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Abstract

In the subject matter of mathematical statistics, let the domain of mathematical
activity that draws its inspiration from and nurtures the lead provided by the seminal paper of
the American Economist and Nobel Prize (1970) winner P.A. Samuelson entitled, “How
Deviant can you be?”” and published in the Journal of the American Statistical Association in
1968, on the maximum and the minimum deviations, from the mean (denoted presently by m
and m' respectively) in a set of n observations with given mean p and standard deviation o,

be henceforth defined as the Samuelson Domain. The present communication is in the
Samuelson Domain. A circle theorem in the mo —plane is rigorously established and
exhibited step by step for the sheer delight of its simplicity and elegance. A crude first
approximation yields a result that is inferior to Samuelson’s but a more precise investigation
of the consequences of the circle theorem shows that Samuelson’s famous work on the
existence of bounds, for a set of n real numbers, in terms of w,c and n can be improved upon

provided n exceeds a critical value.

Keywords and phrases : Samuelson Domain, mean, standard deviation, maximum and the

minimum deviations, critical value
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1. MATHEMATICAL ANALYSIS

Let the discrete random statistical variate x take n values x,,X,,X;,---,X, such that

a= Xyin = X, X0 Xz, - X, = X =0 . We define the mean p, the standard deviation o

n

and the range r, of the variate x as

1 n
:Hizﬂ:xi’ 1)
1 2
G:]/H;(Xi -, )

J% .

and =X, ~a. 3)

The two well-known theorems are then valid in the above context.

Samuelson’s (1968) Theorem on the Existence of Bounds in terms of u,c and n:

The minimum of the above set of real numbers is bounded below and the

maximum is bounded above in terms of their mean p, standard deviation ¢ and the

number of values n.
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Samuelson’s theorem implies that

p—ovn-1<x, <p+ovn-1 forall 1=123,---,n 4)
or equivalently
(u—x)<(n-1o? forall i=123,---,n. (5)

We therefore have

m? =rr}_a)1x(u—xi)2 <(n-1)c>. (6)
Banerjee-Shandil (1995) Semi-Circle Theorem

The point (u, o) must of necessity lie within the semi-circle in the upper half
of the uo —plane which has the range of the variate x as diameter.

Banerjee-Shandil Semi-Circle Theorem implies that

[u—izbJ +02£(b—;a] : ()

Although ultimate priority seems hard to pin down there is no denying the fact that the
present geometrical version of the statement of inequality (7) was first published, in
the context of statistical analysis, in the year 1995, in the Journal of the Bharat Ganita
Parishad, by Banerjee and Shandil.

We now make use of the above two theorems to establish the main result of the

present paper.

Theorem on Circle of Freedom for the point (u,c):

The point (m,o) in the mo —plane must necessarily lie within the circle

whose centre is at [O, : n2—1 r] and radius equal to — n2—1 r.
. . a+b a+b
Proof. Consider two mutually exclusive cases namely (a) p > 5 (b) u< —

When case (a) is valid, we have
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a+b

<u<b,sinceaspu<h.

Further, since m = m(_a)lx (u—x,), it follows that

m| = ‘m(gx (1=x)

= max | (4= x)|

=|u—al, since uzib

_|.a+b a+b
2 2 ’

—a+b‘+—b;a,since b>a (8)

a+b
o2zt

+ R, where Rzé. 9)

Inequality (9) implies that

(|m|—R)Zs(u—¥j , (10)

which upon using Banerjee-Shandil semi-circle theorem yields
m?+R?-2mR <R’ -c’. (11)
When case (b) is valid, we have

a3y<a+b

,sincea<u<b.

Further, since m = rr:_a)lx (u—x,), it follows that
1
mi =‘rrgg><(u—xi)‘ = max| (u - x,)|

=|p—b|, since ,u<a+b
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a+b a+b
=lyu———+——-D,
2 2
a+b a+b
<lu-—=|+|——-h|,
”22‘
< —319+9;E,ﬁmeb2a
2 2
SM—E%E+R,Mme=L

which is same as (9) and in this case also we obtain (11).

Now using Samuelson’s theorem on bounds, we derive from inequality (11) that

m2-2Jn-16R+6% <0. (12)
Let RYn—-1=s, inequality (12) gives

m?-2cs+c°<0. (13)
Adding s” to both sides of inequality (13), we get

m? +s° —20s+c° <s°, (14)
that is,

m? +(c—s)* <s?, (15)
and hence the theorem.

Theorem on conditional superiority of the present bound on m?® over that of
Samuelson’s:

Ifnzé

(¢

then

m® <2s6-o° <(n-1)c”.
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. 2s
Proof. Since n > =", we have
(e)

no? > 2sc,
that is,

2s6 —c% <no’ —c’. (16)
Combining inequalities (13) and (16), we derive

m? <2s6-c° <nc’-c’ <(n-1) o, a7
and hence the theorem.
An Example of the illustrative case:
Let D ={x,,---,X,} he any distribution

A= Xpin X, X, Sh=X .

Let

M:lzxi and o* ZEZ(Xi -,
N )

R:w and s=R+/n—1.

Suppose, in the uo —plane, the point (u, o) lies inside the triangle ABC

where A=(a0), B=(b0)andC= [aLzb Rj

then
u—-c>a and wu+o<b. (18)

Let k be any positive integer.

Let D' be the distribution < x,,...... ,xn,'L’_O'"--,ﬂ—(f,ﬂ+0',---,u+a |
(k terms) (k terms)

Let x',u',6",R",s" correspond to D". Then

Q) n'=n+2k,
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(i //ZnSZk{ZXi+k(ﬂ—0)+k(ﬂ+0)}=n+12k[nﬂ+2kﬂ]=ﬂ

. 2 1 n 2 2 1 2 2 2
@) o n+2kL;(x M)+ (7} n+2kha—% U] o

(iv) R'=R by (18),
(v) s'=4n"-1.R'=4/n+2k-1.R.

Now
n’ (n+2k) 1 . n’
—=——7 _>"4Jn+2k ie. ——>o as k-—ow.
s RJn+2k-1 R s
It follows that for sufficiently large value of k
n" 2 . , 28
— > — l.e. n > —F -
S () ()

It is well known that corresponding to every point (u, o) inside the triangle ABC there

is a distribution of the type D. Thus there is a large class of distributions satisfying
2s

n>—.
(&)
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