T"))is a— Rfii).

(b) (X,T) is Ry ifandonly if (X, w (T"))is o— Riii).

(¢) (X,T ) is Ry ifandonly if (X, w (T"))is Ro(iv)
Thus it is seen that o — Ro (p) is a good extension of its topological counter part (p
=1, ii, iii, V).
2.15 Theorem: Let (X, t") be a supra fuzzy topological space and Ac X , t A= {
u/A :uet}, then

(@) (X,t )isan o—Ro (i) ifand only if (A,t ) isan a—Rg(i).

(b) (X, t )isan o—Ro (ii) ifand only if (A ,t ) isan a— R (ii).

(¢) (X,t )isan o—Ry (iii) ifand only if (A,t ) isan o— Ry (iii)

(d) (X,t )isan Rg(iv) ifandonlyif (A ,t ) isan Ry (iv).
Proof: Suppose that (X, t') is & — Rq (i). Then for x ,y € A, with x#y and u e
t" o such that u x)=lL,u(y)<a, thenalso x ,y € X, x#y. But we can write
u = w/A, where w € t and hence w (x) =1, w (y) < a.. Since (X, t') is a —Ry (i),

then there exists m e t such that m (x) <0, m (y) = 1. But from the definition
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m/A et 4, for every m € t and m/A x)<a, m/A (y)=1. Thus (A, t A) IS 00—
Ry (i) . i.e., (a) proved.
Similarly (b), (c) and (d) can be proved.

2.16 Theorem: Given ( X, t i), 1 €A be supra fuzzy topological spaces and X
= licaX; and t bea product supra fuzzy topology on X . Then

(@ VieA, (Xi,t;)is a—Rg(i)ifand onlyif (X,t ) is a—Ro(i).

(b) VieA, (Xi,t;)is a—Re(ii) ifand only if (X,t") is o —Ro(ii).

(c)VieA, (Xi,t;)is a—Rg(iii) ifandonlyif (X,t ) is a— Ro(iii).

(d) VieA, (Xi,t;)is Ro(iv) ifandonlyif (X,t ) is Ro(iv).
Proof: Let (X ,t ;),ieA be a—Rq (i) . We have to prove that (X, t*) is o-—
Ro (). Letx,y e X,with x#y and u et suchthat u(x)=1, u(y)<a .But
we have u(x)=min{u; (xi) :i€A}and u(y)=min{ui(yi) :1 € A} and
hence we can find an u; € t ; and x; # y; such that u; (xi) =1 and ui(y;) < a.
Since ( Xj, t i),ie A is a-Rg(i), a € Ij, then there exist v; € t*i , such that
vi(xj))<a,viy)=1.Butmi(x)=%; and w;(y)=y; and hence v;(mix) < a, v;(
i (y)) = 1. It follows that there exists ujom; € t" such that (viom;) X)<a ,(vio
m3) (y) =1. Thus (X, t")is a— Ry (i).

Conversely, suppose that (X, t') is & — Ro (i). We have to prove that ( x;, t ;

),ie A,is o— Ry (i). Let for some i € A, a; be a fixed element in X, suppose
that Ai={x € X=[lic . Xi / xj=a; forsomei#j}. So that A; is the subset of
X, and this implies that ( A;, t A i) is also the subspace of ( X, t ). Since (X, t*)
is a—Ro(i), then (A;, t A i) is also a —Rg (i) and A; is a homeomorphic image of
Xi. Thus (X, t i) is a—Ry (i), i.e., (a) is proved.
Similarly, (b), (c) and (d) can be proved.
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