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Abstract

The aim of the present is to study compact fuzzy set using the definition of C. L. Chang
and obtain its several aspects .
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1. Introduction

The concept of fuzzy sets and fuzzy set operations was first introduced by L.
A. Zadeh in his classical paper [9] in the year 1965 , describing fuzziness
mathematically first time . C. L. Chang (1968) developed the theory of fuzzy
topological spaces and fuzzy compactness was also studied in this paper. Compactness
occupies a very important place in fuzzy topological spaces . The purpose of this
paper is to study the concept due to C. L. Chang in more detail and to obtain several
other aspects .
2. Preliminaries

We briefly touch upon the terminological concepts and some definitions ,
which are needed in the sequel . The following are essential in our study and can be

found in the paper referred to .
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2.1 Definition® : Let X be a non-empty set and | is the closed unit interval [0, 1]. A

fuzzy set in X is a function u : X — | which assigns to every element x € X. u(x)
denotes a degree or the grade of membership of x. The set of all fuzzy sets in X is
denoted by 1*. A member of 1* may also be a called fuzzy subset of X .

2.2 Definition ") : A fuzzy set is empty iff its grade of membership is identically zero
. Itis denoted by 0 or ¢.

2.3 Definition ") : A fuzzy set is whole iff its grade of membership is identically one
in X . Itisdenoted by 1 or X .

2.4 Definition® : Let u and v be two fuzzy sets in X. Then we define

M u=viff u(x)=v(x)forallx e X

(i) u c viff u(x) < v(x)forall x e X

@[ii) A =uwviff 2 (xX)=(Uu wuv) (X)=max [u(x), v(x)]forall x e X

(iv) g =unviff g(X)=(Unv)(X)=min[u(x),v(x)]forallx e X

(V) y =u®iff y(x)=1-u(x)forallx e X .

2.5 Definition® : Let f: X — Y be a mapping and u be a fuzzy set in X. Then the
image of u, written f (u), is a fuzzy set in Y whose membership function is given by
sup{u(x): x e 1 (y)}if f7(y)=¢

0 it £7(y)=¢

2.6 Definition® : Let f: X — Y be a mapping and v be a fuzzy set in Y. Then the

f(u) (y) = {

inverse of v, written f ™ (v) , is a fuzzy set in X whose membership function is given

by (7 (v)) (X) = V(f(x)) .
2.7 De-Morgan’s laws® : De-Morgan’s Laws valid for fuzzy sets in X i.e. ifuand v
are any fuzzy sets in X, then
MH1l-uuv)=0-un@-v)
iM1-unv)=1-u)u(l-v)
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For any fuzzy set in u in X, un (1 — u) need not be zero and uu (1 — u)need not be

one ( Zadeh 1965 ).

2.8 Definition® : Let X be a non-empty set and tc 1* i.e. t is a collection of fuzzy
set in X. Then t is called a fuzzy topology on X if

()0,1 et

(i) u; etforeachiel, then | Ju; et

(ii)u,v et,thenunv et
The pair ( Xt ) is called a fuzzy topological space and in short, fts. Every member of

t is called a t-open fuzzy set. A fuzzy set is t-closed iff its complements is t-open. In
the sequel, when no confusion is

likely to arise, we shall call a t-open ( t-closed ) fuzzy set simply an open ( closed )
fuzzy set .

2.9 Definition " : A fuzzy point A in X is a fuzzy set in X which is zero everywhere
except at one point, say X , where it takes value , say r with 0 <r <1 . We denote it by

X, and we call the point x its support and r its value .

2.10 Definition” : Let x_be a fuzzy point in an fts (X : t) . A fuzzy set 1in X is
called a fuzzy neighborhood ( in short nhd ) of x, iff there exist an open fuzzy set u
in Xsuchthat x, e © < 4.

2.11 Definition® : Let (X ,t) and (Y ,s) be two fuzzy topological spaces. A
mapping f: (X ,t) = (Y, s) is called an fuzzy continuous iff the inverse of each
s-open fuzzy set is t-open.

2.12 Definition™ : Let (X , t ) be an fts and A < X. Then the collection t,= { ulA :

uet}={unA:uet} isfuzzy topology on A, called the subspace fuzzy topology on
A and the pair (A | t,) is referred to as a fuzzy subspace of (X , t).
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2.13 Definition® : An fts ( X, t ) is said to be fuzzy Hausdorfff iff forall x ,y € X,

X # Yy, thereexistu,v e tsuchthatu(x)=1,v(y)=1landu nv=0.

2.14 Distributive laws® : Distributive laws remain valid for fuzzy sets in X i.e. ifu,
v and w are fuzzy sets in X , then

Huu(vhw)=(uuv)n(uuw)

iun(vuw)=Uunv)uunw).

2.15 Definition® : Let (A ,t,) and (B, s,) be fuzzy subspaces of fts’s ( X, t ) and
(Y , s) respectively and f is a mapping from (X, t) to (Y, s), then we say that f is
a mapping from (A ,t,) to (B, s,) if f(A) B.

2.16 Definition®: Let (A ,t,) and (B, s,) be fuzzy subspaces of fts’s ( X, t ) and
(Y, s) respectively. Then a mapping f : (A ,t,) — (B,sg) is relatively fuzzy
continuous iff for each ve s; , the intersection f*(v) NA et,.

2.17 Definition” : Let A be a fuzzy set in an fts ( X, t ). Then the closure of A is

denoted by A and definedby A= n{u : A c u and p et}
2.19 Definition® : An fts ( X, t ) is said to be fuzzy regular iff for each x € X and u
e t® withu(x) =0, there exist v, w e tsuchthatu(x)=1,u cwandv c1-w.

2.20 Definition® : Let A be a fuzzy setin X , thentheset { x € X : A(x) >0} is
called the support of A4 and is denoted by A, or supp A .

3. Characterizations of compact fuzzy sets .

Now we obtain some tangible features of compact fuzzy sets .

3.1 Definition® : Let (X ,t) beanftsand A beafuzzysetin X.LetM={u, :ie
J} 1" be a family of fuzzy sets . Then M = {u,} is called a cover of A if

Ac U{ u, :ie J} . Ifeach u; isopen,then M = {u. } is called an open cover of A .
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3.2 Definition : A fuzzy set A in X is said to be compact iff every open cover of A

has a finite subcover i.e. there exist u; , U, , ..... , U e{u}suchthat A cu, v

..... Uu . Ifucidand gel”, then u isalso compact.If A(x)=1forall x e

X, then this definition coincides an fts ( X , t ) with that of Chang .
3.4 Theorem : Let A be a compact fuzzy set in an fts (X, t) and A < X . Then the

following are equivalent :

(i) A is compact with respecttot.

(if) 4 is compact with respect to the subspace fuzzy topology t, on A .
Proof : (i) = (ii) : Let {u, :ie J} be a t,— open cover of A . Then by definition of
subspace fuzzy

topology , there exists v, € tsuch that u, = A nv, cv, . Hence 4 ¢ U u, < U v,

ied ied
and consequently {v, : ie J} is a t— open cover of A . As A is compactin (X,t),
then {v; : ie J} contains a finite subcover i.e. there exist v, , v; , ....., v, € {v;}
suchthat Acv, Vv, U ..UV, .Butthen 1c An(v, Vv, U ... UV )=
Anv)UA NV )U.... UANY )=u v U ... U U Thus {u; 1ie J}
contains a finite subcover of { u, , u,, .... , u, }and hence (4 , t, ) is compact .
(i) = (i) : Let {v, :ie J} beat—opencoverof A .Setu =A Ny , then

AcJv impliesthat 2 cA n(|Jv)esJ(Anv)cJu . Butuet, ,so{u :

iel iel iel iel
ie J}isat, - opencover of 4 . As A iscompactin (A, t, ), then{u, :ie J}

contains a finite subcover , say {u, } ( k e J,) .  Accordingly |,
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CAN(V, UV, V..UV ) SV UV, UL vV, . Thus {v; rie J} contains a

finite subcover {v; } (k € J,) and therefore 1 is compact with respecttot.
3.5 Theorem : LetA and u be compact fuzzy sets in an fts (X : t). Then A U u is

also compact .

Proof : Let M = {u, :ie J } be an open cover A U x4 . Then M is any open cover of
both 1 and u respectively . Since A is compactin ( X, t) , then each open cover of
A has a finite subcover i.e. there exist v, eM (k € J,)suchthat A cu{v, 1k e
J,} . Again

A 1S compact in (X : t) , then each open cover of 4 has a finite subcover i.e. there
exist w, eM (k e J,)suchthat A cu{w ke J }. Therefore {v, }u{w }is
a finite subcover of M . Hence A U x is compactin (X, t).

3.6 Theorem : Let ( X, t) be an fts and A be a fuzzy set in X . Then A is compact iff

for each x, € A with a fuzzy neighborhood v, of x, , there are finite number of fuzzy

points X, 1 X

LR

Proof : Suppose A is compact and for each x, € A , there is a fuzzy neighborhood
v, of x. . Then by
definition of fuzzy neighborhood , there is an open fuzzy set u, such that x, e u, c v,

and consequently

the family {u, :r e J} isan open cover of 4 . As 4 is compact, then there exist u, ,
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{u,}suchthat cu, vu, v ... v u .Butu cv, foreachk, whence {v,,

V eu. ,

2 P)

n
ey V. pisacoverof 1 ie Ac Uvrk . Hence we see that x, e u, , X
k=1

r?!

n
..... . % eu and A< Ju, .

k=1
Conversely , suppose that whenever , for each x, € A , there is a fuzzy neighborhood

v, of x, is given, there are finite number of fuzzy points x, , X , X, of 4 such

1 ot

that 1 < Uvrk . As v, is a fuzzy neighborhood of X, , then there exist u, et such that
=1

X, €U, <V, . Then {u,} is an open cover of A and implies that there is a finite

subcover {u, } of {u } with x eu.  , X eu and hence

r, r, y  rmean y

X

Ty

eu

fn

Ac Uurk . Therefore A is compact .
k=1

3.7 Theorem : Let (A,t,) and (B, s,) are fuzzy subspaces of fts’s (X, t) and
(Y, s) respectively . Let 1 be a compact fuzzy set in (A,t,) and f: (A, t,) —
(B : sB) be relatively fuzzy continuous , one — one and onto . Then f(1) is also
compactin (B, sg).

Proof : Suppose A is compact in (A : tA) .LetM ={ v, :ie J} bean open cover of

f(1)in (B, sy) ie f(1)c | J{v }. Since v, € s, , then there exist u; s such that

ied

v, = u;nB . Hence f(1)c U{ u, "B} . As f is fuzzy relatively continuous , then

iel
f*(v,) n A e t, and hence { f7*(v,) n A:ie J}isan open cover of

A .Since A is compactin (A, t,),thenthereexist v, e{ v,} (k e J,) such that
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Ac U{ f (v; )NA}. Again, letv be any fuzzy setin B . Since f is onto , then for

anyy e B,wehave f(f(v))(y)=sup{ f (V)@ :ze f'(y), T (y)= ¢}
=sup{v(f@):f@)=y}=sup{v(y)}=v(y)ie f(f*(v)) =v.Thisis true for
any fuzzy set in B . As f is one — one and onto , so f(1) = 1 . Therefore f(1)cf (

L f*(v)NA 3}) , as f is one — one and onto . This implies that

iel

f(ﬂ)gUf{f‘l(vik)mA } and hence f(1)c U{vik NT(A) } . Thus (1) is

iel iel
compactin (B, sg) .
The following example will show that the compact fuzzy set in an fts need not be

closed .

3.8 Example : Let X={a,b}and1=[0,1].Letu,, u,,u,, u, e I defined by
u,(@d =04, u () =07;u,(@=05,u,(b)=03; us;(@ =05, uy;(b)=0.7; u,(a)
=04, u,(b)=0.3.Nowtaket={0,1,u,,u,, U, u, },thenwe seethat (X,t)
isanfts. Let 1 e 1* definedby 21(a)=0.5, A(b)=0.4. Clearly A is compact . But
Ais not closed , as its complement A° is not openin (X ,t) .

The following example will show that the closure of a compact fuzzy set in an fts need

not be compact .

3.9 Example : Let X={a,b}and1=[0,1].Letu,, u,,u,, u, e I* defined by
u,(@d =01, u{=03;u,(@=04,u,(b)=05; us;(@=0.6, uy;(b)=0.7; u,(a)
=08, u,(b)=0.9.Nowtaket={0,1,u,,u,, U, u, },then we seethat (X,t)
isan fts. Let 1 1* defined by A(a) =0.2, A(b) = 0.7 . Clearly A is compact .
Now , closed fuzzy sets are u; (a) = 0.9, u; (b) = 0.7 ; u;(@) = 0.6, u,(b) =0.5;

us (@) =0.4, us(b) =0.3; ui(a)=0.2, u(b) =0.1. Therefore we see that 1 = uf
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ie. 1 (a) =09, A (b)=0.7. Hence we observe that , there is no open cover of 1 .

Thus A is not compact .

3.10 Theorem : Let A be a compact fuzzy set in a fuzzy Hausdorff space (X : t)
with 4, < X ('proper subset ). Suppose x¢ A, (4 (x) =0), then there existu, v € t
suchthatu(x)=1, A, v'(0,1]andu nv=0.

Proof : Lety € 4, . Then clearly x = y . As ( X, t) is fuzzy Hausdorff , then there
existu, , v, e tsuchthat u (x)=1, v, (y)=land u,nv, =0.Hence A cU{v,:
yed, yie.{v,:yei,}isanopencoverof A .Since 4 iscompactin (X : t) :

then there exist v, , v , v, e{v,}suchthat Acv, v, U ... WAY;

Jy o e
Now, Ietv:vy UV, U .....Uv, andu=u, N u, N ...... M U, . Then we see
1 Y2 Yn Y1 Y2 Yn

that v and u are open fuzzy sets , as they are the union and finite intersection of open

fuzzy sets respectively i.e. v, u e t. Furthermore , A, v (0, 1]andu(x) =1, as
u, (x) =1foreachi.

Finally , we have to show thatu nv=0.As u, nv, =0 implies thatu nv, =0,
by distributive law , we see thatu "nv=u (v, Vv, U ... UV )=0.

3.11 Theorem : Let A and u are disjoint compact fuzzy sets in a fuzzy Hausdorff

space (X , t) with 1, , u, < X ( proper subsets ) . Then there exist u, v € t such
that 1, < u™(0,1], ty < V(0,1]andu nv=0.

Proof : Lety e 4, . Theny ¢ u, ,as A and u are disjoint . Since x is compact in
(X , t) , then by previous theorem , there exist u, , v, € tsuchthat u (y) =1, g,

c v, (0,1]and u,n v, =0.As u,(y)=1,then {u, :y € 2, } is an open cover
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of A . Since A is compact in (X : t) , then there exist u, , u, , ....., u, € {u,}

such that A cu, Vu, U ....... v u, . Furthermore , u cv, Nv, N .......
1 Y2 Yn Y1 Y2

NV, ,a u cV, for each i . Now , let u = u, U u, U o vu, and v =

V, NV, O N v, . Thus we see that 2, u™(0,1]and 1, < v'(0,1].

Hence u and v are open fuzzy sets , as they are the union and finite intersection of
open fuzzy sets respectively i.e.u,v e t.

Lastly , we have to show that u mv =0 . First, we observe that u, m v, =0 implies
that u, nv =0, by distributive law , we see thatu Nnv=(u, U u, U ...... vu,)

Nv=0.
The following example will show that the compact fuzzy set in a fuzzy Hausdorff

space need not be closed .

3.12 Example: Let X ={a,b}and I=[0,1].Letu,, u,e I defined by u,(a)=
1,u()=0and u,(@ =0, u,(b)=1.Now,putt={0,1,u,, u, },then we see
that ( X, t) is a fuzzy Hausdorff space . Let 1 e |1* defined by A(a) =0.3, 4 (b) =
0.7 . Hence by definition of compact fuzzy set , we observe that A is compact . But 4
is not closed , as its complement A° is not openin (X, t) .

3.13 Theorem : Let 4 be a compact fuzzy set in a fuzzy regular space (X : t) with
A, < X (proper subset) . Foreachx € Xandu € t° with u(x) = 0, there exist v, w

e tsuchthatv(x)=1,ucw,
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Ay, V'(0,1]andv c 1-w.

Proof : Suppose X € X, x €1, and u € t° with u(x) =0 . As (X,t) is fuzzy

regular , then there exist

vV, , W, € tsuchthat v,(x)=1,u,c w,and v, < 1-w,.Hence A cu{v,:x

€, }ie.

{v.: x € 4, }is an open cover of A . Since A is compactin (X,t), then there

exist v, , v

Ty ,

v, €{v,}suchthat Acv, Uv, U ... UV, . Now, letv=v, Uv, U ...
UV, andw=w,

N W, N M W, . Then we see that v and w are open fuzzy sets , as they are the

union and finite

intersection of open fuzzy sets respectively i.e. v, w e t. Furthermore , 1, v (0,

1],and v(x) =1

and u c w,asu cw, individually .
Lastly , we have to show thatv < 1 —w . As v, € 1-w, implies that v, cl-w

for each k and

hence itis clearthatv < 1 —-w.
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3.14 Theorem : Let A and g are disjoint compact fuzzy sets in a fuzzy regular space

(X , t) with 2, , u#, < X ( proper subsets ) . Suppose for each x € X and u e t°

with u(x) = 0, there exist v, w e tsuch that A, v*(0,1], x#, < w'(0,1]and

vcl-w.

Proof : Suppose x € X, x € 1, andu € t° withu(x) =0.Thenx ¢ g, ,as 4 and
u are disjoint . As

4 is compact in (X : t) , then by previous theorem , there exist v, , w, € tsuch that
v,(X)=1,u,c

W, 4y < W (0,1]and v, c1-w, .As v, (x)=1,then{v,:x €4, }isan
open cover of A .

Since 4 is compactin (X, t) , then there exist v, , v . v, €{v, } such that

Xp ! rreee

Acyv, vy, U

....... U v, . Furthermore, 4 cw, "W, N ..... nw, ,as 4 <V, individually
.Now , letv =
Ve, UV, U UV, andw=w, N W M W, . Thus we see that 1, c

v'(0,1]and u,

cw?'(0, 1] . Hence v and w are open fuzzy sets , as they are the union and finite

intersection of open
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fuzzy sets respectively i.e.v,w et.

Lastly , we have to show thatv < 1-w.Asv, < 1- w

X

implies that vy, cl-w

for each k and

hence it is clear thatv < 1 —-w.
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