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Abstract :  

In this paper the authors have introduced the notion of modular elements in 

a nearlattice. We have included several characterizations of modular and strongly 

distributive elements with examples. We have also proved that an element in a 

nearlattice is standard if and only if it is both modular and strongly distributive. 
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¢hj§aÑ p¡l (Bengali version of the Abstract) 

¢eLVhÑa£ mÉ¡¢V−pl (nearlattice) j¢XEm¡l d¡lZ¡−L fËhåL¡−ll¡ HC f−œ EfÙÛ¡fe     

L−l−Re z Ec¡qlZ pq j¢XEm¡l Hhw cªt h¾Ve Ef¡c¡−el ¢h¢iæ Q¢lœNa °h¢nøÉ−L Bjl¡ A¿¹Ñi¥š² 

L−l¢R z Bjl¡ HV¡J fËj¡Z L−l¢R −k ¢eLVhÑa£ mÉ¡¢V−pl Ef¡c¡e fËj¡Z BL¡l qu k¢c Hhw −Lhmj¡œ 

k¢c Cq¡l¡ Eiua  j¢XEm¡l Hhw cªt h¾Ve k¤š² qu z  

Introduction : 

A nearlattice S is a meet semilattice together with the property that any two 

elements possessing a common upper bound, have a supremum.  This 

property is known as the upper bound property. S is called a distributive 

nearlattice if for all Syxt ∈,,  ( ) ( ) ( )ytxtyxt ∧∨∧=∨∧  whenever yx ∨  exists. 

By [3] this condition is equivalent to the condition that for all Szyxt ∈,,,  

( ) ( )[ ] ( ) ( )zxtyxtzxyxt ∧∧∨∧∧=∧∨∧∧ . 

A nearlattice S is called a modular nearlattice if for all  Szyx ∈,,  with xz ≤  

and zy ∨  exists implies , ( ) zyxzyx ∨∧=∨∧ )( . By [3] this condition is 
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equivalent to the condition that for all Szyxt ∈,,,  with xz ≤ , 

( ) ( )[ ] ( ) ( )ztyxtztytx ∧∨∧∧=∧∨∧∧ . 

Gratzer and Schmidt [2 ] introduced the notion of distributive, standard and 

neutral elements to study a larger class of non-distributive lattices. Then 

Cornish and Noor in [1] extended the concepts of standard and neutral 

elements for nearlattices. They also studied a new type of element known as 

strongly distributive element. 

Recently Talukder and Noor in [4] introduced the notion of modular 

elements in a join semi lattice directed below. This notion is also applicable 

for general lattices. 

In this paper we introduce the concept of modular elements in a nearlattice. 

We have given several characterization of modular and strongly distributive 

elements.  

Finally we prove that an element s of a nearlattice is standard if and only if it 

is both modular and strongly distributive. 

In a lattice L an element Lm∈  is called a modular element if for all Lyx ∈,  

with xy ≤ , ( ) ( ) ymxymx ∨∧=∨∧ . 

Of course, in a modular lattice, every element is a modular element. 

Moreover, if every element of a lattice is modular, then the lattice itself is a 

modular lattice. 

In the pentagonal lattice 5N  
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Observe  that here  m is modular but t is not. Because, here sm <  and 

( ) smts =∨∧ , But  ( ) mmts =∨∧ . 

Let S be a nearlattice. An element Sm∈  is called a modular element if for all 

Syxt ∈,,  with xy ≤ , ( ) ( )[ ] ( ) ( )ytxmtytmtx ∧∨∧∧=∧∨∧∧ . 

Of course, a nearlattice is modular if and only if its every element is 

modular. 

Theorem 1.1. The definition of modular element in a nearlattice S coincides 

with the definition of modular element of a lattice, when S is a lattice. 

Proof:  Suppose m is a modular element of the lattice S. Let Syxt ∈,,  

with xy ≤ , then xtyt ∧≤∧ . Since m is modular, 

so 

( ) ( ) ( ) ( )[ ] ( )( )[ ] ( ) ( )[ ]ytmtxytmtxytmxtytxmt ∧∨∧∧=∧∨∧∧=∧∨∧∧=∧∨∧∧
, which is the definition of modularity of m in a nearlattice. 

Conversely, Let m be  modular according to the definition given for a 

nearlattice. Let Syx ∈,  with xy ≤ .  

Choose ymt ∨=  . Then  ( ) ( ) ( )( )ytmtxymx ∧∨∧∧=∨∧  

( ) ( )
( ) yxm

ytxmt
∨∧=

∧∨∧∧=
 

Hence m is modular according to the definition of modular element in a 

nearlattice.  

Here is a characterization of modular elements in a lattice. 

Theorem 1.2. Let L be a lattice and Lm∈ . Then the following conditions 

are equivalent. 

(i) m is modular. 

(ii) For   xy ≤  with  ymxm ∨=∨  and ymxm ∧=∧  implies yx = . 

Proof: )()( iii ⇒  Suppose m is modular xy ≤  and ymxm ∨=∨ , ymxm ∧=∧ . 

Then ( ) ( ) ( ) ymxymxxmxx ∨∧=∨∧=∨∧=  ( by modularity of m )  
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        ( ) yymy =∨∧= . 

)()( iii ⇒  suppose )(ii  holds. 

Let xy ≤ , then ( ) ( )ymxymx ∨∧≤∨∧  always holds. 

Let ( ) pymx =∨∧  and ( ) qymx =∨∧ . Then  pq ≤  

Now mxmp ∧=∧  

Also, 

( )[ ] ( ) ( )[ ] ( ) ( ) ( )[ ] mxyxmxxmyxmxmymxmmq ∧=∧∨∧∧∧=∧∨∧∧=∨∧∧=∧ . 

Thus mqmp ∧=∧  

Again, mymq ∨=∨  

 ( )[ ] ( )
mpmqmy

mymmymxmp
∨≤∨=∨=

∨∨≤∨∨∧=∨  

as pq ≤ . Thus mymqmp ∨=∨=∨  

Hence by )(ii  qp = , that is ( ) ( ) ymxymx ∨∧=∨∧  and so m is modular.  

Now we extend the above result and give a characterization of a modular 

element m in a nearlattice. 

Theorem 1.3. Let S be a nearlattice and  Sm∈ . Then the following 

conditions are equivalent.  

(i) m is modular. 

(ii) For Syxt ∈,,  with xy ≤ , ( ) ( ) ( ) ( )ytmtxtmt ∧∨∧=∧∨∧  and 

ymtxmt ∧∧=∧∧  implies ytxt ∧=∧ . 

Proof: )()( iii ⇒  suppose m is modular, let Syxt ∈,,  with xy ≤ , 

( ) ( ) ( ) ( )ytmtxtmt ∧∨∧=∧∨∧  and ymtxmt ∧∧=∧∧ .  

Then  ( ) ( ) ( )[ ] ( ) ( ) ( )[ ]ytmtxtxtmtxtxt ∧∨∧∧∧=∧∨∧∧∧=∧   

( ) ( )ytxmt ∧∨∧∧=  ( by modularity of m) 

( ) ( ) ytytymt ∧=∧∨∧∧= . 

)()( iii ⇒  suppose )(ii  holds. Let Syxt ∈,,  with xy ≤   
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Now ( ) ( )[ ] ( ) ( )ytxmtytmtx ∧∨∧∧≥∧∨∧∧  always holds. 

Let ( ) ( )[ ] pytmtx =∧∨∧∧  and ( ) ( ) qytxmt =∧∨∧∧ . Then qp ≥ .  

Choose ( ) ( )ytmtr ∧∨∧= . Then ppr =∧  and qqr =∧ . 

( ) ( )[ ] ( ) ( ) ( )[ ] mtytmtmtytmtmmr ∧=∧∨∧∧∧=∧∨∧∧=∧ . 

Thus, ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) rytmtytxmtmtqmtqrmr =∧∨∧=∧∨∧∧∨∧=∨∧=∧∨∧   

Then ( ) ( ) ( ) ( ) ( ) ( )prmrqrmrrprmr ∧∨∧≤∧∨∧=≤∧∨∧   as pq ≤  

Hence ( ) ( ) ( ) ( ) rqrmrprmr =∧∨∧=∧∨∧  

Also, 
( ) ( )[ ] ( ) ( ) ( )[ ] mtxytmtmtxytmtxmpmpmr ∧∧=∧∨∧∧∧∧=∧∨∧∧∧=∧=∧∧  

and  

( ) ( )[ ] ( ) ( )[ ] mtxytxmtxtmytxmtmqmqmr ∧∧=∧∨∧∧∧∧∧=∧∨∧∧∧=∧=∧∧

 

Thus pmrpmr ∧∧=∧∧  and so by )(ii  qrpr ∧=∧  Hence qp =  and so m 

is modular.   

Now we include the following result in a nearlattice which is parallel to the 

characterization theorem for modular elements in a lattice given in theorem 

1.2. But this cannot be considered as a definition of a modular element in a 

nearlattice. 

Theorem 1.4. Let S be a nearlattice and Sm∈ . The following conditions are 

equivalent. 

(i) For all Syx ∈,   with xy ≤  

( ) ( ) ymxymx ∨∧=∨∧  provided ym ∨  exists. 

(ii) For all Syx ∈,   with xy ≤  if xm ∨ , ym ∨  exist and 

ymxm ∨=∨ , ymxm ∧=∧ , then yx = . 

Proof: )()( iii ⇔  holds by the proof similar to the proof of Th.1.2  For the 

last part,   
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Consider the following nearlattice. 

 

 

 

 

 

 

 

 

Observe that m satisfies the condition of theorem 1.4  

Here ba <  and ( ) ( )[ ] ( ) bdbacbadmdb =∧=∨∧=∧∨∧∧ .   

But  ( ) ( ) aaadmdb =∨=∧∨∧∧ 0 , so m is not modular.  

In a lattice L, an element d is called a distributive element if for all Lyx ∈, , 

( ) ( ) ( )ydxdyxd ∨∧∨=∧∨  . 

In order to introduce this notion for nearlattices, Cornish and Noor [1] could 

not give a suitable definition for distributive elements. But they discovered  

an element Sd ∈ , such that dt ∧   is a distributive element in the lattice ( ]t  

for every St∈ . They found that  these  elements are also new even in casa of 

lattices, and in fact, they are much stronger than the distributive elements. 

So they referred them as “strongly distributive” elements.   

An element d of a nearlattice S is called a strongly distributive element if for 

all Syxt ∈,,   

 ( ) ( ) ( ) ( )[ ] ( ) ( )[ ]ytdtxtdtyxtdt ∧∨∧∧∧∨∧=∧∧∨∧  
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Figure-2 
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In other words dt ∧  is distributive in ( ]t  for each St∈ . 

Theorem 1.5. In a Lattice, every strongly distributive element is distributive 

but the converse is not necessarily true.  

Proof. Let d be a strongly distributive element of a lattice L. Suppose 

Lyx ∈,  and dyxt ∨∨= .  

Then  ( ) ( ) ( ) ( ) ( )[ ] ( ) ( )[ ]ytdtxtdtyxtdtyxd ∧∨∧∧∧∨∧=∧∧∨∧=∧∨  

( ) ( )ydxd ∨∧∨= , and so d is distributive. 

Now consider the lattice in figure 3. 

 

 

 

 

 

 

 

 

 

 

 

Here d is distributive but 

( ) ( ) ( ) ( )[ ] ( ) ( )[ ]btdtatdttrbatdt ∧∨∧∧∧∨∧=<=∧∧∨∧  and so it is not 

strongly distributive.   

Following characterization of strongly distributive elements in a nearlattice  

is due to [1]. 

Theorem 1.6. Let S be a nearlattice and Sd ∈ . Then the following 

conditions are equivalent.  

(i) d is strongly distributive. 
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(ii) For all Styx ∈,,  ( ) ( )[ ]( ) ( ) ( ) ( )dtyxtdtdtytx ∧∨∧∧=∧∨∧∨∧∧ .  

 

An element Ss∈  is called a standard element if for all Syxt ∈,,  

( ) ( )[ ] ( ) ( )sxtyxtsxyxt ∧∧∨∧∧=∧∨∧∧ . 

In a distributive nearlattice every element is standard. If every element of S 

is standard then S is itself a distributive nearlattice. 

 

Theorem 1.7. Every standard element in a nearlattice S is modular but a 

modular element may not be standard. 

Proof: Let Ss∈  be standard, let Syxt ∈,,  with xy ≤  

( ) ( )[ ] ( ) ( )[ ]stytxytstx ∧∨∧∧=∧∨∧∧  

( ) ( )xstyxt ∧∧∨∧∧=  

( ) ( )ytxst ∧∨∧∧=  

 So s is modular. 

Conversely, consider the lattice of Figure 1. 

Here m is modular 

But  ( ) sxstms =∧=∨∧  

 ( ) ( ) mmtsms =∨=∧∨∧ 0  

So m is not standard   

Theorem 1.8. Every standard element is strongly distributive but the 

converse may not be true. 

Proof. Suppose s is standard in S. Let Sbat ∈,,   

Then,     ( ) ( )[ ] ( ) ( )[ ]btstatst ∧∨∧∨∧∨∧  

( ) ( )[ ] ( )( ) ( ) ( )[ ] ( )( )btatststatst ∧∧∧∨∧∨∧∧∧∨∧=  (as s is standard.) 

( ) ( )[ ]( ) ( ) ( )[ ]( )statbstats ∧∨∧∧∨∧∨∧∧=  
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( ) ( ) ( ) ( )satbatstsat ∧∧∨∧∧∨∧∨∧∧=  

( ) ( )batst ∧∧∨∧=  

so s is strongly distributive. 

In Figure 3. observes that  t is strongly distributive, but it is not standard, 

because 

( ) ( ) ( )tdxdtxd ∧∨∧>∨∧  . 

 

Remark:  

In the pentagonal lattice of figure 1, m is modular and t is strongly 

distributive . 

Observe that sm ≤  and ( ) sxsmts =∧=∨∧  but ( ) mmmts =∨=∨∧ 0 . Thus 

t is not modular. On the other hand, ( ) ( ) mmtsxmx =∨=∧∧∨∧ 0 , but 

( ) ( )[ ] ( ) ( )[ ] ( ) ( ) sxstmsmtxmxsxmx =∧=∨∧∨=∧∨∧∧∧∨∧    implies m is 

not strongly distributive. 

We conclude the paper with the following characterization of standard 

elements in a nearlattice. 

Theorem 1.9. Let S be a nearlattice. An element Ss∈   is standard if and 

only if it is both modular and strongly distributive. 

Proof: If s is standard then by theorem 1.7 and theorem 1.8, s is both 

modular and strongly distributive. Conversely, suppose s is both modular 

and strongly distributive. Let Syxt ∈,, . 

Then, ( ) ( ) ( ) ( ) ( )[ ]yxtsxxtsxtyxt ∧∧∨∧∧∧=∧∧∨∧∧  ( as s is modular) 

       ( ) ( ) ( )[ ] ( ) ( )[ ]yxsxxtsxxt ∧∨∧∧∧∨∧∧∧=  ( as s is strongly 

distributive) 
( ) ( )[ ]yxsxxt ∧∨∧∧∧= ( ) ( )[ ]yxsxt ∧∨∧∧=  

  so s is standard.  
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