ISSN 0973-8975
J.Mech.Cont.& Math. Sci., Vol.-9, No.-1, July (2014) Pages 1278-1291

PRESSURE-DRIVEN FLOW INSTABILITY WITH CONVECTIVE HEAT
TRANSFER THROUGH A ROTATING CURVED CHANNEL WITH
RECTANGULAR CROSS-SECTION: THE CASE OF NEGATIVE ROTATION

By
Md. Zohurul Islam”, 2Md. Sirajul Islam, *Muhammad Minarul Islam

"Department of Mathematics, Jessore shikkha Board Model School and College,
Jessore-7401, Bangladesh

2 Mathematics Department, Bangabandhu SheikhMujibur Rahmain Science and
Technology University, Gopalganj-8100, Bangladesh

Abstract:

Due to engineering applications and its intricacy, the flow in a rotating curved duct has
become one of the most challenging research fields of fluid mechanics. A comprehensive
numerical study is presented for the fully developed two-dimensional thermal flow of viscous
incompressible fluid through a rotating curved rectangular duct of constant curvatured =0.1.
Numerical calculations are carried out by using a spectral method and covering a wide range
of the Taylor number —2000<Tr <O0and the Dean number 100 < Dn <1000 for the
constant Grashof number Gr =100 . A temperature difference is applied, that is the outer wall
of the duct is heated while the inner wall is cooled. The rotation of the duct about the center of
curvature is imposed, and the effects of rotation (Coriolis force) on the unsteady flow
characteristics are investigated. Flow characteristics are investigated for the case of negative
duct rotation. We investigate the unsteady flow characteristics for the Taylor number
—2000<Tr <0 and it is found that the unsteady flow undergoes in the scenario ‘steady-
state— periodic— multi-periodic — steady-state’, if Tr is increased in the negative direction.
Contours of secondary flow patterns and temperature profiles are also obtained at several
values of Tr, and it is found that there exist two- and multi-vortex solutions if the duct rotation
is involved in the negative direction.

Keywords and phrases : thermal flow, viscous incompressible fluid, duct rotation, Taylor number,
Grashof number
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Introduction:

The study of flow and heat transfer in a curved ducts and channels has attracted
considerable attention because of their ample applications in fluids engineering. Due to
engineering applications and their intricacy, the flow in a rotating curved duct has
become one of the most challenging research fields of fluid mechanics. Since rotating
machines were introduced into engineering applications, such as rotating systems, gas
turbines, electric generators, heat exchangers, cooling system and some separation
processes, scientists have paid considerable attention to study rotating curved duct
flows. The readers are referred to Nandakumar and Masliyah [1], Ito [2] and Yanase et

al. [3] for some outstanding reviews on curved duct flows.
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The fluid flowing in a rotating curved duct is subjected to two forces: the Coriolis
force due to rotation and the centrifugal force due to curvature. For isothermal flows of
a constant property fluid, the Coriolis force tends to produce vortices while centrifugal
force is purely hydrostatic. When a temperature induced variation of fluid density
occurs for non-isothermal flows, both Coriolis and centrifugal type buoyancy forces can
contribute to the generation of vortices. These two effects of rotation either enhance or
counteract each other in a non-linear manner depending on the direction of wall heat
flux and the flow domain. Therefore, the effect of system rotation is more subtle and
complicated and yields new; richer features of flow and heat transfer in general,
bifurcation and stability in particular, for non-isothermal flows. Selmi et al [4]
examined the combined effects of system rotation and curvature on the bifurcation
structure of two-dimensional flows in a rotating curved duct with square cross section.
Wang and Cheng [5], employing finite volume method, examined the flow
characteristics and heat transfer in curved square ducts for positive rotation and found
reverse secondary flow for the co-rotation cases. Selmi and Nandakumer [6] and
Yamamoto et al. [7] performed studies on the flow in a rotating curved rectangular duct.
When a temperature induced variation of fluid density occurs for non-isothermal flows,
both Coriolis and centrifugal type buoyancy forces can contribute to the generation of
vorticity (Mondal et. al., [8]). These two effects of rotation either enhance or counteract
each other in a non-linear manner depending on the direction of wall heat flux and the
flow domain. Therefore, the effect of system rotation is more subtle and complicated
and yields new; richer features of flow and heat transfer in general, bifurcation and
stability in particular, for non-isothermal flows. Very recently, Mondal et al. [9], [10]
and [11] performed numerical investigation of the non-isothermal flows through a
rotating curved square rectangular duct and obtained substantial results. However, there
is no known study on rotating curved rectangular duct flows with buoyancy effect. The

present paper is, therefore, an attempt to fill up this gap. Studying the effects of rotation
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on the flow characteristics, caused by the buoyancy forces with pressure dropped, is an

important objective of the present study.

2. PHYSICAL MODEL

Consider a hydro-dynamically and thermally fully developed two-dimensional
flow of viscous incompressible fluid through a rotating curved duct with rectangular
cross section, whose height and wide are 2/ and 2/ respectively. The coordinate system
with the relevant notation is shown in Fig. 1, where x" and )’ axes are taken to be in the

horizontal and vertical directions respectively and z " is the axial direction. The system

Y

ol / ™

Caold b Huot

rotates at a constant angular velocity Qr around the )’ axis. It is assumed that the outer
wall of the duct is heated while the inner wall is cooled. The temperature of the outer
wall is Ty + AT and that of the inner wall is 7, —-AT , where AT >0 . The x, y, and z axes
are taken to be in the horizontal, vertical, and axial directions respectively. It is assumed
that the flow is uniform in the axial direction, which is driven by a constant pressure
gradient G along the center-line of the duct as shown in Fig. 1. The variables are non-

dimensionalized by using the representative length / and the representative velocity Uy, .

1281




J.Mech.Cont.& Math. Sci., Vol.-9, No.-1, July (2014) Pages 1278-1291

Fig. 1: Coordinate system of the rotating duct and physical configuration of the system.
3. MATHEMATICAL MODEL

Since the flow field is uniform in the z direction, the sectional stream function
w 1s introduced as,

y-—L ov 1 o (1)
1+6x dy 1+6x Ox

A new coordinate variable y' is introduced in the y direction asy = ay’, where a = h/d

is the aspect ratio of the duct cross-section. From now on y denotes’ for the sake of
simplicity. Then the basic equations for the axial velocity w, the stream function y and
the temperature T are derived from the Navier-Stokes equations and the energy equation
under the Boussinesq approximation as,
2
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Where, AZ = 72"1‘ 7272, = —

The non-dimensional parameters Dr , the Dean number, 7r | the Taylor number, Gr, the

Grashof number and Pr, the prandtl number, which appear in equations (2) to (4) are

defined as:
3 3 3
Gl 21 2420Q71 ATI
Dn=—[|— , Tr=7T,Gr=ﬁg2 , pr=" (%)
uo L Vo v K
Where
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u,B,x and g are the viscosity, the coefficient of thermal expansion, the co-efficient of

thermal diffusivity and the gravitational acceleration respectively, v is the viscosity of
the fluid. In the present study, Dn and 7r are varied while Gr, a,5 and Pr are fixed as
Gr=100,a=2.0, 6 =0.1 and Pr=7.0 (water).

Boundary conditions

The boundary conditions of the present study are described as follows.

The rigid boundary conditions for w and y are used as

WL ) = w21 = (1 0) =yt = ) = Y () = 0 ©)
ox oy
and the temperature 7' is assumed to be constant on the walls as
T(,y)=1, T(-Ly)=-1, T(x, t)=x (7)

4. NUMERICAL PROCEDURE
In order to solve the Equations (2) to (4) numerically, the spectral method is used.
By this method the expansion functions ¢,(x) and y,(x) are expressed as
by (1) = (1= x%) Cp (),
() =1-x2)2Cy ()
th

where Cn(x):cos(ncos_l(x)) is the = order Chebyshev  polynomial.

(8)

w(x, y,t), w(x,y,t) and T(x,y,t) are expanded in terms of the expansion functions
¢y (x) and y, (x) as

M N
wx 0= D D Win O om (¥ on ()
m=0n=0
M N
VE0= D D Wnn OVm Dy (). ©9)
m=0n=0
M N
T 1,)= D D Ton @ m ()@ (1) +x
m=0n=0

where M and N are the truncation numbers in the x and y directions respectively.

5. GRID SENSITIVITY TEST
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The accuracy of the numerical calculations is investigated for the truncation
numbers M and N used in this study. Five types of grid sizes were used to check the
dependence of grid size (i.e. MandN). For good accuracy of the solutions, N is
chosen equal to2M . The grid sizes are taken as14x28, 16x32,18x36,20x40,22x44, and it
is found that M = 16 and N = 32 give sufficient accuracy of the numerical solutions,
which are not shown here for brevity. In order to calculate the unsteady solutions, the
Crank-Nicolson and Adams-Bashforth methods together with the function expansion
(9) and the collocation methods are applied to Egs. (2) to (4).

4. Resistance coefficient

We use the resistance coefficient 4 as one of the representative quantities of the
flow state. It is also called the hydraulic resistance coefficient, and is generally used in
fluids engineering, defined as

A-P A1 ) %2
il 10
where quantities with an asterisk denote the dimensional ones, () stands for the mean

over the cross section of the rectangular duct, and d;, = 4(2/x4ih)/(41x81k). Since

[Pl* —Pz* j/Az* =G, 2 isrelated to the mean non-dimensional axial velocity (w) as

_ 16\/51»,’ (11)

Ry

where (w) —25d/ v<w* > In this paper, 11is used to calculate the unsteady solutions by

numerical computations.
7. RESULTS

We take a curved rectangular channel of aspect ratio a =2.0 and curvature
6 =0.1and rotate it around the centre of curvature with an angular velocity Q7 in the

negative direction. In this paper, time evolution calculations of the resistant coefficient

A are performed for the non-isothermal flows (Gr = 100) over a wide range of the Dean
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Numbers (Dn) and the Taylor Number (7¥) for the two cases of the duct rotation, Case
I: Dn =500 and Case II: Dn = 800.

5.1 Case I: Dean Number, Dn=500

For negative rotation we perform time evolution of Afor —2000<7r <0and
100< Dn<1000. Figure 2(a) shows time evolution of 2 for Tr =-100 and Dn = 500 at
Gr = 100. It is found that the unsteady flow at Tr = -100 is a steady state solution. Fig.
2(b) shows typical contours of secondary flow patterns and temperature profiles for Tr
= -100 and Dn = 500, where we find that the unsteady flow is a two -vortex solution.
This is caused by the combined action of the Coriolis force due to rotation and
centrifugal force due to curvature, which increased the number of secondary vortices
(Wang and Cheng [5]). Then we perform time evolution of 2 for Tr = -360 as shown in
Fig. 3(a). It is found that the unsteady flow is a multi-periodic solution. In order to
observe the multi-periodic oscillation more clearly, we draw the phase space of the time
evolution, result as shown in Fig. 3(b), and it is found that the flow oscillates in a
definite regular pattern, which confirms that the flow is multi-periodic in the same orbit.
Typical contours of secondary flow patterns and temperature profiles are shown in Fig.
3(c), which is consistent with the multi-periodic oscillations and we see that the
unsteady flow generates two-vortex solution. Then we perform time evolution of 2 for
Tr = -640 as shown in Fig. 4(a). It is found that the unsteady flow at Tr = -640 is a weak
chaotic solution, which is well justified by drawing the phase space as shown in Fig.
4(b). As seen in Fig. 4(b), the flow creates multiple orbits in its path, so that the
unsteady flow at Tr = -640 is a weak chaotic solution. Typical contours of secondary
flow patterns and temperature profiles for the corresponding flow parameters are shown
in Fig. 4(c), where it is found that the multi-periodic to chaos oscillation at Tr = -640 is
a two-vortex solution. If the rotational speed is increases more in the negative direction,
for example Tr = -700 up to -2000, it is found that the flow becomes strongly chaotic

which is not shown for brevity.
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Figure 2: (a) Time evolution of A for Dn = 500 and Tr = -100. (b) Contours of
secondary flow patterns (top) and temperature profiles (bottom) for Tr = -100, at time
t=23.0
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Figure 3: (a) Time evolution of A for Dn = 500 and Tr = -360. (b) Phase space for Tr
=-360, (c) Contours of secondary flow patterns (top) and temperature profiles (bottom)
for Tr = -360, at time 20.0 <7 <26.5.
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Figure 4: (a) Time evolution of A for Dn = 500 and Tr = - 640. (b) Phase space for Tr =
- 640, (c) Contours of secondary flow patterns and temperature profiles for Tr = - 640,

at time 15.7<r<32.8.

5.2 Case I1: Dean Number, Dn=800

We perform time evolution of Afor —-2000<7r<0and Dn=3800fors =0.1. Figure
5(a) shows time evolution of 2 for Dn = 800 and Tr = -100 at Gr = 100. It is found that
the unsteady flow at Tr = -100 is a strongly chaotic solution, which is well justified by
drawing the phase spaces as shown in Fig. 5(b). Figure 5(c) shows typical contours of
secondary flow patterns and temperature profiles for Tr = - 100, where we find that flow
is a four-vortex solutions. Then we perform time evolution of 2 for Tr = -300 and
presented in Fig.6 (a). It is found that the unsteady flow is multi-periodic oscillation at
Tr = -300. The multi-periodic oscillations are well justified by depicting the phase
spaces as shown in Fig. 6(b) for Tr = -300. Typical contours of secondary flow patterns
and temperature profiles are shown in Figs. 6(c) for Tr = -300, which is produced four-
vortex solutions. Then we perform time evolution of 2 for Tr = - 400 as shown in Fig.
7(a). It is found that the unsteady flow is also a multi-periodic solution which turns into
chaos. In order to observe the multi-periodic oscillation more clearly, we draw the
phase space of the time evolution result as shown in Fig. 7(b) and it is found that the
flow is multi-periodic. Typical contours of secondary flow patterns and temperature
profiles are shown in Fig. 7(c) and we see that the unsteady flow is only two-vortex
solutions. If the rotational speed is increased more, for example Tr = -500 or more up to
-2000, it is found that the flow becomes chaotic. Figure 8(a) shows time evolution of 2
for Tr = -500 and Dn = 800, and it is found that the flow is chaotic for all the cases.

Then we draw the phase space for observing flow pattern. From the fig. 8(b) it is clear
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that the flow patterns are changing multi-periodic to chaos. And finally we draw the
typical contours of secondary flow patterns and temperature profile is shown in Fig.
8(b) for Tr = -500 and Dn = 800, and it is found that the unsteady flow is an asymmetric
four-vortex solution. In this study, it is found that combined action of the coriolis and
centrifugal force help to increase the number of secondary vortices. It is also found that,
as the flow becomes chaotic, the secondary flow increases and gets stronger and

consequently heat is transferred substantially outer wall of the duct.
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Figure 5: (a) Time evolution of A for Tr =-100 and Dn=800, (b) Phase space for Tr = -

100 (¢) Contours of secondary flow patterns and temperature profiles for Tr = -100, at

time 27.00 < ¢ <32.00 .
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(a) (b) (c)

Figure 6: (a) Time evolution of A for Tr = -300 and Dn = 800 at Gr = 100. (b) Phase
space for Tr = - 300. (c) Contours of secondary flow patterns (top) and temperature

profiles (bottom) for Tr = - 300, at time 21.0 <7 <25.4.
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Figure 7: (a) Time evolution of A for Tr = -400 and Dn = 800 at Gr = 100. (b) Phase
space for Tr = - 400. (c) Contours of secondary flow patterns and temperature profiles
for Tr = -400, at time 20.6 <7 <29.9.
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Figure 8: (a) Time evolution of A for Tr = - 500 and Dn = 800 at Gr = 100, (b) Phase
space for Tr = -500, (c) Contours of secondary flow patterns (top) and temperature
profiles (bottom) for Tr = -500 at time 27.0 < ¢ <32.0.
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6. Conclusion

A numerical study is presented for the flow characteristics through a rotating curved
rectangular duct of aspect ratio « =2 and curvature s =0.1. Numerical calculations are
carried out by using a spectral method, and covering a wide range of the Taylor number
-2000 < Tr < 0 for the Dean numbers, Dn = 500 and Dn = 800 for the Grashof number
Gr=100. We investigated unsteady flow characteristics for the negative rotation of the
channel by time evolution calculations, and it is found that the unsteady flow undergoes
in the scenario for the case of Dn = 500 is ‘steady-state— multi-periodic — chaotic’,
and for the case of Dn = 800 is ‘Chaotic = multi-periodic = periodic — multi-periodic
—> Chaotic’, if Tr is increased in the negative direction. Phase spaces were found to be
fruitful to justify the transition of unsteady flow characteristics. Typical contours of
secondary flow patterns and temperature profiles are also obtained at several values of
Tr, and it is found that there exist two- and four-vortex solutions if the duct rotation
involved in the negative direction. It is found that the temperature distribution is
consistent with the secondary vortices, and convective heat transfer is enhanced as the
secondary vortices increase. It is also found that chaotic flow enhances heat transfer

more significantly than the periodic or steady-state solutions.
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