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Abstract

In this paper, we have studied some properties of ideals and filters of a join-
semilattice. We have also introduced the notion of dual annihilator. We have
discussed 1-distributive join-semilattice and given several characterizations of 1-
distributive join-semilattices directed below. Finally we have included a

generalization of prime separation theorem in terms of dual annihilators.
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1. Introduction

Varlet [7] have given the definition of a 1-distributive lattice. Then
Balasubramani et al [1]have established some results on this topic. A lattice L with 1
is called a 1-distributive lattice if for all a,b,ce L with
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avk=1l=awvecimpliyayv(kac) = 1 Any distributive lattice with 1 is 1-
distributive. In this paper we will study the 1-distributive join-semilattices.

An ordered set (£; & )is said to be a join-semilattice if sup{a,b}exists for all @, & € 7,
we writea ¥ & in place of sup{a,b}.

A join-semilatticeS is called distributive if o = &, v &, (a. k. &, € Fyimplies the
existence of ay.a; € 5,4, @ by ag & & with @ = q, v ag. For detailed literature on

join-semilattices, we refer the reader to consultTalukder et al. [5,6], Noor et al. [3] and
Gratzer [2].

A join-semilattice S with 1 is said to be 1-distributive if for any a, &, ¢ € #such
thate v &= L =g ¢ implies @ & = 1 for some & = &,¢.

Consider the join-semilatticess; and 5, given in the Figure 1.1. It can be easily seen
that 5, is not 1-distributive but 5, is 1-distributive.

S]_ SZ

_____________>

Figure 1.1
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Both distributive and modular joinsemilatticesshare a common property “ for all

a,b €S there exists c e S such that ¢ <a,b”. This property is known as the directed
below property. Hence a join semilatticewith this property is known as a directed
below semilattice. Observe that in Figure 1.1, S, is not directed below, but S, is

directed below.

A subset | of a join-semilatticeS is called an upset if & = I and
¥ &F with x = yimpliesy € 1.
Let S be a join-semilattice. A non-empty subset F of S is called a filter if

(i)F is an upset,
and(ii) a,b € F implies there exists d <a,b suchthat d e F.

A filter F is called proper filterof a join-semilatttice Sif F w 5.

A proper filter (upset)F in S is called a prime filter (upset) if
aW¥ b e Flmplles elthera € Fork £ F.

For g & §,the fllter F m {x @ #| x &= al}is called the principal filter generated by a. It

is denoted by [a).A prime upset (filter) is called a minimal prime upset (filter) if it
does not contain any other prime upset (filter).

A subset | ofS is called an ideal if

(i) a.b elimplissavbel(ll) aeficlwithaz iimpllssasl

An ideal | of a join-semilattice S is called prime ideal if [ v ¥ and §=[ isa prime
filter.

A maximal ideal lof Sis a proper ideal which is not contained in any other proper
ideal. That is, if there is a proper ideal J such that § & [, then [ = [,

Let S be ajoin-semilattice with 1. For 4 = J,

set.q-ﬂ wmirEfxvam Ligrallag 4l Then .ﬂ.-ﬁ is called the dual annihilator of
A.. This is always an upset but not necessarily a filter.
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For ¢ & #.we denote{n}'ﬂ w & flxvagml).
Moreover, 4=" mri_o. {{a}*"}

2. Some properties of ideals and filters of a join-semilattice

Lemma 2.1.Let S be a join-semilattice with 1. Then every prime upset contains a
minimal prime upset.

Proof.Let F be a prime upset of S and let A denote the set of all prime upsets Q
contained in F. Then A is non-empty as F € 4. Let C be achain in A and

let M =a{X | X  C}.We claim that M is a prime upset. M is non-empty as 1 € M.
LetaeMand g = & Thena = X forall X & €. Hence & € X forall X € Cas Xisan
upset. Thus & = i, Again, let % v v & M for some &, € F. Then & v » € X for all

A & ¢. Since X is prime upset, so either x & X or > = X this implies either & € M or
¥ & M. Hence M is a prime upset. Therefore, we can apply to A the dual form of
Zorn’s Lemma to conclude the existence of a minimal member of A.

Theorem 2.2. Let S be a directed below join-semilattice. Then the intersection of any
two filters of S is also a filter.

Proof. Let F, Q be two filters of a directed below join-semilatticeS. Let @ € F 1 @ and
B € Fwith ¥ = a. Then @ € Fand & & . Since both F and Q are filters, so ¥ € Fand
EE¢. HenceksgFndg.

Againlet .5 € FniG. So a.& € Fand &, & € Q. Since F and Q are both filters, then
there exists # € Fand ¢ =@ such that f.q =a. b Letc=Ff g Then ¢ & FNg,
where ¢ & @, & Hence F i@ is a filter.

Lemma 2.3. Let | be a non-empty proper subset of a join-semilatticeS. Then | is an
ideal if and only ifs — Iis a prime upset.

Proof. Let | be an ideal of a join-semilatticeS. Now let % € F =1 and & & ¥ Then
x&l,soyr&laslisanideal. Hence » & #= I, Thus § — I is an upset. Since | is an
ideal, so &—1I = 5 Therefore¥=[ is a proper upset. Let g & &€& with
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a¥EEF={then aw& & [. Therefore either @ 8] er% £ as | is an ideal. Hence
either ¢ @F=[ orix @ F = [. Therefore 5§ — I is a prime upset.

Conversely, let 5—1 is a prime upset and & ¥y €I[then x ¥y &F—=I. Thus
x¥vE F=1[as5—Iisaprime upset. Hence & ¥ & . Again, let x € land ¥ & x.
Then x € § — I. Therefore ¥ 8 F = as 5 — I is an upset. Hence ¥ €1 and thus | is an
ideal.

Thus we have the following result.

Corollary 2.4. Let | be a non-empty subset of a join-semilatticeS. Then I is a maximal
ideal if and only if 5 — I is a minimal prime upset.

Theorem 2.5. Every proper ideal of a join-semilatticeS with 1 is contained in a
maximal ideal.

Proof. Let | be a proper ideal in S with 1. Let P be the set of all proper ideals
containing 1.Then P is non-empty as { € #. LetCbe a chain in Pand

leths mis { X|X € C).

We claim that M is an ideal with [ & M. Let x € Mand ¥ % x. Then x € & for some
4 & UvHence ¥ € & as X is an ideal. Therefore ¥ & M.Again let &, ¥ £ M, then x € &
and ¥ &€} for someX, ¥ &€ . Since C is a chain, soeither X & " or "= . Suppose
d=mY, soxvEThen x ¥y & ¥asYisan ideal. Hence x v & A/, Moreover, M

contains I, so M is maximal element of C. Then by Zorn’s Lemma, Phas a maximal
element, say Q with i &= .0

Now we give a characterization of maximal ideals of a join semilattice.

Theorem 2.6. Let S be a join-semilattice with 1.A proper ideal M in S is maximal if
and only if for any element ¢ & ¥ = }{ there exists an element & & }{ such that

GV gwm ],

Proof. SupposeM is maximal and a &M, Let a¥bwmlfor all b& M.
Consider }; = {v & &| v @ a ¥ foraems & € M} ClearlyM 1 is an ideal and is
proper as 1& M,. For every € M, we have & a¥h and so & & My Thus
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M & M Also a & M but g €M, So M = My which contradicts the maximality of M.
Hence there must exists some & € M such that @ & = 1,

Conversely, if the proper ideal Mis not maximal, then as L £ 5, there exists a maximal
ideal N such that # = N. For any element a € ¥ — & there exists an element & & M
such that aw k= LHencea, &= N imply 1= aw& N which is a contradiction.
Thus M must be a maximal ideal .

3. Some characterizations of 1-distributive join-semilattices.
In this section ,we prove our main results of this paper.
Theorem 3.1. Every 1-distributive join-semilattice is directed below.

Proof. Let S be a 1-distributive join-semilatticeand &, ¢ € . Then 1% b m 1 V¢ m 1
which implies there exists & € & with & = &, ¢ such that 1 & = 1, Thus d is lower
bound of b,c. Hence S is directed below.

The converse of the above theorem is not true by S, of Figure 1.1.

Theorem 3.2. Let @, @y, @ .+, @, be elements of a 1-distributive join-semilattice S
suchthat @ v @y ™ @ % @y ™ = g g, = L, Then & ¥ = L for some
B2 Qg @y @y

Proof.We want to prove this theorem using mathematical induction method.
Let ¢ ¥a, =g 'va; =1 SinceS is 1-distributive so, @& &; = L for some

b, = a,.ag that is, the statement is true for @, &mnd a;.Let

a¥a, =aV¥a, == a¥a,._ =1 Then for the 1-distributivity of

S.a ¥y = 1forsome §; & @q 6g ' @yay. NOW, SUppOSe &Y @, ™ L Hence

a W& =1"forsome &g &, a, as S is 1-distributive. This implies that ¢ * & = 1 for
some & & @4, &g, ', Gy, Hence by the method of mathematical induction the theorem
is true for some & & @y, Gg, """ @y @

Following result gives some nice characterizations of 1-distributive join-semilattices.
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Theorem 3.3. For a directed below join-semilatticeS with 1, the following conditions
are equivalent: (i)S is 1-distributive.(ii) {a}="is a filter for all &« € 5.(iii)4="is a filter
for all finite subsetsA of S(iv)Every maximal ideal is prime.

Proof.(i) < (ii). Letx {a}-d and » & x.Since x € {n}-d, sowegetaw¥x=1
o d 1 .

implies @y = 1 as » = x.Hence y e {a}~ ,and so {a}" is an upset. Again, let
A E {a;}-ﬂ ,Thus @ x = 1 = g%y, By 1-distributivity of S, there exists z

. K K
withz < x,y such that av z =1. Therefore z e {a}~ , and so {a}" is a filter.

. A d .
Conversely let x,y,zeS withxvy=1=xvz.Then y,ze{x}" .Since {x/" isa

d
filter, so there exists t < y,z such that t € {x}" , and so t v x =1. This implies S is 1-
distributive.

d
(ii) < (iii )is trivial by Theorem 2.2 as AL = N .

acA

(i)=(iv).Let I be a maximal ideal of S. Then by Corollary 2.4, S-1 is a minimal
prime upset. Now suppose X,y € S—1.Then x,y ¢ |, and so by the maximality of I,
Iv(x]=S, Iv(y]=S.Thisimpliesavx=1=bvy forsome a,bel.Thus
avbvx=avbvy=1.Since S is 1-distributive, there exists d < x,y such that
avbvd=1.

Now avbelimpliesavbgS—1,andS-Iisprimeimplies d € S -1 . Therefore S-
I is a prime filter and so | is a prime ideal.

(iv)=(i). LetS be not 1-distributive. Then there are @, &, ¢ € & such that
awh=awe=1anda¥dm lforall & @ & c. Now, set

Im{xef|xgavyyab.chClearly lisan ideal and it is properas 1 ¢ | .By

Theorem 2.5, [ & J for some maximal ideal J. Now we claim that either
EEjorc e/ Ifbc g/ thenk ¢ € F—1. AsJisaprime ideal, then we have & = |

is a prime filter and &« € ¥ —J. Since & = J is a filter, there is # € & — J such that
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a = 5 ¢.Hence aveeS—J givesacontradiction. Hence, # € f or ¢ €] this
implies, either @ & & J @r @¥¢ & [. Thus, 1 € J which contradicts the maximality of

J. Therefore, & ¥ d = 1 forsome d @ &, ¢ and hence S is a 1-distributive.o

d
Note that in case of a 1-distributive lattice L, Forany Ac L, AL is a filter. But this
is not true in a directed below join-semilattice S with 1, as the intersection of infinite

number of filters in S is not necessarily a filter.

Corollary 3.4. In a 1-distributive join-semilattice, every proper ideal is contained in a
prime ideal.

Proof. This immediately follows by Theorem 2.5 and Theorem 3.3.0

Theorem 3.5. In a 1-distributive join-semilatticeS if {1} = 4 is the intersection of all

filters of S not equal to {1}, then 4=" = =::a.' ES‘{:«'}-d = E:L}I:

Proof.Let xc4+ Then xva=1 for alla®d Since 4 e {1},
sofx)=" w {1}Thus x € R.H.5. Thatis, 4" € R.&. 5

Conversely, let x & . H.5, so{x}-d = {11. Also since S is 1-distributive then {,n;}-“ is
a filter of S. Henced = (;a_-}-ﬂ and so 4-" :ﬁ{:x}-“-“. This implies x € 4", Thus
REHSS _q—ﬂwhich completes the proof.

Finally we give a necessary and sufficient condition for a join-semilatticeS with 1, to
be 1-distributive which is a generalization of Pawar and et al. [4;Theorem 7].

Theorem 3.6Let S be a join-semilattice with 1. Then S is 1-distributive if and only if
for any ideal I disjoint with {x}-d (x € £], there exists a prime ideal containing I and

disjoint with {x}=".

Proof.Suppose S is 1-distributive join-semilattice. Let P be the set of all ideals
containing I, but disjoint from {x‘}-:. Clearly P is non-empty as { £ 7. Let C be a
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chain in P and let M wg {X | X &} First we claim that M is an ideal with
I'=Mand & {2} g @. Let x € M and ¥ = & Then x € & for some& € €. Hence
¥ &X as X is an ideal. Thusy & M. Again, let =, 3 € . Then x € ¥ and » € 1 for
some X, & . Since C is a chain, so either X & ¥ or ¥"& X.Supposei & ¥", S0
% v &Y. Then x¥y& ¥ as Y is an ideal. Hence & ¥ & M.Thus M is an ideal.
Moreover, M contains land} {.:«.-}-ﬂ = ¢. Then by Zorn’s lemma, there exists a
maximal element Q in P. Hence by Zorn’s lemma as in Theorem 2.5, there exists a

maximal ideal P containing | and disjoint from {x}ld . We claim that xe P. If not ,
then P v (x] is an ideal containing P . By the maximality of P,(P v (x])n{x}* #¢.
Let te (Pv(x])m{x}LOI Then t< pvx for some peP and tv x=1.This implies
pvx=1and so p e{x}ld, which is a contradiction. Now suppose y ¢ P. Then

(Pv(y])n {X}J'd #¢ by the maximality of P. Let se(Pv(y])n {x}ld .Then
s<p,vyfor some p,ePandsvx=1. This implies (p;vx)vy=1. Since
p v X e P, so by Theorem 2.6, P is a maximal ideal of S. Therefore by Theorem 3.3,
P is a prime ideal.

Conversely, let x, .z & ¥ such that x w1+ = 1, x ¥z = 1, Suppose for all & & v,z we
have x ¥dm 1 Then d & E;:.-}-H. Set [m{a& d|azxvaforall e »z}. First
we claim that lis a proper ideal. Clearly I is non-empty asx =/, Let # i and ¢ =
Then g & x ¥ g andso ¢ & x v & Thus  vg = x ¥e. Hence = wq = £ Therefore lis
an ideal and | is a proper ideal as 1% I, Again #=1[ and # € for all ¢ & v,z

Then{x}-d nI=g¢ and hence there is a prime ideal J such that ; =/ and

(x}*" nIf=¢. Thus x € J and # €7 for all # = ¥,z Now we claim that either » =7
orz& ] Ifyz&f then w2 € F=J.As J is a prime ideal, then & = | is a prime filter
and ¥,z € §=J. Since # = J is a filter, there is # € § = [ such that £ = y.z which is a
contradiction. Hence either F&jfor z€]. This implies either xvy € or
&% ¥ & & [.Thusl & J which contradicts the primeness of J. Hence =% & = 1, Thus S is

1-distributive.
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