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Abstract.

In this paper, we have included several characterizations of n-distributive
lattices. Also we have generalized the prime Separation Theorem for an n-annihilator

=3 (where J is a non-empty finite subset of L) and characterized the
n-distributive lattices.
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1) Introduction:

J.C Varlet [7] introduced the notion of O-distributives lattices to generalize the

notion of pseudocomplemented lattices. A lattice L with 0 is called O-distributive if

for all &P.CEL anb=0=ancimply a» (bve)=0 of course every distributive

lattice is a O-distributive lattice. Moreover, L is O-distributive if and only if for each
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ael the set of all elements disjoint with element @ forms an ideal. Since 2
pseudo complemented lattice is characterized by the fact that for each element @, the
set of elements disjoint with @ is a principal ideal, so every pseudo complemented
lattice is O-distributive. Similarly, if 1€ L then one can describe 1-distributive lattice.
For detailed literature on O-distributive lattices we refer the readers to consult [7], [1]
and [6]. Recently [5] have generalized the whole concept and introduced the notion of

n-distributive lattice for any neutral element "€ L. For an element N of a lattice L,

a convex sublattice of L containing N is called an n-ideal of L. An element N€L

a,be L,a/\(bvn):(a/\b)v(a/\n)

is called a standard element if for , While N js

called a neutral element if (i) it is standard and (ii) " lavb)=(nra)v(nab) g

all abel Set of all n-ideals of a lattice L is denoted by IH(L) which is an

algebraic lattice; where nj and L are the smallest and the largest elements. For

two  n-ideals | and J | InJ is the infimum and

IvJ=i{xellijaj <x<i,v j, for somei,i,eland j,,j, €3}  The peideal

a,,a,,..,a

generated by a finite numbers of elements m is called a finitely generated

(a,,a,,..,a,), (a,,8,,..a,) =

n-ideal denoted by Moreover,

{xeLla, Ana, n..na, ANSX<a va,V..va, v}

Thus, every finitely generated n-ideal is an interval containing M. n-ideal generated

by a single element @€L s called a principal n-ideal denoted by <a>n and

(a) =[aan,avn] [a,b]n[c,d]=[ave,bad]

Moreover and

[ablvcd]=[anchbvd] ¢ n i 4 neutral element, then by
31, (@ N (b), =(M(anb), e mixy2)=(xA YV (XA Z)V (YA 2Z), se of al

finitely generated n-ideals of L is denoted by FH(L), while the set of principal
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n-ideals is denoted by Pn(L). Thus F”(L) is a lattice but Pn(L) is a semilattice when
N is neutral element.

For a neutral element N€L L is called n-distributive if for all a,b,ce L,

<a>n ﬂ<b>n = {n}: <a>n ﬁ<C>n |mp|y <a>n m(<b>n V<C>n): {n} ) Equiva|ent|y’ L is
n-distributive if for all @P.CE€L aab<n<avbang asrc<n<avc jmply

an(bve)sns aV(b/\c).[5] have shown that for a neutral element N€L L js

{af" ={xeL/m(an x)=n} is an n-ideal. In

n-distributive if and only if for @€ L
this paper we will include some more characterizations of n-distributive lattices. Then
we extend the separation Theorem for n-ideals given in [5] with the help of annihilator

n-ideals. Throughout the paper we will consider N as a neutral element.

Theorem 1: Let N € Lbe neutral. L is n-distributive if and only if (n] is 1-distributive

and [n) is O-distributive.

Proof: Suppose L is n-distributive. Let P& T € (] ang PVA=n=pPVr Tpen
PpAg<N=pVv(Q and pArsn=pvr imply

prlavr)sn<pvigan)<(pva)a(pvr)=n o L is ndistributive. This
implies PV @AT)=n and so ("] is 1-distrivutive. Dually we can show that ) s
0-distributive. Conversely, suppose (] is 1-distributive and (") is O-distributive.
Let abcel ith asb<n<avb gng asc<n<avc _ Then

(avn)a(bvn)=(aab)vn=n avn)alcvn)=n_

as N is neutral. Similarly (
Thus @vn)albvevn)=n 5 [n) s ogistributive. This implies @/ (®ve)<n.

Similarly using the 1-distributive property of (] we see that N<avi(bac) g n s

anlbvc)<n<av(bac)

neutral. Therefore, cand so L is n-distributive.

A non-empty subset | of a lattice L is called a down set if for @€l and X<a

(xel) | abel

imply X€1 1 s called an ideal if it is a down set and for al
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avbel  pually, anon-empty subset Fof L iscalledanupset if forall 2€F

and XZa(xel)imply Xe€F F s called a filter of L if it is an up set and for
abeF anbeF A subset T of Lis called convex if for @<X<b with

abeT imply X€T | Of course all the ideals and filters of a lattice are convex

sublattices. Moreover, for every convex sublattice € of L, C= (C]m[C)_ A proper

filter Fof L is called a maximal filter if for any filter M 2F implies M =F or

M =L . A proper filter F is called a prime filter if for any f.gel

FvaeF implieseither T €For 9€F  Similarly, adownset | of Lis prime if

anbel (abel) implies either @€ lor b€l |n a lattice L with 0, a prime
down (up set) set P is minimal if it does not contain any other prime down set (up
set). It is very easy to show that F is a maximal filter if and only if L—Fis a
minimal prime down set. Similarly, | is a maximal ideal if and only if L—1 isa
minimal prime up set. Moreover, F is a prime filter if and only if L—F is a prime
ideal. A convex sublattice P is called a prime convex sublattice if for any P < P,
m(x, p,y)eP implies either X€P or YEP By [4] P is a prime convex

sublattice if and only if P is either a prime ideal or a prime filter. Thus we have:

Lemma 2: Let F be a non-empty subset of L not containing N. Then F s a filter
(ideal) if and only if L—F isa prime down set(up set) containing .

Lemma 3: Let F be a non-empty subset of L not containing M. Then F is a
maximal filter (ideal) if and only if L—F is a minimal prime down set (up set)
containing N.

Let N be neutral in L. For @€ L we define faj ={xeL/m(xna)= ”}, known

1, _ _
as  n-annihilator of @, For AcL A ={xeL/m(x,n,a)=n} for all 2€ A In

ln
an n-distributive lattice, [5] have shown that {a} and A" are n-ideals. Moreover,
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A" =N i)

acA . If A is an n-ideal, then in a n-distributive lattice A" is the
annihilator n-ideal and so it is the pseudo complement of A in In(L). Thus in a
n-distributive lattice L, IH(L) is pseudo complemented.

J‘W . - -
Lemma 4: For an element @ # Njn L {a} is a convex subset containing n but not
containing @.

Proof: Let X,y efaf” and XSUSY  Then XAasn<xva gng

J_n
yras<n<yva trasynsasnsxvastva a4 o teldl™  Thus

imply
Lﬂ
{a} IS a convex subset. Since
Ly 1,
implies 2 # )" Hence 181" is a convex subset containing M but not containing
a

m(nn,a)=n ¢, nefaj" Ao M@na)=a=n

Corollary 5: If ASLand N A then A" is a convex subset containing " but
disjoint from A.

. A =Nfaf”
Proof: It is trivial by Lemma 4 and acA

Theorem 6: Let N be a neutral element of a lattice L and A be a nonempty subset of

L not containing M. Then A™ s the intersection of all the minimal prime convex
subsets containing n but not containing A.

Proof: Let X :m(P/AQ P, P is a minimal prime convex set containing N). Let
xe A" Then Mxa)=n o i ac A This implies for each P, there exists
2e A—P such that MM 2)=N gince P s prime, so X€P and so X€ X,
Conversely, let X€ X If X&A™" then m(x,Ma)#n gor some @A, Then by

1 14
[5, Lemma 5] either xvnglavnf" o xangfasnf Suppose

xvnglavnf' pen (xvn)a(avn)z (xAra)vn>n

N which implies
xnag N Let D=[x2) Then D isa proper filter as N€ D So by [5, Lemma

2], there exists a maximal filter M 2D and not containing N. Hence by Lemma 3,

, and so
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L-M is a minimal prime down set containing N. NowX €D implies X €M and
soX¢L-M Moreover AC L-Mas aeM jmpliess a¢L—M which is a
contradiction to X€ X . Similarly if XA”¢{a’\n}Ld, Then (XAmv(aan)=n
Implies (xva)an<n 4uq 5o xvaz n_ consiger ! =(val Clearly N¢ 1. So
there exists a maximal ideal @ containing | . but not containing N. Then by same
argument as above L-Q is a minimal prime up-set containing n. But AG L-Q.

Also XL =Q \which is again a contradiction to X € X . Therefore X€ A"
Following characterization of n-distributive lattice is given in [5].

Theorem 7: For a neutral element Nof a lattice L, the following conditions are
equivalent.

(i) L is n-distributive.

J‘ﬂ
(ii) For every a€lL {a} is an n-ideal.
(iiiy Forany AS L, A™isan n-ideal.
(iv) IH(L) is pseudo complemented .

v (L) s o-distributive.
(vi) Every maximal convex sublattice of L not containing M is prime.

Now we give the following characterization:

Theorem 8: For a neutral element N of a lattice L, the following conditions are
equivalent.

(i) L is n-distributive.

(ii) Every maximal convex sublattice not containing N is prime.

(iii) Every minimal prime down set of L containing ™ and every minimal prime
up set of
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L containing M is a minimal prime ideal (filter), and so a minimal prime
n-ideal.

(iv) Every filter (ideal) not containing " is disjoint from a minimal prime n-ideal.
(v) For each @# N there is a minimal prime n-ideal not containing 2.

(vi) Each @ 71 s contained in a prime convex sublattice not containing M.
Proof: (i) < (ii) holds by Theorem 7.

(i) implies (iii). Let A be a minimal prime down set (up set) of L containing N.
Then

L—A is a maximal filter (ideal) not containing M. Hence by (ii) it is a prime filter

(ideal). Hence A is a minimal prime ideal (filter). Since "€ A, so it is a minimal
prime n-ideal.

(iii) implies (ii). Let F be a maximal convex sublattice of L not containing M.
since F=(FINIF) 5o either M2 (F1 or N2[F)  without loss of generality
suppose 2[F) . Then by the maximality of F F=IF) Thus F is a filter and
so L—F isa minimal prime down set containing ", and so by (iii), it is a minimal
prime ideal. Hence F is a prime filter, and so is a prime convex sublattice.

implies (iv). Let F be a filter not containing N. Then by [5, Corollary 7],

there is a prime (maximal) filter QoF pot containing 1. ThusL = Q is a

minimal prime ideal (n-ideal), which is disjoint from F . Similarly, if |is an
ideal not containing N, then it is also disjoint from a minimal prime n-ideal.

(iv) implies (v). Let @€L and @a#n_ Then )ninf=9 o @Ninj=g

Without loss of generality suppose [a)m{n}:go. Then by (iv), there is a minimal

t Pm[a)

prime ideal P containing N such tha =% Then P s in fact, an n-ideal

and 2P,

(v) implies (vi). Let @€L and @#N_ Then by (v) there exists a minimal prime
n-ideal P such that @ € P. But we know that the prime n-ideals are either prime
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ideals or prime filters, so without loss of generality suppose P is a prime ideal. This
implies @€ L—P which is a prime filter not containing ". That is, L—P is the
prime convex sublattice containing &, but not containing N.

(vi) implies (i). Let L be not n-distributive. Then there exist abcel gch that
(@), (), =t} g @0, =t} Ly (@), b, vie) )2 e,
anb<n<avb and ancs<n<avc _ Now

@ ~(b) vic) )=[avbac)an(an(bvec)vn]z {n}implies sither @4 (bvC)
s n o av(0AC); n without loss of generality, suppose an(bve)s n Then

by (vi), aA(bVC)EQ, where Q is a prime convex sublattice not containing M.

an(bve)

Then Q is either an ideal or a filter. Since s N so Q can not be

bve)

considered as an ideal. For if >N | then it would imply "€ Q. Therefore

Q must be a filter. Now, 2€Q and PVCEQ implies either 2 PEQ o

anb,aanc<n

anceQ 55 Q js prime. In either case, "€Q as , which is a

av(b/\c); n

contradiction. Similarly by considering we will get another

contradiction. Therefore, L is n-distributive.

Theorem 9: Let L be n-distributive and X € L. Then a prime ideal P containing

L, Ln
™ is a minimal prime ideal containing X it and onlyifforall PEP thereis

a 9€L=P qenthat M(P.na)e{xf

J-n
Proof. Let P be a prime ideal containing {X} such that the given condition holds.
ln
Let K be a prime ideal containing {X} suchthat K< P Let PEP Then there
J‘IW
exists 4€L=P such that M(P@)e X} pence M(PNA)eK  gince K s

prime and 92K so P€K This implies P<K and soK =P Therefore, P is
minimal.

J‘ﬂ
Conversely, let P be a minimal prime ideal containing b Let PP suppose
for all d€L-P m(p.na)e )" get D=(L-P)vIP) we claim that
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" nD=9p |t not, let ye{j" nD Then YZTAP for some relL-P.
Then N<m(p.nrvn)=(par)vn<yvn implies m(p,n,rvn)e{xf by

Lﬂ
convexity of X This gives a condition to the assumption, as FvVNe€L—-P Then

Q2D

by [5, Theorem9], there exists a maximal (prime) filter and disjoint from

b By the same proof of [5, Theorem 9], X€Q . Let M =L-Q Then M isa
prime n-ideal. Since X€Q so XM Let te{x}" Then m(t.nx)=n implies
teM a M is prime. Thus M eM  Now MND=¢  Therefore
M m(L_P):‘/’, and hence MSP  Also M =P | because P<D implies
PeM put PEP Hence M is a prime n-ideal containing {X}ln, which is

properly contained in P . This gives a contradiction to the minimal property of P.
Therefore, the given condition holds.

To generalize the separation Theorem for n-ideals in a distributive lattice given in [2],
[5, Theorem9] have given such a separation property in a n-distributive lattice with

J‘I’!
respect to {X} for any X€ L. We now improve this result for an n-annihilator
I'=J"" for some finite subset J of L.

Theorem 10: (The Separation Theorem). Let n be a neutral element of L. Then L
is n-distributive if and only if for a filter F and an n-annihilator | = Jo (where
Jisa non-empty finite subset of L) with FAl= ? there exists a prime filter Q
containing F suchthat QN 1=¢

Proof. Suppose L is n-distributive and | = I for some non-empty finite subset
Jof L. Let # be the set of all filters containing F and disjoint from | . Then

using Zorn’s Lemma, there exists a maximal filter Q containing F and disjoint

from 1. Now 9 i{n},as then 3" =L>F syppose 1 J2 Ji are the elements
in J which are different from n. We claim that at least one of Ji EQ, =12k,
If not, then for each I, (QV[Ji))ml > ¢ by the maximality of Q. Let

te@vUDNl  then BZ%Ak for some U EQ gng Gl implies

1053



J.Mech.Cont. & Math. Sci., Vol.-7, No.-2, Januaryy (2013) Pages 1045-10455

Mt ) =N g0 an xed | Thus in particular, MmN i)=n  This implies
tiAJi<n and so, Ui AJiSta SN Then (@ vmafi=@@Aaj)vinaj)<n

implies m(g; vn,n, j;)=n for each ' =1 2K Thus we obtain the elements
G VNG, vN,...,qevn in Q . Choose
q:(qlvn)/\(qzvn)/\-"/\(qkVn):(ch/\qz/\---/\qk)vneQ . Then

QAJiSOAgi<n g AAN=Nimply m(g,n, j;)=n for each | and so 9¢€!

which contradicts that Q! = ¢ Therefore Ji €Q for some i=1 2"""k. Now
let Z£Q . Then by the maximality of @, Qv[z)nl=e g te@vz))nl

Then '29AZ for some 9€Q and m(t,n, j)=n for al J€J . so

mEn ji)=n ey tAL NStV o GAfinz<taji<n

and s which
implies m(z.n, (@A j)vn)=n pe, by [5, Lemma3] @ is a maximal filter not
containing . Hence Q s prime as L is n-distributive.

Conversely, let (9, N (), =in} and (X)s (2, =i}, We need to prove that

<x>nm(<y>nv<z>n):{n}_ That is XA vzZ)snsxv(yaz) not, let

XA(YVZ)& N Then lyvz)nixt =9, For otherwise t€ lyv z)m{x}ﬂ implies

EAXSNStvX and '2YVZ  which implies XA(YvZ)Staxsn g

contradiction. So, there exists a prime filter Q containing [yvz) disjoint from
ln ln
M as vizelx vso Y22Q Thys YVZ2Q a5 Q s prime. This implies

[va)iQ, a contradiction. Dually by taking xv(ynz)y N we would have

xa(yvz)sn<xv(ynaz)

another contradiction. Therefore, and so L s

n-distributive.
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