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Abstract :

Recently Yehuda Rav has given the concept of Semi-prime ideals in a general
lattice by generalizing the notion of O-distributive lattices. In this paper we study
several properties of these ideals and include some of their characterizations. We give
some results regarding maximal filters and include a number of Separation properties
in a general lattice with respect to the annihilator ideals containing a semi-prime
ideal.
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@B{ W (Bengali version of the Abstract)

o9 Yehuda Rav g sy & - Gifere n3fecery -«97 ( Semi - Prime
Ideals) @3 @7 facee 0 - @ amfer  ( O-distributive lattices ) w7an szaiwas
PR | G2 T FTF G2 T SNSRI - GF IR 4T {17 [ IR 7R Z2H [P (AT
FO@E PR | TAGE AT READIT 2F [FR TP S PLAR TR O - e SISOy
- GF YR GFRETGT WEfEErT -97  @nnihilator ideals ) TgE e R Koz
GAENT TS AR |

1. Introduction:
In generalizing the notion of pseudo complemented lattice, J. C. Varlet [4]
introduced the notion of O-distributive lattices. Then [1] have given several

characterizations of these lattices. On the other hand, [2] have studied them in meet
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semi lattices. A lattice L with Ois called a O-distributive lattice if for all &P:C€L

with @aab=0=anc jmply 32 0OVC) =0 of cqurse every distributive lattice is
O-distributive. O-distributive lattice L can be characterized by the fact that the set of

all elements disjoint to @€ L forms an ideal. So every pseudo complemented lattice
is O-distributive.

Recently, V. Rav [3] has generalized this concept and gave the definition of semi
prime ideals in a lattice. For a non-empty subset | of L, | iscalled a down set if
for @€l andX<a imply X€ ! Moreover | isanidealif @vbel forall
abel similarly, F iscalled afilter of L iffor #P€F asbeF and for
aeF and X2ajmply X€F . Fiscalled amaximal filter if for any filter
M 2 F implies either M =F or M =L A proper ideal(down set) | is called a

prime ideal(down set) if for P €L anbelimplyeither 2€10rbel A prime
ideal P is called a minimal prime ideal if it does not contain any other prime ideal.

Similarly, a proper filter Q is called a prime filter if 2" beQ (a,b €Ly implies

either 2€Qor PEQ tis very easy to check that F is a filter of L if and only if L-F

is a prime down set. Moreover, F is a prime filter if and only if L-F is a prime ideal.
Anideal | of a lattice L is called a semi prime ideal if forall % ¥:Z €L,

XAnyel ang xazel jmply XA(YVZ) el Thys for lattice L with0, L is

called O-distributive if and only if (O] s a semi prime ideal. In a distributive lattice

L, every ideal is a semi prime ideal. Moreover, every prime ideal is semi prime. In a

pentagonal lattice {0.abcLa<b } is semi prime but not prime. Here (b] and

(c] are prime, but (a] is not even semi prime. Again in
M,={0,a,b,c,Larnb=bac=anc=0,avb=avc=bvc=1 } (a]

(o] (€] are not semi prime.

Lemma 1. Non empty intersection of all prime(semi prime) ideals of a lattice is a
semi-prime ideal.

proof: Let @b.celgng 1=NP:P i a prime ideal }and 1is nonempty. Let
anbel and ancel Then anbeP and aAceP forall P.Sinceeach Pis

prime (semi prime), so 2~ (OVE) P forail P Hence 220V el angso 1 s
semi-prime.
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Corollary 2. Intersection of two prime(semi prime) ideals isa semi-prime ideal.

Lemma 3. Every filter disjoint from an ideal | is contained in a maximal filter
disjoint from 1.

Proof: Let F beafilterin L disjoint from |.LetF be the set of all filters
containing F and disjoint from |.Then Fisnonemptyas F €F.Let C bea
chainin F andlet M =UX X €C) \we claimthat M is a filter. Let X€M and
Y2X Then X€ X forsome X €C . Hence Y€ X as X isafilter. Therefore,
yeM et XYEM Then xeX and YE€Y forsome XY €C Since C isa
chain, either X SYor Y <X Suppose X SY .50 XY €Y. Then XAYEY apg
so XAYEM ‘Moreover, M2F 50 M is a maximum element of C. Then by

Zorn’s Lemma, F has a maximal element, say QoF

Theorem 4. Let A be a non-empty subset of a lattice L and J be an ideal of L. Then
A" =N(P: Pisminimal prime down set containing J but not containing A)

Proof. Suppose X =N(P:Ag P,Pisaminimal primedown set) | et X€ A™ Then

xAaed forall @€ A Choose any P of right hand expression. Since A< P there
exists Z€ A put Z2€P _ Then XAZ€J S P. 50 xXeP asPis prime. Hence
Xe X

Conversely, let X€ X. |f X& A" then XAbeJ forsome be A LetD=
[XAD),
Hence D is a filter disjoint from J. Then by Lemma 3, there is a maximal filter
M2D pyt disjoint from J. Then L-M is a minimal prime down set containing J.
Now X€L-M 35 xeD jmplies X€M  Moreover, A¢ L-Mas P€A put
beM implies b&L~M  which is a contradiction to X € X . Hence X €A™

Lemma 5.Let | beanideal of alattice L.Afilter M disjointfrom | isa

maximal filter disjoint from | if and only if for all @€ M | there exists 0 €M sych
that asbel

Proof: Let M be maximal and disjoint from | and @¢M et aabel for
beM Consider Mizfyel:y=aab, bem } Clearly M1 is a filter. For
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any beM b>anb jmplies PEMi g9 MioM pigg MinT=¢ £o it

not, let X M1 Thisimplies X€! and X=aAb forsome P€M  Hence

M,A1#¢ Now MM

anbel , Which is a contradiction. Hence 1 hecause

agM put @€Mi This  contradicts the maximality of M . Hence there exists
beM suchthat arbel,

Conversely, if M is not maximal disjoint from |, then there exists a filter
N> M and disjoint with |.Forany @€ N—M thereexists P€M such that

anbel Hence, ¥PEN jmplies anbel AN which is a contradiction. Hence
M must be a maximal filter disjoint with | .

Let L bealatticewith 0.For AclL , We define

L . _ ] ..
At =ixeL:xra=0forallagAy A* jsaways down setof L. Moreover, itis

convex but it is not necessarily an ideal.

Theorem 6. Let L be apseudo complemented lattice. Then for Acl,
At ={xelL:xra=0forallag Al is a semi-prime ideal.

Proof: We have already mentioned that A" isa downsetof L.Since L is
pseudo complemented if it is O-distributive. Now let %Y € A" Then
Xna=0=yna gorq ael Hence 82 (XVY)=0 fora ae A Thisimplies
XvyeA" andso A isan ideal.

Nowlet XAYEA" and XAze A" Then XAYAR=0=XAZAR g5 g a€A
This implies Y < (XA 2<(XA8)* ghqg0 YV Z=(XA) and this implies
XAan(Yv2)=0 forq acL Hence XA(YV2DEA" andso A isasemi
prime ideal.

Let AL and J beanideal of L.We define

J_J _ .
A ={xeLixnrael forallae A} Thjs s clearly a down set containing J. In

presence of distributivity, this is an ideal. A™ s called an annihilator of A relative

to J.We denote (L), by the set of all ideals containing J . Of course, L (L) IS
a bounded lattice with J and L as the smallest and the largest elements. If
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Ael, (L), and A7 isan ideal, then A s called an annihilator ideal and it is the

pseudo complementof A in (L),

Following Theorem gives some nice characterizations semi prime ideals.

Theorem 7. Let L bealattice and J beanideal of L. The following
conditions are equivalent.

(i) J issemi prime.

(ii) {a}” ={xel:xnraed} isasemi prime ideal containing J .
(iii) A ={xeLixnael forallacA} jsqsemi prime ideal containing J .
(iv) (L) is pseudo complemented

(V) (L) is a 0 —distributive lattice.

(vi) Every maximal filter disjoint from J s prime.

1, L
Proof: (i)=(ii). 18" is clearly a down set containing J . Now let %Y <{a}™
Then XA2€Jd.¥yAa€d gince J jssemiprime, so 2/ (XVY)€J Thisimplies
1, 1 1,
18} s an ideal containing J. Now let X"\ Y € )" ang xrzefal” Then
XAYAnBEJ snq XAzZAael . Thus, (xrna)ayeld and (xrna)azeld Then

L
(xna)A(yvz)ed asyissemi prime. This implies XA(yv2)eial , and so

{a}lj IS semi prime.

(i) = (iii). This is trivial by Lemma1,as A~ =N{a}";aeA),

Acl,(L), A"

(iii)= (iv). Since for any is an ideal, it is the pseudo complement of

A in IJ(L),so (L) is pseudo complemented.

(iv)=(v). This s trivial as every pseudo complemented lattice is O-distributive.

(V)= (vi). Let (L) is O-distributive. Suppose F is a maximal filter disjoint

from J.Suppose 9 ¢F By Lemmas, there exist®P € F such that
a/\fe\],b/\geJ.Then an/\beJ,g/\aAbeJ_Hence

(fla(anblc Jand (g]Aa(@Ablcd Then
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(fvala@abl=((f]v (gD A@ADI< I by the o-distributive property of
(L) Hence, (fva)nanbed This implies fV9€F a5 FNI=9 ang
so F isprime.

(vi) = (i) Let (vi) holds. Suppose @P:Cel \jth anrbeld,anceld

an(bve)ed ihen [AABVE)NI =0 Then by Lemma 3, there exists a

maximal filter T 2182 (BVC) anq disjoint from J. Then @< F.bvceF gy

(vi) is prime. Hence either anbeFor anceF In any case JNF#¢

which gives a contradiction. Hence 2 (bAc)ed andso I s semi prime.

Corollary 8: In a lattice L, every filter disjoint to a semi-prime ideal J is
contained in a prime filter.

Proof: This immediately follows from Lemma 3 and theorem 7.

Theorem 9: If J is a semi-prime ideal of a lattice L and J# A= 5 s an
1y _ . 1,
ideal containing 3%, Then A~ =txeL:{X}> #J }

1y
Proof: Let X€A"Y Then XAaeld forall acA g0 @€} fora acA,
1, 1, 1,
Then AT} andso ¥ #J Conversely, let XeL suchthat U3 #J

J'i 1,
Since J is semi-prime, so ' is an ideal containing J. Then ASTX}” and so

1, 1,4, N -
A7 o{x} . This implies X € A , which completes the proof.

[1] have provided a series of characterizations of O-distributive lattices. Here we give
some results on semi prime ideals related to their results.

Theorem 10. Let L be a lattice and J be an ideal. Then the following conditions are
equivalent.

Q) J is semi-prime.

(i) Every maximal filter of L disjoint with J is prime

(iii) Every minimal prime down set containing J is a minimal prime ideal
containing J

(iv)  Every filter disjoint with J is disjoint from a minimal prime ideal containing J.

(V) For each element @ ¢ J | there is a minimal prime ideal containing J but not
containing a.
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(vi) Each @¢ J is contained in a prime filter disjoint to J.

Proof. (i) < (ii) follows from Theorem 7.

(i) = (i) | et A be a minimal prime down set containing J. Then S-A is a maximal
filter disjoint with J . Then by (ii) S-A is prime and so A is a minimal prime ideal.

(i) = (ii) Let F be a maximal filter disjoint with J. Then S-F is a minimal prime
down set containing J. Thus by (iii), S-F is a minimal prime ideal and so F is a prime
filter.

(i): (iv) . Let F a filter of S disjoint from J. Then by Corollary 8, there is a prime
filter Q2 F and disjoint from F.

(iv)=(v) et ael , a¢J Then )N =0 Then by (iv) there exists a minimal
prime ideal A disjoint from @) Thus ae A,

(V)= (vi) et ac L, a¢J Then by (v) there exists a minimal prime ideal P such
that @€ P Implies @€ L =P and L-P is a prime filter.

(Vi)j(i). Suppose J is not semi-prime . Then there exists abcel such that
anbel ancel pyt an(bve)ed Tpen by (vi) there exists a prime filter Q
disjoint from J and anbve)eQ o F=lanbve)) tpen INF=0 4ng
FcQ now anlbve)eQ implies 2€Q, PVCeQ gince Q is prime so either
anbeQ o aACeQ  \which gives a contradiction to the fact that QNI =¢

an(bvc)eld

Therefore , and so J is semi-prime.

Now we give another characterization of semi-prime ideals with the help of Prime
Separation Theorem using annihilator ideals.

Theorem 11: Let J be anideal in a lattice L. J is semi- prime if and only if for
1, L
all filter Fdisjointto X} " there is a prime filter containing F disjointto U

Proof: Using Zorn’s Lemma we can easily find a maximal filter Q containing F
J-J

and disjointto V% We claim that X €Q If not, then QVIX)2Q By

maximality of @, (QV[X)) X} 4 te Q)N hen tZaAX

forsome 9€Q and
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L . ..
tAxed  This implies 9°X€J and so 913 gives a contradiction.
Hence X€Q.

Now let Z£Q_ Then QVIDN{3" =9 Suppose ye@QvIZ) NP3 then
yztrz&ynzeld g5 some 4 €Q | This implies wAXAZEI gnqg

L
G AXE€E Q. Hence by Lemma 5, Q is a maximal filter disjoint to 3 . Then by
Theorem 7, Q is prime.

Conversely, let XAYE€J, XAzZed ¢ XA(YyVZ) £ hen yvzedd" Thys

[yv2) {3 =9 5o there exists a prime filter Q containing [YV?) and
disjoint from O3 as ¥2e037,50Y.22Q s YV22Q 55 Q prime.

XA(yvz)eld

This implies [YV2) Q| 4 contradiction. Hence ,and so J is

semi-prime.

We conclude the paper with the following characterization of semi- prime ideals.

Theorem 12. Let J be a semi-prime ideal of a lattice L and X€L. Then a
1, 1,
prime ideal P containing O3 is a minimal prime ideal containing O3
L
andonly iffor P€P  thereexists 9 L—P suchthat PAAs{G

Proof: Let P be a prime ideal containing O such that the given condition
holds. Let K be a prime ideal containing " such that KSP et PP
Then there is 9€L—P such that PAA€03  Hence PAAEK since K s
primeand 42K o

PeK  Thus, P=K and so K=P. Therefore, P must be a minimal prime

L
ideal containing V3"

L
Conversely, let P be a minimal prime ideal containing U4’ . Let P€P
J‘J —
Suppose for all d€L=P pAade{x}” o D=(L-P)VIP)we claim that
L _ L 1
3" ND=0 f not, let YEUF ' ND Then PAASYED}"  which is a
contradiction to the assumption. Then by Theorem 11, there exists a maximal
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(prime) filter @2 D and disjoint to LI By the proof of Theorem 11, X€Q.
Let M=S-Q Then M is a prime ideal. Since X€Q g0 tAXxelJcM
implies t€M as M s prime. Thus 03 M Now MND=9  This
implies MN(L=P)=¢ ang hence M <SP Also M #P | pecause PP

L
implies PZM but PEP Hence M s a prime ideal containing 4 which
is properly contained in P . This gives a contradiction to the minimal property of
P . Therefore the given condition holds.

References.

1) Balasubramani P. and Venkatanarasimhan P.V., Characterizations of the
0-Distributive Lattices, Indian J. pure appl.Math. 32(3) 315-324, (2001).

2) Powar Y.S. and Thakare N. K., 0-Distributive semilattices, Canad. Math. Bull.
Vol.21(4) (1978), 469-475.

3) Rav Y., Semi prime ideals in general lattices, Journal of pure and Applied
Algebra, 56(1989) 105- 118.

4) Varlet J. C., A generalization of the notion of pseudo-complementedness, Bull.
Soc. Sci.  Liege, 37(1968), 149-158.

1102



