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Abstract:

In this paper , we introduce the concept of partially «— shading ( resp.
partially o — shading ), in ahort, pa— shading ( resp. pa — shading ) and
partially o — compact ( resp. partially o — compact ), in short, pa— compact (
resp. pa — compact ) fuzzy sets and study their several features in fuzzy
topological spaces.
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ﬁﬂ@‘/ HI9 (Bengali version of the Abstract)

G2 NG FIE AT o - BIFFEET ( resp. partially o - shading )
YFNE, T pa- DIFALST G GRMAFT o -7RZS ( resp. partially
o — compact ), K% pa - 2O (resp. pa’— compact) FfeEr P (fuzzy
sets) GwZMw AR G Fer DrAEmE e (fuzzy topological spaces.) 2Z7F
IR CIRENT T PR |

1. Introduction

The concept of « — compactness was first introduced by T. E. Gantner et
al.[5] in 1978. «— compactness occupies a very important place in fuzzy
topological spaces. The purpose of this paper is to introduce and study the
concept of pa— compact (resp. pa’ —compact) fuzzy sets in more detail and
to obtain several features of the concept. We find that this concept has many

tangible flavors.
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2. Preliminaries

In this section, we recall some fundamental definitions which are
needed in the next section. These are essential in our study and can be found in the
papers referred to.
Definition 2.1 [13] : Let X be a non-empty set and | is the closed unit interval [0,
1]. A fuzzy set in X is a function u : X — | which assigns to every element x € X.
u(x) denotes a degree or the grade of membership of x. The set of all fuzzy sets in
X is denoted by 1* . A member of 1 may also be called a fuzzy subset of X.
Definition 2.3 [10] : A fuzzy set is empty iff its grade of membership is identically
zero . Itis denoted by O or ¢.
Definition 2.4 [10] : A fuzzy set is whole iff its grade of membership is
identically one in X . It is denoted by 1 or X.
Definition 2.5 [3] : Let u and v be two fuzzy sets in X. Then we define
(M) u=viff u(x) =v(x)forall x e X
(i)u < viff ux) < v(x)forallx e X
@ii) A =u wviff A(x)=(uuwv)(X)=max[u(x),v(x)]forall x e X
(iv) g =unviff £ (xX)=(Unv)(x)=min[u(x), v(x)]forallx e X
(V) y =u®iff y(x)=1-u(x)forall x e X.
Remark : Two fuzzy sets u and v are disjoint iffu » v =0.
Definition 2.6 [3] : In general , if { u, : i € J} is family of fuzzy sets in X, then
union u u; and intersection m u; are defined by
vu ) =sup{uXx:iedandx e X}
AU X)=inf{u(x):i eJandx e X}, wherelisan index set.
Definition 2.7 [3] : Let f: X — Y be a mapping and u be a fuzzy set in X. Then
the image of u, written f (u), is a fuzzy set in Y whose membership function is

given by
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sup{u(x):xe fH(y)} if f(y)=¢
f =
Definition 2.8 [3] : Let f: X — Y be a mapping and v be a fuzzy set in Y. Then

the inverse of v, written f*(v), is a fuzzy set in X whose membership function is
given by ™ (v) () = v(f(x)).

Distributive laws 2.9 [13] : Distributive laws remain valid for fuzzy sets in X i.e.
if u, vand w are fuzzy sets in X, then

MHuu(vnw)=(uuv)n(uuw)

iun(vuw)=(unv)u (unw).

Definition 2.10 [3] : Let X be a non-empty setandt < 1* i.e. tis a collection of
fuzzy set in X. Then tis called a fuzzy topology on X if

0,1et

(i) u; e tforeach ieJ, then [ Ju et

(liu,vet,thenu nv et

The pair (X ,t) is called a fuzzy topological space and in short, fts. Every
member of t is called a t-open fuzzy set. A fuzzy set is t — closed iff its
complements is t-open. In the sequel, when no confusion is likely to arise, we shall
call at—open (t-closed) fuzzy set simply an open ( closed ) fuzzy set.
Definition 2.11 [3] : Let (X ,t) and (Y, s) be two fuzzy topological spaces. A
mapping f: (X ,t) — (Y ,s) is called an fuzzy continuous iff the inverse of

each s-open fuzzy setist— open.

Definition 2.12 [10] : Let (X ,t) be an ftsand A < X. Then the collection t, = {
UA tuet}={unmn A :u et} isfuzzy topology on A, called the subspace

fuzzy topology on A and the pair (A ,tA) is referred to as a fuzzy subspace of

(X, t).
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Definition 2.13 [4] : Let (A ,t,) and (B ,s,) be fuzzy subspaces of fuzzy
topological spaces (X ,t) and (Y ,s) respectively and f is a mapping from
(X ,t)to (Y,s), then we say that f is a mapping from (A ,t, ) to (B s, ) if
f(A) < B.
Definition 2.14 [4] : Let (A ,t,) and (B ,s,) be fuzzy subspaces of fts’s
(X ,t) and (Y ,s) respectively. Then a mapping f: (A ,t,) — (B ,sgz) is
relatively fuzzy continuous iff for each v e s, , the intersection f™*(v) N A e
t,.
Definition 2.15 [1] : Let A be a fuzzy setin X, thentheset{x € X: A (x)>0}
is called the support of 4 and is denoted by A, or supp A .

Definition 2.16 [1] : Let (X , T ) be a topological space. A function f: X — R (
with usual topology ) is called lower semi-continuous (I.s.c.) if foreacha € R
,theset f*(a , ) e T.Foratopology TonasetX, let w(T) be the set of
all 1. s. c. functions from (X T ) to I ( with usual topology ); thus @ (T)={u
e 1" :u'(a,1]eT,ae I, }.Itcan be shown that w( T) is a fuzzy
topology on X.

Let P be a property of topological spaces and FP be its fuzzy topology
analogue. Then FP is called a ¢ good extension’ of P “ iff the statement (X ,T)
has P iff (X , @ (T ) )has FP” holds good for every topological space (X ,T).

Thus characteristic functions are | . s. c.

Definition 2.17 [11] : An fts (X , t) is said to be fuzzy — T, space iff for every x
y € X, X # Y, thereexistu, v e tsuch that u(x) = 1, u(y) = 0 and v(x) =0, v(y) =
1.

Definition 2.18 [12] : An fts (X , t) is said to be fuzzy — T, space iff for all x , y
e X,x # Yy, thereexistu,v e tsuchthatu (x) >0,u(y)=0and v (x) =0, v (y) >

0.
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Definition 2.19 [5] : An fts ( X , t) is said to be fuzzy Hausdorff iff for all x , y

e X, X # Vy,thereexistu,v e tsuchthatu(x)=1,v(y)=1andu nv =0.

Definition 2.20 [9] : An fts ( X , t) is said to be fuzzy Hausdorff iff for all x , y

e X, X # Vy,thereexistu,v e tsuchthatu(x)=1,v(y)=landu c 1-v.

Definition 2.21 [7] : An fts ( X , t) is said to be fuzzy Hausdorff iff for all x , y €
X, X # y,thereexistu, v e tsuch thatu (x) >0,v(y)>0andu n v=0.

Definition 2.22 [9] : An fts (X , t) is said to be fuzzy regular iff for each x € X
and u e t® with u(x) =0, there exist v, w e tsuchthatv(x)=1,u c wandv c

1-w.

Definition 2.23 [2] : Let A e 1" and x e 1'. Then (A x u ) is a fuzzy set in X
xY forwhich (Ax u )(x,y)=min{ A(X), u(y)}, forevery (x,y) e X
xY.

3. Characterizations of pa - compact ( resp. pa’ - compact ) fuzzy sets :

First we give two definitions:

Definition 3.1 : Let (X ,t) be an fts and « € I. A family M of fuzzy sets is
called a pa - shading (resp. pa - shading ) of a fuzzy set A in X if for each x
€ Ay, (A, # X)thereexistsau € Mwithu (X) > a (resp.u(X) > « ).

A subfamily of a pa — shading (resp. pa - shading ) of 2 whichisalsoa pa-—
shading (resp. pa’ — shading ) is called a pa — subshading ( resp. pa -
subshading ) of 1.

If A(x) = Oforallx e Xie. 4, =X, then pa—shading ( resp. pa - shading)

and « —shading ( resp. « —shading ) will be same.

Definition 3.2 : Let (X ,t) bean ftsand & e I. A fuzzy set 4 in X is said to be
pa — compact ( resp. pa - compact ) if every open po — shading (resp. pa —

shading ) of A has a finite pa — subshading (resp. pa’ — subshading ).
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Theorem 3.3 : Let (X ,t) bean fts, A < X and 4 be afuzzy setin X. Then
(i) If A is pa-compact with respect to t, then A is pa — compact with respect
tot,,where 0 <o <1.
(ii ) If 1 is pa — compact with respect to t, then A is pa — compact with
respectto t,, where0< o < 1.
Proof : (i):LetM={u, : i € J}beanopen pa-shading of 1 with respect to
t,. By definition of subspace fuzzy topology, there exist v, € t such that u, = A
N V,. Therefore, { A n v, : i € J}isanopen pa-shading of 4 with respect
tot. As 1 is pa - compact with respect to t, then A has a finite pa — subshading,
say{An v (k=12 ... ,n)such that (A N v, ) (X) > a for each x e
Ao-Butthen{u; }(k =1,2,...... , n)is a finite pa - subshading of M. Thus
A IS pa compact with respect to t,.

(i) The proof is similar.

The following example will show that the pa — compact, 0 <a <1 (resp. pa -
compact, 0 < o < 1) fuzzy set in an fts need not be closed.

Example 34 : Let X={a,b,c}and1=[0,1] Letu, ,u,,u,, u, € |
defined by u, (a) = 0.6, u,(b) = 0.2, u,(c) = 0.4; u,(a) = 0.3, u,(b) =0.1, u,(c) =
0.7; uy(a) = 0.6, u,(b) = 0.2, u,(c) =0.7; u,(a) = 0.3, u,(b) = 0.1, u,(c) = 0.4.
Now, take t={0,1,u, , u,, U, , U, }, then we see that ( X , t) is an fts. Let 2

e I* with A1(a)=0.4, A1(b) =0, 1(c) =0.7. Take a = 0.5. Then by definition of

pa—compact, A isclearly pa - compact. But A is not closed, as its complement

Xisnotopenin (X ,t).

This example is also applicable for pa - compactness.
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Theorem 3.5 : Let (X ,t) and (Y, s) be two fuzzy topological spaces and f :
(X ,t) = (Y, s) be fuzzy continuous and onto. Then
(i) If 2 is pa— compactin (X ,t), then f (1) is pa— compactin (Y ,s),
where0 <o <1
(ii)If A is pa’— compact in (X ,t), then f (1) is pa’— compact in (Y ,s),
where 0 <o <1.
Proof : (i):LetM={u, :i € J}beanopen pa-shadingoff(4)in (Y,s).
Since f is fuzzy continuous, then f*(M)={ f*(u;): u, € M}isanopen pa-
shading of 4 in (X ,t). For, ifx € A, then f(x) e f(4,). So there exists U, €
M such that u; (f (x) ) > a which implies that f’l(uio) X)>a.As 1 is pa-
compact in (X ,t), then f(M) has a finite pa - subshading, say { £~ (u,),
fu,), e , F7(u, ) 3 Now, ify € f(4,), theny = f (x) for some x € 4.
Then there exists k such that f‘l(uik) (X) > a which implies that u; (f(x)) >
a oru, (y)>a.Hencef(1)is pa—compactin (Y ,s).
(1) The proof is similar.
Theorem 3.6 : Let (X ,t) and (Y, s) be two fuzzy topological spaces and f :
(X,t) - (Y, s) be bijective. Then
(i) If 4 is pa- compact in (Y,s), then f*(1) ispa— compact in
(X ,t)where0 <o <1.
(ii)If A is pa’—compactin (Y ,s),then f*(4)is pa - compactin (X ,t),
where 0<ac<l
Proof : (i):LetM={u :i e J}beanopen pa- shading of f™*(1) in
(X ,t). Thenf(M)={f(u,):i eJ}isanopen pa-shadingof 4 in (Y ,s).
For, if y € 4,, then f™(y) € f™(4,). So there exists u; € M such that
u, (f(y))> a which implies that f (u, ) (y) > «.
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Since A is pa - compact in (Y , s), then f (M) has a finite p« — subshading, say
{f(u) f(u,) ... ,f(u )} Forifx e f7(4,), thenx = f7(y) for
somey e A,. Therefore, there exists k such that f (u; ) (y) > a which implies
that u, ( f7(y)) > a or u, (x) > a. Hence f™ (1) is pa— compact in
(X ,1).
(i) The proof is similar.
Theorem 3.7 : Let (A ,t, ) be a fuzzy subspace of an fts( X ,t) and f: (X ,t)

- (A, t,)

be fuzzy continuous and onto. Then
(i) If A is pa— compactin (X ,t), then f (1) is pa— compactin (A, t,),
where 0 <o <1.
(i) If Ais pa’— compact in (X ,t), then f(1) is pa’— compact in
(A, t,),where0 <o <1.
Proof : (i):LetM={ u :i € J} beanopen pa- shading of f (1) in
(A ,t, ). By definition of subspace fuzzy topology, there exists v, e t such hat u,
= A N v,. Since f is fuzzy continuous, then f*(M)={ f*(u):u € M}ie
frM)={ f*(An v):i eJ}isanopen pa-shadingof 1 in (X ,t). For,
if X € 4,, then f (x) € f(4,). So there exists u; € M such that u; (f(x))> «
which implies that f~(u, ) (X)> a ie. f7(A N v, )(X)>a .As 1is pa-
compact in (X ,t), then f (M) has a finite pa — subshading, say { f (A N
vi) THAN V), , FP(A N v, )} Now, ify e f(4,), theny =f (x)
for some x € A,. Then there exists k such that f*( A N Vi, ) (X) > a which
implies that (A N v; ) (f(X))> « oru; (y)> «.Hencef(4)is pa-compact

in (A,t,).
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(1i) The proof is similar.
Theorem 3.8 : Let (A ,t, ) and (B , s, ) be fuzzy subspaces of fuzzy topological
spaces (X ,t) and (Y,s) respectively and f : (A,t,) — (B,sy) be
relatively fuzzy continuous and onto. Then
(i) If Ais pa— compact in (A ,t,), then f(1) is pa— compact in (B ,s, ),
where0 <o <1
(ii) If Aispa’— compact in (A ,t,)then f(1) is pa’— compact in (B ,s; ),
where0 <o <1.

Proof : Let M={ v, : v, € s, } be an open pa- shading of f (1)in (B ,s;)
for every i e J. Since f is fuzzy relatively continuous, then f(v,) N A € t,
and hence f*(M)={ f*(v,) n A:v, € s, }isanopen pa-shading of 1 in
(A t,). For, if x € A, then f (x) e f(4,). So there exists v, e M such that
v, (f (X)) > o which implies that ( f‘l(vio) NA)YX)>a.As 1 is pa-
compact in (A ,t,), then f (M) has a finite pe - subshading, say { f™*( v, )
NA FH V)N A L , £ (v, ) m A} Now, ify e f(4,), theny = (x)
for some x € A,. Then there exists k such that ( f‘l(vik) N A) (X) > a which
implies that v, (f (X)) > a or v, (y) > a. Hence f (1) is pa— compact in
(B,sg).

(1) The proof is similar.

Theorem 3.9 : Let A bea pa—compact, 0 <a <1 (resp. pa’ — compact, 0 <
a < 1)fuzzy setinafuzzy — T, space (X ,t) (as def. —2.17 ) with 2, < X (
proper subset ). Let x ¢ 1, (A (X) =0), then there existu, v e tsuch that u (x) =

1, A, v'(0,1].
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Proof : Supposey € A,. Thenclearly x # y. As (X ,t) is fuzzy — T, space, there
exist u, , v, e tsuchthat u (x)=1, u (y)=0and v, (x) =0, v, (y) =1 Letus
take ¢ € I,.Thenv (y)> a >0,as v, (y) =1 Henceweseethat{ v, :y e 4,
}isan open pa-shading of A in (X ,t). Since A is pa - compact, then 4 has
a finite pa— subshading, say { v, : y,e 4, }(k =1,2, ...... , ') such that
v, (y)> a foreachy e 4,. Now, letv=v, Uv, U... vv,andu=u, N

U, N e nu, . Thus we see that v and u are open fuzzy sets, as they are the

union and finite intersection of open fuzzy sets respectively i.e. v, u € t. Moreover,

Ay < Vv'(0,1]andu(x)=1,as u, (x)=1"foreach k.

Similar proof of pa” — compact can be given.

Theorem 3.10: Let A and u be disjoint pa—compact, 0 <a <1 (resp. pa —
compact, 0 < & < 1) fuzzy sets in a fuzzy — T, space (X ,t) (as def. —2.17)
with A, , u, < X ( proper subsets ). Then there exist u, v € t such that 1, =
u™(0,1]and x, < v*(0,1].

Proof : Supposey € A,. Theny ¢ u,,as A and g are disjoint. Since x is pa—
compact in (X ,t), then by theorem 3.9, there exist u, , v, e tsuch that u (y) =
land u, c v;l(O , 1] Letustake @ e 1, with u (y) > a >0,as u (y) =1
Then we see that { u, 1y e A, }isan open pe—shading of 4 in (X ,t). Since
A is pa—compact, then 2 has a finite pa — subshading, say { u, : y, e 4, }
(k=1,2,...... ,n) suchthat u, (y)> « foreachy e 4,. Furthermore, as u is
pa—compact, so u has a finite po - subshading, say { v, @ Y, € gy }(k =1,
2, .. ,N) suchthat v, (x) > a foreachx e u,,as u, < v;kl(O , 1] for each
k. Now, letu=u v u, u ... vu, o andv=v, NV, N N v, . Hence

Yn

we see that 1, < u™(0,1]and x, < v*(0, 1] Thusuand v are open fuzzy
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sets, as they are the union and finite intersection of open fuzzy sets respectively i.e.

u,v et.

Similar proof of pa”— compact can be done.

The following example will show that the pa —compact, 0 <o <1 (resp. pa —
compact, 0 < o < 1) fuzzy setin a fuzzy - T, space( X, t) (as def. — 2.17)
need not be closed.

Example 3.11: LetX={a,b,c}andI=[0,1]. Letu, ,u,, Uy, U, , Us , Ug
e 1* defined by u,(a) = 1, u,(b) =0, u,(c) =0; u,(@) =0, u,(b) =1, u,(c) =0;
u;(@ =0, u,(b)=0, u;(c)y=1; u,(@ =1, u,(b)=1, u,(c)=0; u; (@) =1, us (b) =
0,u(c)=1;us(@ =0, ug(b)=1, ug(c) =1. Now, putt={0,1,u,, u,, u,,
U, , Us , Us }, then we have (X ,t)is a fuzzy — T, space. Let 2 e I* with
A@) =0.2, A(b) =0.6, 1(c) =0. Take « = 0.4. Then by definition of pa-
compact, A is clearly pa - compact in (X ,t). But A is not closed, as its
complement Ais not open in (X , t).

This example is also applicable for pa” — compactness.

Theorem 3.12 : Let 1 bea pa—compact, 0 <a <1 (resp. pa’— compact, 0 <
a < 1)fuzzy setinafuzzy — T, space (X ,t) (as def. —2.18 ) with 2, < X (
proper subset ). Let x ¢ 1, (A (X) =0), then there existu, v e t such that u (x) >
0, 4, v*'(0,1].

Proof : Similar as Theorem 3.9.

Theorem 3.13 : Let A and u be disjoint pa—compact, 0 <a <1 (resp. pa -

compact, 0 < o < 1) fuzzy sets in a fuzzy — T, space (X , t) (as def. —2.18)

with 4, , 4, < X ( proper subsets ). Then there exist u, v € tsuch that 1, <
ut(0,1]and g, < v*(0,1].

Proof : Similar as Theorem 3.10.
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The following example will show that the pa — compact, 0 <o <1 (resp. pa -
compact, 0 < ¢ < 1) fuzzy set in a fuzzy — T, space ( as def. — 2.18 ) need not

be closed.

Example 3.11 will serve the purpose.

Theorem 3.14 : Let 1 bea pa—compact, 0 <a <1 (resp. pa’ — compact, 0 <
a < 1) fuzzy set in a fuzzy Hausdorff space ( X ,t) (as def. —2.19) with 1,
X ( proper subset ). Let x ¢ 1, (A (x) =0), then there existu, v e t such that u
x)=1, A, v'(0,1]andu n v=0.

Proof : Lety € A4,. Then clearly x # y. Since (X ,t) is fuzzy Hausdorff space,
there exist u, , v, e tsuchthat u (x) =1, v (y)=1and u,n v, =0. Letus
take o € I;suchthat v (y) > a >0,as v (y)=1 Henceweseethat{ v :y e
Ao } is an open pa— shading of 4 in (X ,t). As A is pa- compact in
(X ,t), then A has a finite pe— subshading, say { v, : y, e 4, } (k =1, 2,
...... ,n) suchthat v, (y) > o foreachy e A4,. Now, letv=v, Uv, U...
vv,andu=u, Nou N M u, . Thus we see that v and u are open fuzzy
sets, as they are the union and finite intersection of open fuzzy sets respectively i.e.

V, U e t. Moreover, 4, < v*'(0,1]andu(x) =1, as u, (x)=1foreach k.
Finally, we have to show thatu nv=0.As u, n v, =0impliesthatu nv, =0
, by distributive law , we see thatu nv=u n(v, Vv, U ..... vv, )=0.
Similar proof of pa’ — compactness.

Theorem 3.15 : Let A and u be disjoint pa—compact, 0 <a <1 (resp. pa -

compact, 0 < & < 1) fuzzy sets in a fuzzy Hausdorff space (X ,t) ( as def. -

219) with 4, , g, < X ( proper subsets ). Then there exist u, v € t such

that 4, < u™(0,1], #, < v*(0,1]and unnv=0.
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Proof : Supposey € A,.Theny ¢ u,,as A and g are disjoint. Since u is pa -
compact fuzzy set in (X ot ) then by theorem 3.14, there exist u, , v, € tsuch
that u, (y) =1, y, < v;l(O ,1Jand u,n v, =0. Letustake a € I, such that
u,(y)>a >0,asu,(y)=1Thenweseethat{ u, :y e 4, }isanopen pa-
shading of A in (X ,t). Since A is pa— compact in (X ,t), then A has a
finite po - subshading, say { u, @ y,e 4, } (k =1, 2, ...... , N') such that
u, (y) > a foreachy e A,. Furthermore, as x is pa—compact, then x has a
finite po - subshading, say { v, : Ve u, } (k =1,2, ...... , N') such that
Vv, (X)> a foreachx e uy,as u, < v;:(o , 1] for each k. Now, letu=u, U
U, U vu, and V=V, AV, N mvyn.Henceweseethat/log
u*(0,1]and x, < v*(0,1] Thusuand v are open fuzzy sets, as they are the

union and finite intersection of open fuzzy sets respectively i.e.u, v e t.

Finally, we have to show that u mv = 0. We observe that u, n v, =0 for each

kimplies that u, ~ v =0 for each k, by distributive law , we see thatu N v = (

Similar proof of pa” — compact can be done.

The following example will show that the pa—compact, 0 <o <1 (resp. pa -

compact, 0 < ¢ < 1) fuzzy set in a fuzzy Hausdorff space ( as def. — 2.19 ) need

not be closed.
Example 3.11 will work for the same.
Theorem 3.16 : Let 1 bea pa—compact, 0 <a <1 (resp. pa’ — compact, 0 <

a < 1) fuzzy set in a fuzzy Hausdorff space (X ot ) (‘in the sense of Def. 2.20)

with 4, < X ('proper subset ). Let x ¢ 1, (4 (x) =0), then there existu, v e t

suchthatu (x)=1, A, v*(0,1]andu c 1-v.
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Proof : Suppose y € A,. Then clearly x = y. Since (X ,t) is fuzzy Hausdorff
space, there exist u, , v, e tsuchthat u (x) =1, v (y)=landu, c 1- v,.
Letus take @ € I;suchthat v (y)> « >0,as v, (y) =1 Thusweseethat { v, :
y € 4, }isanopen pa-shading of 4 in (X ,t). Since A4 is pa - compact in
(X ,t), then A hasafinite pa—subshading, say  { v, : y,e 2, }(k =1,2,
...... ,N) suchthat v, (y)> a foreachy e 4,.
Now, letv=v, wv, U... vv,andu=u, N U N o M u, . Thus we see

that v and u are open fuzzy sets, as they are the union and finite intersection of

open fuzzy sets respectively i.e. v, u e t. Moreover, 1, < v'(0,1]andu (x) =
1,as u, (x)=1foreach k.

Finally, we have to show thatu < 1-v . Since u, < 1-v, impliesthatu < 1 -
v, .Asu, (x) <1-v, (x)forallx e Xand foreach k,thenu c 1-v. Ifnot,
then there exist x € X, such that u (x) >1 v, (x) . We have u, (x) < u, (x) for
eachk. Then for some k , u, (x) >1 -v, (x) . But this is a contradiction, as
u, (x) <1-v, (x)foreach k .Henceu c 1-v.

Similar proof of pa” — compactness.

Theorem 3.17 : Let A and u be disjoint pa—compact, 0 <a <1 (resp. pa -
compact, 0 < ¢ < 1) fuzzy sets in a fuzzy Hausdorff space (X ,t ) ('in the sense
of Def. 2.20 ) with 4, , u, < X ('proper subsets ). Then there exist u, v e t such
that 4, < u™(0,1], #, < v*'(0,1]andu c 1-v.

Proof : Supposey € A,. Theny ¢ u,,as A and u are disjoint. Since x is pa—

compact fuzzy set in (X , t), then by theorem 3.16, there exist u, , v, € t such

y i)
that u, (y) =1, g, < v;l(O ,1Jand u, < 1- v, . Letusassumethat o € I,

such that u,(y) > « >0,as u,(y) =1 Thenweseethat{ u, 1y € 4, }isan
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open pa - shading of A in (X ,t).Since A is pa —compactin (X ,t), then
A has a finite pa - subshading, say { u, : y,e 4, }(k =1,2, ...... , nN) such
that u, (y) > « foreachy e 4,. Furthermore, as x is pa - compact, then u
has a finite pa —subshading, say { v, : Ve u, }(k=1,2,...... , N') such that
Vv, (X)> a foreachx e uy,as u, < v;:(O , 1] for each k. Now, letu=u, U
U, U . v u, and V=V, NV, N N, . Hence we see that 1, <

u*(0,1]and g, < v*(0,1] Thusuand v are open fuzzy sets, as they are the

union and finite intersection of open fuzzy sets respectively i.e.u, v e t.

Finally, we have to show that u < 1 - v. Since uy, cl- vy, for each k implies
that u, < 1 — v for each k and hence itis clearthatu < 1-v.
Similar proof of pa’— compactness.

The following example will show that the pa —compact, 0 <o <1 (resp. pa —

compact, 0 < o < 1) fuzzy set in a fuzzy Hausdorff space ( in the sense of Def.
2.20) need not be closed.

Example 3.11 will surve the purpose.
Theorem 3.18 : Let 1 bea pa—compact, 0 <a <1 (resp. pa’ — compact, 0 <

a < 1) fuzzy set in a fuzzy Hausdorff space ( X ,t) (in the sense of Def. — 2.21
ywith 4, < X (‘proper subset ). Letx ¢ 4, (A (X) =0), then there exist u

,V e tsuchthatu (x)>0, A, v*(0,1]andu n v=0.
Proof : Similar as Theorem 3.14.
Theorem 3.19 : Let A and x be disjoint pa—compact, 0 <o <1 (resp. pa —

compact, 0 < ¢ < 1) fuzzy sets in a fuzzy Hausdorff space (X ,t ) ('in the sense

of Def. — 2.21 ) with 4, , u, < X ( proper subsets ). Then there existu, v e t
suchthat 4, c u™(0,1], 4, € v *(0,1]andu Nv=0.

Proof : Similar as Theorem 3.15.
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The following example will show that the pa—compact, 0 <o <1 (resp. pa -
compact, 0 < o < 1) fuzzy set in a fuzzy Hausdorff space, in the sense of Def. —
2.21 need not be closed.

Example 3.11 will surve the purpose.

Theorem 3.20 : Let 1 bea pa—compact, 0 <a <1 (resp. pa’ — compact, 0 <
a < 1) fuzzy set in a fuzzy regular space (X ,t)with Ao < X (‘proper subset ).
If for each x € 4,, there exists u € t° with u(x) =0, we have v, w e t such that v
x)=1l,ucw, i, v'(0,1]andv < 1-w.

Proof : Let (X ,t) be a fuzzy regular space and A be a pa— compact fuzzy set
in (X ,t). Then for each x e 4,, there exists u e t° with u(x) =0. As (X ,t) is
fuzzy regular, we have v, w, e tsuchthatv, (x)=1,u, < w,andv, c 1-w,.
Let us assume that & € 1,, then v, (x) > « >0, as v, (x) = 1. Hence we see that {
V, :X €4, }isanopen pa-shading of A.Since 4 is pa — compact, then 4
has a finite pa —subshading, say { v, : X, € 4, }(k =1,2, ...... , N) such that
v, (X) > a for each x € 4,. Now, let v =v, v, U... Vv, and w =
W, O W M N w, . Thus we see that v and w are open fuzzy sets, as they are
the union and finite intersection of open fuzzy sets respectively i.e. v, w e t.
Moreover, 1, v*(0,1],v(x)=1landu c w,asu < w, foreach k.

Finally, we have to show that v < 1 — w. First, we observe that v, c1-w, =0
for each k implies that v, € l-w for each k and hence it is clear thatv < 1 -w.

Similar proof of pa’— compactness.

Theorem 3.21 : Let (X , T ) be a topological space and (X , @ (T )) be an fs.
Let A be afuzzy setin X.

(i)If0<a <1, then A is pa—compactin (X, (T)) iff 72(0,117is

compactin (X ,T).
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(ii)If0< a <1,then 1 is pa’—compactin (X , @ (T)) iff A*(0,1]is
compactin (X ,T).

Proof : (i) : Suppose A is pa — compact fuzzy setin (X, (T )). Let W = {
V, 1 i e J} bean open coverof 27'(0,1]in (X T ) Then, since for each V,,
there existsa u, € @ (T)suchthat V, = u*(0,1],wehaveW={u"(0,1]:i
€ J }. Then the family G={ u, : i € J} isan open pa - shading of A in
(X ,@(T)). To see this, let x € 4,. Since W is an open cover of (0,11,
then there exists a V; € Wsuch thatx eV, . ButV; = ui‘ol( 0,1]forsome uy; e
@ (T). Therefore x e ui’ol( 0, 1] which implies that u; (X) > a. By pa-
compactness of 4, G has a finite pa - subshading, say { u; }(k =1,2, ...... , N
). Then { ui’kl( 0,11} (k=1,2,...... , n) forms a finite subcover of W and hence
2H0,17in (X, T).

Conversely, suppose A (0, 1] is compactin (X ,T).LetM={v, : j € J}be
an open pa —shading of 4 in (X, @ (T)). Then the family H={ v;*(0,1]:
j e J}isanopen cover of 271(0,17]in (X ,T). Now, for let x € 4,. Then
there exists v; € M such that v, (x) > «. Therefore x e vj’ol( 0, 1] and hence
vj‘ol( 0,1] e H. By compactness of (0, 1], H has a finite subcover, say { vj‘kl(
0,11}(k=1,2,...... ,N). Then the family { v; } (k =1,2, ...... ,n) forms a
finite pa — subshading of M and hence A is pa —compactin (X , @ (T)).
(1i) The proof is similar.

Theorem 3.22 : Let 1 and u be fuzzy setsiin (X ,t) and (Y ,s) respectively.
Then
(i)If 2 and u are pa—compact fuzzy setsin (X ,t) and (Y, s) respectively,

then (4 x u)is pa—compactin ( XxY ,txs),where 0 <o <1.
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(ii ) If 2 and x are pa’— compact fuzzy sets in (X ,t) and (Y,s)
respectively, then (A x ) is pa’ —compact in (XxY ,txs), where0< o < 1.
Proof : (1) : Suppose { u;, : i € J}isanopen pea—shading of 4 in (X ,t) ie.
U (X) > a foreachx e 4, and{ v; : j € J}isanopen pa-shading of 4 in
(Y,s)ie v,(y)>a foreachy € u,. Now, let § ={ u;xv, 1 u; e tand v, € s
} be anopen pa - shading of (4 x ) in (XxY , txs). Thus we see that (u; x v,
) (X, y)=min (U (X), v;(y)) > a,foreach (x,y) € (Ayx 1) As 1 is pa-
compactin (X ,t) and z is pe—compactin (Y ,s), then 2 and u have finite
po— subshadings in (X ,t) and (Y, s) respectively, say u, € { u;} and v, e
{ v; }such that u; (x) > @ and v; (y) > « for each x € 4, and y € u,
respectively. Hence we have & has a finite pa — subshading, say (u; xv; )e {
U, xv; }suchthat (u, xv; ) (x,y)=min(u, (X),V; (y))> « foreach (x,y)
€ (A, x u,). Therefore (4 x u) is pa—compact in ( XxY , txs).

(1i) The proof is similar.

References

1) D. M. Ali, On Certain Separation and Connectedness Concepts in Fuzzy

Topology, Ph. D. Thesis, Banaras Hindu University; 1990.

2) K. K. Azad , On Fuzzy semi — continuity , Fuzzy almost continuity and
Fuzzy weakly continuity , J. Math. Anal. Appl., 82(1) (1981), 14 - 32.

3) C. L. Chang, Fuzzy Topological Spaces, J. Math. Anal. Appl.,
24(1968), 182 — 190.

4) David. H. Foster, Fuzzy Topological Groups, J. Math. Anal. Appl.,
67(1979), 549- 564.

1339



5)

6)

7)

8)

9)

10)

11)

12)

13)

J.Mech.Cont.& Math. Sci., Vol.-9, No.-1, July (2014) Pages 1322-1340

T. E. Gantner, R. C. Steinlage and R. H. Warren, Compactness in Fuzzy
Topological Spaces, J. Math. Anal. Appl., 62(1978), 547 — 562.

M. Hanafy, Fuzzy B - Compactness and Fuzzy g — Closed Spaces,
Turk J Math, 28(2004), 281 — 293.

A. K. Katsaras, Ordered fuzzy topological spaces, J. Math. Anal. Appl.,
84(1981), 44 — 58.

Lipschutz, Theory and problems of general topology, Schaum’s outline

series, McGraw-Hill book publication company, Singapore; 1965.

S. R. Malghan and S. S. Benchali, On Fuzzy Topological Spaces,
Glasnik Mat., 16(36) (1981), 313 — 325.

Ming, Pu.Pao ; Ming, Liu Ying : Fuzzy topology I. Neighborhood
Structure of a fuzzy point and Moore — Smith Convergence ; J. Math.
Anal. Appl.,76(1980), 571- 599.

R. Srivastava, S. N. Lal, and A K. Srivastava, Fuzzy T, topological

Spaces, J. Math. Anal. Appl., 102(1984), 442 — 448.

P. Wuyts and R. Lowen, On separation axioms in fuzzy topological
spaces, fuzzy neighbourhood spaces and fuzzy uniform spaces, J. Math.
Anal. Appl., 93(1983), 27 — 41.

L. A. Zadeh, Fuzzy Sets, Information and Control, 8(1965), 338 — 353.

1340



