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Abstract.

In this paper we have developed some properties of nilpotent ideals and radical of
I+rings. At last we have prove that an external direct sum of finitely many matrix
gamma rings over division gamma rings is a semi-simple 7-ring.
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1. Introduction
The concepts of a I'-ring was first introduced by Nobusawa [7] in 1964. His

concept is more general than a ring. Now a day, his I'-ring is called a I'-ring in the

sense of Nobusawa.
W. E. Barnes [2] gave a definition of a I'-ring which is more general. He
introduced the notation of I'- homomorphisms, Prime and Primary ideals, m-systems

and the radical of an ideal for I'-rings.

The notion of Jacobson radical, nil radical and strongly nilpotent radical for I'-
rings were introduced by Coppage and Luh [4] and they developed some radical

properties. Also inclusion relation for these radicals were obtained and it was shown
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that the radicals all coincide in the case of a I'-ring which satisfies the descending
chain condition (DCC) on one-sided ideals. They studied Barnes prime radicals for a
I"-ring.

The general radical theory for rings had been introduced by A. Kurosh [6] and
S.A. Amitsur [1]. They studied the generalizations of a general radical. Divinsky [5]
studied the general radical theory, the upper radical and the lower radical. Various
kinds of radicals were studied here and he had also shown that these radicals are equal
by minimum condition. He also characterized special class of rings and special
radicals.

G. L. Booth [3] studied radicals of matrix gamma rings. He developed various
properties of radicals of matrix gamma rings. He also studied the properties of some
radical classes of matrix gamma rings which were not N-radicals.

Hiram Paley and Paul M. Weichsel [8] studied the theory of radical of rings in a
classical notion. They were characterizing semi-simple rings in terms of matrices.
They developed some important characterizations in ring theories. Some
characterizing of the radical of rings are studied by them. In this paper, we generalized
some important result of the radical of I'-rings of Hiram Paley and Paul M. Weichsel
[8].

2. Preliminaries.

2.1 Definitions.

Gamma Ring. Let M and I' be two additive abelian groups. Suppose that there is a
mapping from M x I' x M — M (sending (x, o, y) into xay) such that
(1) (x +y)az =x0z + yoz
x(o + B)z =x0z + xPz
xoy + z) = xay + xoz
(i)  (xay)Bz=xa(yfz),

where X, y,zeM and a, Bel’. Then M is called a I'-ring in the sense of Barnes [1].
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Ideal of I'-rings. A subset A of the I'-ring M is a left (right) ideal of M if A is an
additive subgroup of M and MI'A = {caa | ceM, ael’, acA}(AI'M) is contained in
A. If A is both a left and a right ideal of M, then we say that A is an ideal or two-sided
ideal of M.

If A and B are both left (respectively right or two-sided) ideals of M, then A + B
= {a + blacA, beB} is clearly a left (respectively right or two-sided) ideal, called
the sum of A and B.We can say every finite sum of left (respectively right or two-

sided) ideal of a I"-ring is also a left (respectively right or two-sided) ideal.

It is clear that the intersection of any number of left (respectively right or two-

sided) ideal of M is also a left (respectively right or two-sided) ideal of M.

If A is a left ideal of M, B is a right ideal of M and S is any non-empty subset of
n
M, then the set, AT'S = {3 ajys; | ai€A, yel, sieS, n is a positive integer} is a left ideal
i=l
of M and SI'B is a right ideal of M. AT'B is a two-sided ideal of M.
Nilpotent element. Let M be a I'-ring. An element x of M is called nilpotent if for

some yeI, there exists a positive integer n = n(y) such that (xy)"x = (xyxy ... yxy)x = 0.

The descending chain condition (DCC). A I'-ring M is said to have the descending
chain condition on left ideals or DCC on left ideals if every descending sequence of
left ideals MoA DAy D...D2A,D ... terminates after a finite number steps,
that is, there exists an integer n such that Ay, = A, s 1= Ap+2 = ...... .

The ascending chain condition (ACC). A I'-ring M is said to have the ascending
chain condition on left ideals or ACC on left ideals if every ascending sequence of left
ideals Aic Ar c........ cAjc......... terminates after a finite number of steps, that is,

there exists an integer n such that Ay = Ap+ 1= An+2 = covevieenene .

1017



J.Mech.Cont.& Math. Sci., Vol.-7, No.-1, July (2012) Pages 1015-1024
Matrix Gamma Ring. Let M be a I'-ring and let My,,, and I’y denote, respectively,

the set of all m x n matrices with entries from M and the set of all n x m matrices with
entries from I', then My, is a 'y, -ring and multiplication defined by

(ai)(vi)(by) = (cy), Where ¢;; =33 a;,Y,qby;- If m =n, then My, is a [',-ring.
P q

Division gamma ring. Let M be a I'-ring. Then M is called a division I'-ring if it has
an identity element and its only non-zero ideal is itself.

Internal direct sum. Let M be a I'-ring and let N; and N; be two left ideals of M such
that
(1) M =N+ Ny = {n;+n; | n;eNy,neNy}

G) NinNy={0}.
Then we say M is the internal direct sum or simply direct sum of N; and N, and we

write M=N;® Na,.

External direct sum. Let M and N be I'-rings. Then the external direct sum of M and

N denoted by M+ N is {(m, n)| meM, neN}, where for (m, n;), (my, n)eM + N,
(my, n;) +(my, np) = (m; + my, n;+ nz) and (my, n;)y(my, n2) = (m;ymy, nyyny) all yer,

Quotient T'-ring. Let M be a I'-ring. Let A be an ideal of M. Then the set {m +A |
meM}is called the quotient I'-ring of M by A. It is denoted by 1\%, where (m;+

A)y(my + A) = myym, + A and (m; + A) + (mp + A) = (m; + mp) +A for all m; myeM
and yel.
2.2 Theorem. Let M; and M, I'-rings with DCC (ACC) on left ideals. Then M;

+ M, has also DCC (ACC) on left ideals.

2.3 Theorem. Let A be a division I'-ring. Then A, the I'y-ring of all n x n matrices

over A, satisfies the ACC and the DCC on left ideals.
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3. Nilpotent ideal of I"-rings.

3.1 Definition. An ideal A of a I'-ring M is called nilpotent if (A)'A =
(ATAT'..TAI') A = 0, where n is the least positive integer. In addition, if A is

nilpotent, then every element in A is nilpotent.

3.2 Theorem. Let M be a I'ring and let N; and N; be two nilpotent left (right)
ideals. Then N;+ Ny is a nilpotent left (right) ideal.
Proof. Let M be a I'-ring. Let N; and N, be nilpotent left ideals of M. Then there exist
two least positive integers q and n such that

(N\D)IN; = (NG TN T ... I'Ni\I')N; =0 and

(NoID)"™N, = (N.I'NoI ... I'NLIDN, = 0.
Then N;+N is also a left ideal of M. Every element of {(N;+N)I'} “""(N;+N,) is a
sum of products X;yXay .......... YXg+n+2 in Which either at least (s+1) factors belong to N
and (r+1) factors belong to N, In the former case, the above product may be written as
(XlY Xo V- 7%y )Y (Xil+1 YXi 42V ¥ Xy, }Y (Xi2+1 Y Xi,+2 Ve ¥V Xy )Y

CY YK g2 Y YX i )Y e ,

s+1

wherex; ,X; , ... X;

 €Njand s +1> n +1. Each group in parenthesis belongs to Ny,
since N is a left ideal of M. However, the product of any s+1 elements of N; is 0 and so
the above product is 0. A similar argument holds when at least (r +1) factors belong to
No.

Thus {(N/+N)T ™ (NH+N,) = {(NAHN)C(NHN)L. .. TN} (N+N,) = 0.

Hence (N;+N,) is nilpotent. Thus the theorem is proved.
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3.3 Corollary. Let M be a I'-ring and let A;, A, .. . A, be nilpotent left (right)
ideals in M. Then ZA, is a nilpotent left (right) ideal in M.

3.4 Theorem. Let A be a nilpotent left (right) ideals in a I'-ring M. Then AT'M
(MTI"A) is a nilpotent ideal in M.

Proof. Since A is a left ideal, so is AI'M, and since M is a right ideal so is AI'M. Thus
AT'M is and ideal in M. If (AT")"A = 0, then

{(ATM) T}" (ATM) = (ATM) T (ATM) T ........ [(ATM) T (ATM)
= AT[(MTA) (MTA) ........ I(MT'A)TM
= AT{(MTA)}*' (MTA)I'M
c AT{(AD)"'ATM
= (A" ATM
= 0I'M
= 0.
Hence AI'M is nilpotent.

4. Radical of aI'-ring.

4.1 Definition. Let M be a I'-ring with DCC on left ideals. Let {A;} be the
collection of all nilpotent left ideals of M. Then N = XA, is called the radical of M.
We shall show that N possesses the following properties :
(1) N is anilpotent ideal
(2) N contains all nilpotent right ideals, as well as all nilpotent left ideals; thus
Nis

the unique ideal of M maximal with respect to being nilpotent.
4.2 Theorem. Let M be a I'-ring with DCC on left ideals and let N be the radical of
M. Then N is a nilpotent left ideal of M.
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Proof. Let M be a I'-ring with DCC. Then clearly N is a left ideal of M. So
NoNINo(NI')’N o ....... is a descending sequence of left ideals. By the DCC, there
exists an integer n such that (N[)"N = (N[N = ........ = (ND)*™'N.
Thus (NI)"N = (N[)*™'N = (NI)"NT(NI)"N. If (N[)"N = 0,then N is nilpotent. So the
theorem is proved. If (NI')'N = 0, then there exists a left ideal A of M such that
(NI')"NI'A# 0. By the DCC, there exists a left ideal Ay of M such that (NI')"NT'Ag # 0.
Now since (NI')'NI'Ag # 0, there exists an element x (# 0)e A such that(NI)'NI'x #
0.Then (NI')"NI'(NI)"NI'x = (NI 'NI'x = (NI')"NI'x # 0. Since x € Ao, (NI')"NI'x CA,.
So by the minimality of Ao (NI)"NI'x = Ao. Thus there exists an element ye (NI')"N
such that yyx = x for some yeI. Therefore ye N. So y is also contained in the sum of
finitely many nilpotent left ideals of M. By Corollary 3.3, the sum of finitely many
nilpotent left ideals of M is also a nilpotent ideal of M. Hence y is nilpotent. So (yy)™y= 0
for some positive integer m. We have yyx = X, then yyyyx = yy(yyx) = yyx = x. Continue
this process, we get X = yyx = (yyy)yx = (YY)’ yyx=. ... =(yy)"yyx = .... Since (yy)"y =
0, (yy)"yyx = Oyx =0. Thus x = 0, which contradicts the fact that x #0. Hence (NI')"N =
0. Therefore N is nilpotent. Hence the theorem is proved.
4.3 Theorem. Let M be a I'-ring. Let N be the sum of all nilpotent left ideals of M.
Then N contains all nilpotent right ideal of M also.
Proof. Let A be a nilpotent right ideal. By Theorem 3.4, MI'A is nilpotent, whence A
+ MTI'A is also nilpotent by Theorem 3.2. But A + MI'A is clearly a left ideal, so A +
MI'A < N, whence A < N.

We summarize Theorems 4.2 and 4.3 in the next theorem, which implies that

properties (1) and (2) given prior to Theorem 4.2 hold.
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4.4 Theorem. Let M be a I'-ring with DCC on left ideals. Let N be the radical of M.
Then

(1) N is a nilpotent ideal

(i1) N is the sum of all nilpotent right ideals

(1ii1)) N is the unique ideal of M maximal with respect to being nilpotent.
Proof. (i) By Theorem 4.2, N is a nilpotent left ideal. Since NI'M @ N is a nilpotent
left ideals, NI'M @ N < N, that is, N is also a right ideal, whence N is an ideal.
(i1)) By Theorem 4.2, N contains all nilpotent right ideals of M. Since N is also a
nilpotent right ideal, N is clearly the sum of all nilpotent right ideals.
(ii1) This follows from the definition of N and (ii).

We note that if M has DCC on right ideals, then we could define the radical of M
as the sum of the nilpotent right ideals, and prove that it is equal to the sum of the
nilpotent left ideals. That is, if M has either DCC on left ideals or DCC on right ideals,
then we get the same radical whether we define it as the sum of the nilpotent left ideals
or the nilpotent right ideals.

Now let M be a I'-ring with DCC on left ideals and let N be the radical of M.

Since N is an ideal in M, we may form the quotient I'-ring %and it is easy to see
M : . M/
that Alalso has DCC on left ideals. We shall prove that the radical of AI is the
M
zero element of AI
45 Theorem. Let M be a I'-ring with DCC on left ideals. Then the radical of % is

Z€ro.

Proof. Let A’ be a nilpotent left ideal of % and let

A={meM |m+Ne A’}. Then A is a left ideal of N%\I
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Since A’ is nilpotent and since N is nilpotent, there exist integers s, t such that

() (ATYA’=0in M/, thatis, (my+N)y (m; + N)y ...y (m, +N) 7 (a +N) = N

where m;, mp, ..., mg, acA and yel’
(ii)) (N[)'N=0.
Now let m;, my, . .., mg €A. Then
ap=mympy ...ymg €N, ap=mg eNymgoy ...ymy €N, ...,
a=mg1yst1 Y. ..y Mg €N, whence the product a;yasy . . . v a, ya of these
(t+ 1) elements of N is zero, that is, myympy ...y mgya=0 and so (AF)St A=0.

: o , M M .
Since A is nilpotent, A — N and so A’ equals zero in AI . Thus AI has radical zero.

4.6 Definition. Let M be a I'-ring with DCC on left ideals. We say M is semi-
simple if the radical of M is 0.
We see immediately that if M has DCC on left ideals, then % is semi-simple

by Theorem 4.5. Moreover, it is easy to prove that a direct sum of finitely many matrix
gamma rings over division ['-rings, say A(;]) + A(nzz) + ... +A(:k) , where AV is a division
I"-ring, is a semi-simple [',-ring.

4.7 Theorem. Let A”be a division I'-ring, i, = 1, 2, ..., k, Let n; , n, ..., n be

integers that are greater than 0. Then
_ ' L A o
S=A,+A, +..+ A, is semi-simple.

Proof. By Theorem 2.2 and Theorem 2.3, the I'-ring S satisfies the DCC on left
ideals. Thus we need only show that the radical N of S is zero. If N # 0, then there
exists an element

(ar,az, ...,a,..., ag)in N, a;# 0. Since N is a two-sided ideal in S,

0,0, ..,0,b;,0,...,0) v (ay,ay, .. ..., a)v(0,0,...,0,c;,0, ..., 0)is in N for all
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bi, ¢, € Ani and yel'. Thus N contains all the elements of the form
(0, 0,. . ., 0, biy ayei ..., 0,..., 0). Since A(ri,) has no proper two-sided ideals, S
contains the set T = {(0, 0,..., 0, x;, 0,..., 0) | X;€ A(nii) }. But this ideal T of S is contained

in the radical of S and T is clearly not nilpotent, contradicting that N is nilpotent. Thus

N = 0 and the proof is completed.
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