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Abstract:

In this paper we introduce the concept of normal semilattices in presence of 0-
distributivity and include a nice characterization of normal semilattices. We also
study the p-ideals in pseudo complemented meet semilattices. Then we give the notion
of S-semilattices and prove that every S-semilattice is comaximal, although its
converse in not true. Finally, we prove that every S-semilattice is normal, but the
converse need not be true.
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1. Introduction :

In generalizing the notion of pseudo complemented lattices. J.C.Varlet [10]
first introduced the concept of O-distributive lattices. Then many authors including

[1,2,5,7,8] studied them for lattices and semilattices. By [2], a meet semilattice S

with 0 is called a O-distributive meet semilattices if for all a,b,ceS
with anb=0=aac imply and =0 for some d=>b,c. [9] introduced the

concept of semi prime ideals of a lattice. Recently [5] have extended the Concept

for meet semilattices. An ideal J of a meet semilattice S is called a semi prime ideal

1312



J.Mech.Cont.& Math. Sci., Vol.-9, No.-1, July (2014) Pages 1312-1321
if for all a,b,ceS with anbeJ, anced, imply and e Jfor some d>b,c.

Hence a meet semilattice S with 0 is called 0-distributive if (0] is a semiprime ideal of
S. A meet semi lattice S is called directed above if for all a,b € S, there exists c e S
such that ¢ > a,b. We know that every modular and distributive semilattices have the
directed above property. Moreover [2] have shown that every O-distributive meet
semilattice is also directed above.
The following characterizations of 0-distributive semilattices is due to [2]
Theorem 1: Let S be a directed above meet semilattice with 0. Then the following
conditions are equivalent ;

(1)  Sis O-distributive

(i) Foreach aeS, (a]" =(a)" =(a)’ =[a)’ is an ideal.

(i)  Every maximal filter of S is prime.

The following characterization of semi prime ideals is due to [5].
Theorem 2: Suppose S is a directed above meet semi lattice with 0 and J be an
ideal of S. The following conditions are equivalent ;

(i) Jissemi prime.

1y _

(ii) Forevery aeS,{a} {xeS:xnaed} isasemiprime ideal

containing J.
(ii) A" ={xeS:xnrael forallae Al isa semi prime ideal containing

J, when A is finite.
(iv) Every maximal filter disjoint from J is prime.

Normal semilattices

A semilattices S with 0 is called a normal semilattice if its every prime ideal
contains a unique minimal prime ideal. For detailed literature on normal lattices, we
refer the reader to see [3] where Cornish dealt with distributive lattices. But recently,
Nag [6] studied the normality in O-distributive lattices. In this section, we will study
the normality of O-distributive semilattices. Let P be a prime ideal of S. Define

O(P)={xeS|xAy=0 forsomeyeS—P}.
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Proposition 3 : If S is a O-distributive semilattice, then O(P) is an ideal of S and

O(P)cP.

Proof: Clearly, O(P) is a downset. Let X,y € O(P). Then xAp=yAq=0 for
some p.qgP. This implies XApAQ=yApag=0. Since S is
0-distributive, so there exists t > X,y such that t A pAg=0. Now since P is prime,
so paq¢P. This implies t € O(P). Thus O(P) is an ideal. Obviously, O(P)c P.
Proposition 4 : Let S be a O-distributive semilattice. Then O(P) is semiprime.

Proof: Let X,y,zeS such that xAyeO(P) and XxAzeO(P). Then
XAyAna=xXAzab=0 for some abeS—-P. This implies
(xAnanb)ay=(Xaranb)az=0. So there exists t>y,z, such that
(xranb)at=0 as S is O-distributive . Now since aAbeS—P, we have
XAteO(P). Thus O(P) is semiprime.

The following result is a generalization of a result due to [6]

Lemma 5: Let S be a O-distributive semilattice and P be a prime ideal of S. If Q is a
minimal prime ideal containing O(P) such that Q P, then for any yeQ-P,
there exists z¢ Q suchthat yAzeO(P).

Proof: Suppose the condition does not hold. Let ye Q—P and for all z¢Q, we
have yAz¢O(P). Set D=(S-Q)Vv[y). We claim that O(P)nD =¢. If not, let
peO(P)ND. Then peO(P) and p>aAy for some agQ. Now aAny<p
implies a Ay € O(P), which is a contradiction. Thus, O(P)nD=¢. Let M be the
set of all proper filters of S containing D and disjoint from O(P). Then clearly, M is
non-empty as D c M . Let C be a chainin M and let M =U{X | X e C}. We claim
that M is a filter with Dc M and M NO(P)=¢. Let XeM and y>x. Then
xe X for some X €C. This implies ye X as X is a filter and hence ye M . Now
let X,yeM .Then Xe X and yeY forsome X,Y €C . Since C is a chain, we have
either X Y or Y < X . Suppose X <Y . Then x,yeY and hence xAyeY asY
is a filter. Hence X Ay € M . Thus M is a filter containing D. Clearly, M "O(P) =¢ .
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Hence by Zorn’s lemma, there is a maximal filter, say, R such that Dc R and
RNO(P)=¢. Since O(P) is semiprime, so by Theorem 2, R is a prime filter of S.
Therefore S —R is a minimal prime ideal containing O(P). Moreover S —R < Q and
S—R=Q as yeQ but y¢ S —Q. This contradicts the minimality of Q. Therefore
there must exist z ¢ Q such that yAzeO(P). [

Lemma 6 : Let P be a prime ideal of a O-distributive semilattice S. Then each

minimal prime ideal containing O(P) is contained in P.

Proof: Let Q be a minimal prime ideal containing O(P). If Q¢ P then choose
yeQ—-P. Then by Lemma 5, there exists z¢Q such that yAzeO(P). This
implies XAyAz=0 for some X¢P. As P is prime, we have XA ygP . This
implies z € O(P) < Q , which is a contradiction.

Hence Qc P.

Proposition 7 : If P is a prime ideal in a O-distributive semilattice S, then the ideal

O(P) is the intersection of all the minimal prime ideals contained in P.
Proof: Suppose X =({Q|Q is aminimal prime ideal and Q < P}. We shall show
that O(P)= X . Let Q be a minimal prime ideal such that Q — P. Suppose x € O(P).
Then xAy=0 for some y¢P. This implies y#Q and hence xeQ as Q is a
prime ideal. Thus X € X and hence O(P) < X . If O(P) # X, then there exists X € X
such that x¢ O(P). Then [X)NO(P)=¢. So by Zorn’s lemma there exists a
maximal filter F such that [X)c F and F nO(P)=¢. Hence by Theorem 2, F is a
prime filter as O(P)is semiprime. Therefore, S—F is a minimal prime ideal
containing O(P). Now X¢ S —F implies X ¢ X which gives a contradiction. Hence
Oo(P)=X.

Cornish [3] has given nice characterizations of normal lattices in presence of
distributivity. Recently [6] generalizes a part of Cornish’s result. Now we extend the

result in case of a 0-distributive semilattice.

Theorem 8: A O-distributive semilattice S is a normal semilattice if and only if O(P)

is a prime ideal for every prime ideal P of S.
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Proof: Suppose S is a normal semilattice and P is a prime ideal of S. By Proposition

7, we have O(P) is the intersection of all the minimal prime ideals contained in P.
Since P contains a unique minimal prime ideal, so, O(P) is the minimal prime ideal.

Conversely, suppose the condition holds. Let P be a prime ideal of S. Then

by Proposition 7, O(P) is the intersection of all minimal prime ideals contained in P.
By the assumption O(P) is prime, so O(P) is the only minimal prime ideal contained
in P. Thus S is normal.

Two ideals P and Q of a semilattice S are called comaximal if PvQ=S.

A semilattice S with 0 is said to be a comaximal semilattice if any two minimal prime
ideals of S are comaximal. By [6] we know that a distributive lattice with 0 is normal
if and only if it is comaximal. [6] showed that this is not true for O-distributive
lattices. In case of meet semilattices, clearly, every comaximal semilattice with 0 is
normal, but its converse is not necessarily true.

Every normal semilattice is not necessarity comaximal. For example, consider
the meet semilattice S; in Figure 1 is 0-distributive.

Here (a], (b] are the only prime ideals of S;. This shows that S; is normal.

But (a] v (b]# S, implies that S; is not comaximal.

1
d e f
c
a
0
Si
FIGURE 1

Ideals of a pseudo complemented meet semilattices
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Now we turn our attention to pseudo complemented meet semilattices. It is
evident that the underlying semilattice with 0 of a pseudo complemented meet
semilattice is O-distributive and the following rules hold in any pseudo complemented
meet semilattice.

Lemma 9: Let S be a pseudo complemented meet semilattice. Then for any a,b e S
the following conditions hold;

i) a<b implies b"<a’;

i) a<a™;

iii) a=a"";

iv) a> Ab" =d" for some d >a,b.

v) (aAb)”™ =a" Ab™.

Let S be a pseudo complemented meet semilattice. An ideal I of S called a p-ideal if
xel =>x7"el.

Observe that not every ideal of a pseudo complemented meet semilattice is a

p-ideal. For example consider the pseudo complemented meet semilattice of Figure-2.

Here ae(a], but a” =b ¢ (a]. Hence (@] is not a p-ideal.

0
S,
Figure-2
Lemma 10: Let S be a pseudo complemented meet semilattice. Then an ideal I of S

is a p-ideal if and only if forany i, jel, (i"A ) el.
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= ok

Proof: LetIbe ap-ideal. Then for any i, je | , we have i”, j™ el . So there exists

d>i",]" suchthat d el . Thus, d™ el asIis a p-ideal.

Now, i"" <d implies i""" =i">d". Similarly, j*>d". Hence d " <i" A j",
andso (i"A J) <d™ el.

Let S be meet semilattice with 0. Let AcS. Define
A" ={xeS|xana=0 forall aec A}. Anideal I of S is called an a-ideal of S if for
any xel, (xX]" <.

The following Stone base Separation Theorem is due to [7].
Theorem1l: Let S be a 0-distributive meet semilattice, I be an a-ideal and F be a

meet subsemilattice of S such that | WF =¢ . Then there is a prime a-ideal P such
that | c P and PnF=¢p.

Let S be pseudo complemented meet semilattice. Then for any X € S we can
easily show that (x]" =(x"]. Thus in a pseudo complemented meet semilattice an
ideal I is an a-ideal if and only if it is a p-ideal. Thus the following result follows from

the above Theorem 8.

Theorem 12: Let S be a pseudo complemented meet semilattice, I be a p-ideal and F

be a filter of S such that | " F = ¢. Then there is a prime p-ideal P such that | c P
and PnF=¢.

Recently [2] have proved that in a pseudo complemented meet semilattice, a
prime ideal P is minimal if and only if x € P implies X" & P. Following
result is an extension of this result which is due to [7]. This also gives a

characterization of prime p-ideals.

Theorem 13: Let S be a pseudo complemented meet semilattice and let P be a prime
ideal of S . Then the following conditions are equivalent;
(i) P is minimal
(i) X € Pimplies that x" ¢ P.
(iii) X €Pimplies x™ e P, thatis P is a p-ideal.
(iv) PN D(S) =o.
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S-Semilattice
For Ac S, we defined U(A)={xeS|x>a forall acA}.
A pseudo complemented meet semilattice S; is called a
S-semilattice if it satisfies the following Stone identity for all aeS§,,
U{a",a™}={1}. In other words, 1 is the only common upper bound of a* and a™ .

We have the following characterization of an S-semilattice.

Proposition 14: Let S; be a pseudo complemented meet semilattice . Then S; is an
S-semilattice if and only if for all X,y e€S,, xAy =0 implies U{x",x™} ={1}.
Proof: Let S; be an S-semilattice and X,y €S, such that x Ay =0. Then y<x" and
hence y* > x™. This implies U {x",y"} cU{x",x"} ={1},andso U{x",y"} ={1}.

Conversely, suppose the condition holds and x€S,. Since xAX =0, we
have U {x*,x™} = {1}. Thus S; in an S- semilattice.

Theorem 15: Every S-semilattice is comaximal.

Proof: Let S; be an S-semilattice and let P and Q be two distinct minimal prime
ideals of S;. Choose acP-Q. Since ara"=0€Q, we have a"eQ as Q is
prime. Since ae P, by Theorem 13 a” eP. Since U{a",a”}={1}, so 1ePvQ.
Thus PvQ =S, . In other word, S; is comaximal.

Remark 1: We have the following observation:

A comaximal pseudo complemented meet semilattice is not necessarily
S-semilattice. For example consider the pseudo complemented meet semilattic Sz
given by diagram in Figure 3. Clearly, the ideals (u],(q] and (w] are the only prime
ideals, and they are comaximal. Hence S; is comaximal. Now

u{q’,q"} =U{b,q} = {1, X, X,,...} # {I}. Hence Sz is not an S-semilattiice.
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0
S3

Figure- 3.
We conclude the paper with the following result.
Theorem 16: Every S-semilattice is normal.
Proof: Let A be an S-semilattice. If it is not normal, then there exists a prime ideal P

containing two minimal prime ideals Q and R . Then there exists q € Q such that
q¢R.Now, gAQq" =0eR implies " € R as R is prime. Again by Theorem-13,
g~ €Q as Qis minimal. Hence q",q" € P.

Since P is an ideal, there exists d € P such that d >q",q" ,But d #1 as

P is a prime ideal. Hence U{q",q”}# {l}, which implies that A is not an

S-semilattice. This gives a contradiction. Therefore, A must be normal.
Remark: A pseudo complemented normal meet semilattice is not necessarily an

S-semilattice. For example consider the pseudo complemented meet semilattic S3
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given by diagram in Figure 3. As mentioned in Remark 1, the ideals (u],(q] and (w]

are the only prime ideals, so this is a normal meet semilattice, it is not S-semilattice.
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