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Abstract :

In this paper the authors have introduced the notion of modular elements in
a nearlattice. We have included several characterizations of modular and strongly
distributive elements with examples. We have also proved that an element in a

nearlattice is standard if and only if it is both modular and strongly distributive.
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ﬁi@ AT (Bengali version of the Abstract)
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I 327 Core  ACTHT R 95 T & 2 |

Introduction :

A nearlattice S is a meet semilattice together with the property that any two
elements possessing a common upper bound, have a supremum. This
property is known as the upper bound property. S is called a distributive
nearlattice if forall t,x,yeS ta(xvy)=(tAx)v(tAy) whenever xvy exists.
By [3] this condition is equivalent to the condition that for all t,x,y,zeS
tAlxAay)v(xaz)=taxay)v(taxnaz).

A nearlattice S is called a modular nearlattice if for all x,y,zeS with z<x

and yvz exists implies , xA(yvz)=(xay)vz. By [3] this condition is
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equivalent to the condition that for all t, x,y,zeS with z<x,

xaltay)vtaz)=(taxay)vitaz).

Gratzer and Schmidt [2 ] introduced the notion of distributive, standard and
neutral elements to study a larger class of non-distributive lattices. Then
Cornish and Noor in [1] extended the concepts of standard and neutral
elements for nearlattices. They also studied a new type of element known as
strongly distributive element.

Recently Talukder and Noor in [4] introduced the notion of modular
elements in a join semi lattice directed below. This notion is also applicable
for general lattices.

In this paper we introduce the concept of modular elements in a nearlattice.
We have given several characterization of modular and strongly distributive
elements.

Finally we prove that an element s of a nearlattice is standard if and only if it
is both modular and strongly distributive.

In a lattice L an element meL is called a modular element if for all x,yeL
with y<x, xa(mvy)=(xam)vy.

Of course, in a modular lattice, every element is a modular element.
Moreover, if every element of a lattice is modular, then the lattice itself is a
modular lattice.

In the pentagonal lattice N,

0 5
Figure-1

989



ISSN 0973-8975
J.Mech.Cont.& Math. Sci., Vol.-7, No.-1, Juary (2012) Pages 988-997

Observe that here m is modular but t is not. Because, here m<s and
saltvm)=s,But (sat)vm=m.

Let S be a nearlattice. An element me S is called a modular element if for all
t,x,yeS With y<x, xa[tam)vtay)=tamax)v(tay).

Of course, a nearlattice is modular if and only if its every element is
modular.

Theorem 1.1. The definition of modular element in a nearlattice S coincides
with the definition of modular element of a lattice, when S is a lattice.

Proof: Suppose m is a modular element of the lattice S. Let t,x,yeS
withy <x, then t A y <t A x. Since m is modular,

SO

ﬁAmAxﬁdhxﬂzﬁAxﬁdmvﬁAyﬂ=XAhAﬂnvﬁAym=XAKUwﬂvﬁAyﬂ
, Which is the definition of modularity of m in a nearlattice.

Conversely, Let m be modular according to the definition given for a
nearlattice. Let x,yeS with y<x.
Choose t=mvy .Then xa(mvy)=xa(tam)v(tay)
:(t/\m/\x)v(t/\y)
=(mAx)vy
Hence m is modular according to the definition of modular element in a
nearlattice.
Here is a characterization of modular elements in a lattice.
Theorem 1.2. Let L be a lattice and meL. Then the following conditions
are equivalent.
(i) m is modular.
(i) For y<xwith mvx=mvy and max=may implies x=y.
Proof: (i)= (ii) Suppose mis modular y<x and mvx=mvy, max=may.

Then x=xA(mvx)=xa(mvy)=(xam)vy (by modularity of m)
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=(yam)vy=y.
(i) = (i) suppose (ii) holds.
Let y<x, then (xAm)v y<xa(mvy) always holds.
Let xA(mvy)=p and(xaAm)vy=q.Then q<p
Now pam=xaAm
Also,
gam=ma[xam)vyl=ma[xam)v(xay)=(marx)a[(xam)v(xAy)=xam.
Thus paAm=gam
Again, gvm=yvm

pvm=[xA(mvy)vm<(mvy)vm
=yvm=gvmspvm

as q<p.Thus pvm=gvm=yvm
Hence by (ii) p=q, thatis xA(mv y)=(xAm)vy and so m is modular.
Now we extend the above result and give a characterization of a modular
element m in a nearlattice.
Theorem 1.3. Let S be a nearlattice and meS. Then the following
conditions are equivalent.
(1) m is modular.
(i) For txyesS with y<x, (tam)v(tax)=tam)v(tay) and
tAmax=tamay impliestax=tay.
Proof: (i)=(ii) suppose m is modular, let t,x,yeS with y<x,
tam)v(tax)=tam)v(tay) and taAmax=tamay.
Then tax=({tAx)A[tam)v(tax)=Eax)A[tam)v(tay)]
=(tAamax)v(tay) (by modularity of m)
=tAmay)vitay)=tay.

(i) = (i) suppose (ii) holds. Let t,x,yeS with y<x
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Now xAftam)v(tay)]>(tamax)v(tay) always holds.

Let xaltam)v(tay)=p and (tAmAax)v(tay)=q. Then p>q.

Choose r=(tam)v(tay). Thenrap=pand raq=q.
ram=maftamv(tay)=tama[tam)v(tay)=tam.

Thus, (ram)v(rag)=tam)vag=tam)vtamax)vtay)=tam)v(tay)=r

Then (ram)v(rap)sr=(ram)v(rag)<(ram)v(rap) as g<p

Hence (ram)v(rap)=(ram)v(raqg)=r

Also,

ramap=map=maxaf[tamviay)]=xaltama[tam)v(tay)]=xatam

and

r/\m/\q:m/\q:m/\[(t/\m/\x)v(t/\y)]:m/\t/\X/\[(t/\m/\x)v(t/\y)]:X/\t/\m

Thus raAmap=ramap and so by (i) rAp=raq Hence p=q and som
IS modular.
Now we include the following result in a nearlattice which is parallel to the
characterization theorem for modular elements in a lattice given in theorem
1.2. But this cannot be considered as a definition of a modular element in a
nearlattice.
Theorem 1.4. Let S be a nearlattice and mes . The following conditions are
equivalent.
(i) Forall x,yeS with y<x
xA(mvy)=(xam)vy provided mvy exists.
(i) For all xyes with y<x if mvx, mvy exist and
mvx=mvy,max=may,then x=y.
Proof: (i) < (ii) holds by the proof similar to the proof of Th.1.2 For the

last part,
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Consider the following nearlattice.

Figure-2

Observe that m satisfies the condition of theorem 1.4

Here a<b and ba[(d Am)v(d ra)l=ba(cva)=bad=b.

But (badAam)v(daa)=0va=a,som isnot modular.

In a lattice L, an element d is called a distributive element if for all x,yelL,
dv(xay)=(dvx)a(dvy).

In order to introduce this notion for nearlattices, Cornish and Noor [1] could
not give a suitable definition for distributive elements. But they discovered
an element des, such that tad is a distributive element in the lattice (t]
for every teS. They found that these elements are also new even in casa of
lattices, and in fact, they are much stronger than the distributive elements.
So they referred them as “strongly distributive” elements.

An element d of a nearlattice S is called a strongly distributive element if for

all t,x,yeS

(t/\d)v(t/\XA y):[(t/\d)v(t/\X)]/\[(t/\d)v(t/\ y)]
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In other words t A d is distributive in (t] for each teS.
Theorem 1.5. In a Lattice, every strongly distributive element is distributive
but the converse is not necessarily true.
Proof. Let d be a strongly distributive element of a lattice L. Suppose
x,yeL and t=xvywvd.
Then dv(xay)=(trd)vitaxay)=[tad)vtax)|altad)v(tay)

=(d v x)a(dvy),andso d is distributive.

Now consider the lattice in figure 3.

Figure 3

Here d is distributive but
(tad)v(tranb)=r<t=[tad)v(tara)afltad)v(tb)] and so it is not
strongly distributive.

Following characterization of strongly distributive elements in a nearlattice
is due to [1].

Theorem 1.6. Let S be a nearlattice and deS. Then the following
conditions are equivalent.

(i) d is strongly distributive.

994



ISSN 0973-8975
J.Mech.Cont.& Math. Sci., Vol.-7, No.-1, Juary (2012) Pages 988-997

(i) For all x,y,teS (X/\[(t/\y)v(t/\d)])v(t/\d):(t/\X/\ y)v(tad).

An element seS is called a standard element if for all txyeS
t/\[(X/\ y)v(X/\S)]z(t/\X/\y)v(t/\X/\S).
In a distributive nearlattice every element is standard. If every element of S

is standard then S is itself a distributive nearlattice.

Theorem 1.7. Every standard element in a nearlattice S is modular but a
modular element may not be standard.
Proof: Let seS be standard, let t,x,yeS with y<x
xAftas)vitay)=xaltay)vtas)
=(tAaxAy)v(tAasax)
=(tAasax)v(tay)
So s is modular.
Conversely, consider the lattice of Figure 1.
Here m is modular
But  sa(mvt)=sax=s
(sAam)v(sat)=mvO0=m
So m is not standard
Theorem 1.8. Every standard element is strongly distributive but the
converse may not be true.
Proof. Suppose s is standard in S. Let t,a,be S
Then, [(tas)v(taa)lv[itas)v(tab)
=(trs)v(tra)atas)v(tas)v(tra)atab)) (assis standard.)

=(snrftra)vtas))viba[tra)v(tas))
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=(trans)v(tas)v(traab)v(tarans)
=(trs)v(tranb)
so s is strongly distributive.
In Figure 3. observes that t is strongly distributive, but it is not standard,
because
dA(xvt)>(dAx)v(dat) .

Remark:
In the pentagonal lattice of figure 1, m is modular and t is strongly
distributive .
Observe that m<s and sa(tvm)=sax=s but (sat)vm=0vm=m. Thus
t is not modular. On the other hand, (xAm)v(xasat)=mv0=m, but
[(xAm)v(xas)|a[(xam)v(xat)]=(mvs)a(mvt)=sax=s implies m is
not strongly distributive.
We conclude the paper with the following characterization of standard
elements in a nearlattice.
Theorem 1.9. Let S be a nearlattice. An element seS is standard if and
only if it is both modular and strongly distributive.
Proof: If s is standard then by theorem 1.7 and theorem 1.8, s is both
modular and strongly distributive. Conversely, suppose s is both modular
and strongly distributive. Let t,x,yeS.
Then, (taxay)vtaxas)=tax)al(xas)v(taxay)] (assismodular)
=(tAx)A[(xas)v(tax)a[(xas)v(xay)] ( as s is strongly
distributive)
=tAxA[xas)v(xay)]=tal(xas)v(xay)

SO s is standard.
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