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Abstract:   

 In this paper we introduce the concept of normal semilattices in presence of 0-
distributivity and include a nice characterization of normal semilattices. We also 
study the p-ideals in pseudo complemented meet semilattices. Then we give the notion 
of S-semilattices and prove that every S-semilattice is comaximal, although its 
converse in not true. Finally, we prove that every S-semilattice is normal, but the 
converse need not be true. 
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¢hj§aÑ p¡l (Bengali version of the Abstract) 

O - h¾V−el Ef¢ÙÛ¢a−a ejÑ¡m AdÑ - mÉ¡¢V−pl (Normal semilattices) d¡lZ¡−L HC 

f−œ Bjl¡ EfÙÛ¡fe L−l¢R z RcÈ f§lL ¢jVÚ AdÑ - mÉ¡¢V−pl (pseudo complemented meet 

semilattices) p - BC¢Xu¡mpÚ - Hl J Ae¤på¡e L−l¢R z Hlfl Bjl¡ S - AdÑ - mÉ¡¢V−pl 

d¡lZ¡−L ¢c−u¢R Hhw fËj¡e L−l¢R −k fË−aÉL S - AdÑ - mÉ¡¢Vp HL¢V pq - jq¡ AdÑ - 

mÉ¡¢Vp (comaximal semilattices) k¢cJ Cq¡l ¢hfl£a œ²j¢V paÉ eu z −noax Bjl¡ 

fËj¡e L−l¢R −k fË−aÉL  S - AdÑ - mÉ¡¢Vp q−μR HL¢V ejÑ¡m ¢L¿¹¥ Cq¡l ¢hfl£a œ²−jl paÉ 

qJu¡l fË−u¡Se −eC z 

1. Introduction :  

  In generalizing the notion of pseudo complemented lattices. J.C.Varlet [10] 

first introduced the concept of 0-distributive lattices. Then many authors including 

[1,2,5,7,8] studied them for lattices and semilattices. By [2], a meet  semilattice S  

with 0 is called a 0-distributive meet semilattices if for all  Scba ∈,,                   

with caba ∧==∧ 0   imply 0=∧ da  for some cbd ,≥ . [9] introduced the 

concept of semi prime ideals of a lattice. Recently [5]  have extended the Concept   

for meet  semilattices. An ideal J of a meet semilattice  S is called a  semi  prime ideal 
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 if for all Scba ∈,,   with Jba ∈∧ , Jca ∈∧ , imply Jda ∈∧ for some cbd ,≥ . 

Hence a meet semilattice S with 0 is called 0-distributive if (0] is a semiprime ideal of 

S.  A meet semi lattice S is called directed above if for all Sb,a ∈ , there exists Sc∈  

such that b,ac ≥ . We know that every modular and distributive semilattices have the 

directed above property. Moreover [2] have shown that every 0-distributive meet 

semilattice is also directed above.  

The following characterizations of 0-distributive semilattices is due to [2] 

 Theorem 1:  Let S be a directed above meet semilattice with 0. Then the following 

conditions are equivalent ;  

 (i) S is 0-distributive  

 (ii) For each ,Sa∈ 00 )[)()(]( aaaa === ⊥⊥  is an ideal. 

 (iii) Every maximal filter of S is prime.         
     

The following characterization of semi prime ideals is due to [5]. 

Theorem 2:  Suppose  S  is a directed above meet semi lattice with 0 and  J  be an 

ideal of S. The following conditions are equivalent ; 

(i)  J is semi prime. 

(ii)  For every ,Sa∈ }Jax:Sx{}a{ J ∈∧∈=⊥
 is a semi prime ideal  

         containing J. 
(iii)   }:{ AaallforJaxSxA J ∈∈∧∈=⊥

 is a semi prime ideal containing      

         J, when A is finite. 

       (iv)    Every maximal filter disjoint from J is prime.       

Normal semilattices 

  A semilattices S with 0 is called a normal semilattice if its every prime ideal 

contains a unique minimal prime ideal. For detailed literature  on normal lattices, we 

refer the reader to see [3] where Cornish dealt with distributive lattices. But recently, 

Nag [6] studied the normality in 0-distributive lattices. In this section, we will study 

the normality of 0-distributive semilattices. Let P be a prime ideal of S. Define    

}0|{)( PSysomeforyxSxPO −∈=∧∈= . 
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Proposition 3 :  If S is a 0-distributive semilattice, then )(PO  is an ideal of S and 

PPO ⊆)( . 

 

Proof:  Clearly, )(PO  is a downset. Let )(, POyx ∈ . Then 0=∧=∧ qypx     for 

some Pqp ∉, . This implies 0=∧∧=∧∧ qpyqpx . Since S is                        

0-distributive, so there exists yxt ,≥  such that 0=∧∧ qpt . Now since P is prime, 

so Pqp ∉∧ . This implies )(POt∈ . Thus )(PO  is an ideal. Obviously, PPO ⊆)( .    

Proposition 4 : Let S be a 0-distributive semilattice. Then )(PO  is  semiprime. 

Proof:  Let Szyx ∈,,  such that )(POyx ∈∧  and )(POzx ∈∧ . Then 

0=∧∧=∧∧ bzxayx  for some PSba −∈, . This implies 

0)()( =∧∧∧=∧∧∧ zbaxybax . So there exists zyt ,≥ , such that 

0)( =∧∧∧ tbax  as S is 0-distributive . Now since PSba −∈∧ , we have 

)(POtx ∈∧ . Thus )(PO  is semiprime.       

The following result is a generalization of a result due to [6] 

Lemma 5: Let S be a 0-distributive semilattice and P be a prime ideal of S. If Q  is a 

minimal prime ideal containing )(PO  such that PQ ⊄ , then for any PQy −∈ , 

there exists Qz∉   such that )(POzy ∈∧ . 

Proof:  Suppose the condition does not hold. Let PQy −∈   and for all Qz∉ , we 

have )(POzy ∉∧ . Set )[)( yQSD ∨−= . We claim that ϕ=∩ DPO )( . If not, let 

DPOp ∩∈ )( . Then )(POp∈  and yap ∧≥  for some Qa∉ . Now pya ≤∧  

implies )(POya ∈∧ , which is a contradiction. Thus, ϕ=∩ DPO )( . Let M  be the 

set of all proper filters of S containing D and disjoint from )(PO . Then clearly, M is 

non-empty as MD ⊆ . Let C be a chain in M  and let }|{ CXXM ∈= ∪ . We claim 

that M is a filter with MD ⊆  and ϕ=∩ )(POM . Let Mx∈  and xy ≥ . Then 

Xx∈  for some CX ∈ . This implies Xy∈  as X is a filter and hence My∈ . Now 

let Myx ∈, . Then Xx∈  and Yy∈  for some CYX ∈, . Since C  is a chain, we have 

either YX ⊆  or XY ⊆ . Suppose YX ⊆ . Then Yyx ∈,  and hence Yyx ∈∧  as Y  

is a filter. Hence Myx ∈∧ . Thus M is a filter containing D. Clearly, ϕ=∩ )(POM  .  
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Hence by Zorn’s lemma, there is a maximal filter, say, R  such that RD ⊆  and 

ϕ=∩ )(POR . Since )(PO  is semiprime, so by Theorem 2, R is a prime filter of S. 

Therefore RS − is a minimal prime ideal containing )(PO . Moreover QRS ⊆−  and 

QRS ≠−  as Qy∈  but QSy −∉ . This contradicts the minimality of Q . Therefore 

there must exist Qz∉  such that )(POzy ∈∧ .     �  

Lemma 6 :  Let P be a prime ideal of a 0-distributive semilattice S. Then each 

minimal prime ideal containing )(PO   is contained in P.  

Proof: Let Q  be a minimal prime ideal containing )(PO . If  PQ⊄   then choose 

PQy −∈ . Then by Lemma 5, there exists Qz∉  such that )(POzy ∈∧ . This 

implies 0=∧∧ zyx  for some Px∉ . As P is prime, we have Pyx ∉∧ . This 

implies QPOz ⊆∈ )(  , which is a contradiction.  

Hence PQ ⊆ . 

Proposition 7 :  If P is a prime ideal in a 0-distributive semilattice S, then the ideal 

)(PO  is the intersection of all the minimal prime ideals contained in P. 

Proof:  Suppose }min|{ PQandidealprimeimalaisQQX ⊆= ∩ . We shall show 

that XPO =)( . Let Q  be a minimal prime ideal such that PQ ⊆ . Suppose )(POx∈ . 

Then 0=∧ yx  for some Py∉ . This implies Qy∉   and hence Qx∈  as Q  is a 

prime ideal. Thus Xx∈  and hence XPO ⊆)( . If XPO ≠)( , then there exists Xx∈  

such that )(POx∉ . Then ϕ=∩ )()[ POx . So by Zorn’s lemma there exists a 

maximal filter F such that Fx ⊆)[  and   ϕ=∩ )(POF . Hence by Theorem 2, F is a 

prime filter as )(PO is semiprime. Therefore, FS −  is a minimal prime ideal 

containing )(PO . Now FSx −∉   implies Xx∉  which gives a contradiction. Hence 

XPO =)( .   

        Cornish [3] has given nice characterizations of normal lattices in presence of 

distributivity. Recently [6] generalizes a part of Cornish’s result. Now we extend the 

result in case of a 0-distributive semilattice. 

Theorem 8:  A 0-distributive semilattice S is a normal semilattice if and only if )(PO   

is a prime ideal for every prime ideal P of S. 
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Proof:  Suppose S is a normal semilattice and P is a prime ideal of S. By Proposition 

7, we have )(PO  is the intersection of all the minimal prime ideals contained in P. 

Since P contains a unique minimal prime ideal, so, )(PO  is the minimal prime ideal. 

                Conversely, suppose the condition holds. Let P be a prime ideal of S. Then 

by Proposition 7, )(PO  is the intersection of all minimal prime ideals contained in P. 

By the assumption )(PO is prime, so )(PO  is the only minimal prime ideal contained 

in P. Thus S is  normal.   

 Two ideals P and Q  of a semilattice S are called comaximal if  SQP =∨ .            

A semilattice S with 0 is said to be a comaximal semilattice if any two minimal prime 

ideals of S are comaximal. By [6] we know that a distributive lattice with 0 is normal 

if and only if it is comaximal. [6] showed that this is not true for 0-distributive 

lattices. In case of meet semilattices, clearly, every comaximal semilattice with 0 is 

normal, but its converse is not necessarily true. 

 Every normal semilattice is not necessarity comaximal. For example, consider  

the meet semilattice S1 in Figure 1 is  0-distributive. 

 Here ](a , ](b   are the only prime ideals of S1. This shows that S1 is normal. 

But 1](]( Sba ≠∨ implies that S1  is not comaximal. 

 

                                         1 

 

 

 

                              d    e        f 

 

                                        c 

                             a      b 

 

                                           0        

                                           S1 

                                                           FIGURE 1 

Ideals of a pseudo complemented meet semilattices 
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         Now we turn our attention to pseudo complemented meet semilattices. It is 

evident that the underlying semilattice with 0 of a pseudo complemented meet 

semilattice is 0-distributive and the following rules hold in any pseudo complemented 

meet semilattice. 

Lemma 9: Let S be a pseudo complemented meet semilattice. Then for any Sba ∈,     

the following conditions hold; 

i)   ba ≤  implies  ∗∗ ≤ ab ; 

ii)  ∗∗≤ aa ; 

iii)  ∗∗∗= aa ; 

iv) ∗∗∗ =∧ dba  for some bad ,≥ . 

v) ∗∗∗∗∗∗ ∧=∧ baba )( . 

 Let S be a pseudo complemented meet semilattice. An ideal I of S called a p-ideal if  

Ix∈   Ix ∈⇒ ∗∗ . 

  Observe that not every ideal of a pseudo complemented meet semilattice is a 

p-ideal. For example consider the pseudo complemented meet semilattice of Figure-2. 

Here ](aa∈ ,  but ](aba ∉=∗∗ . Hence ](a  is not a p-ideal. 

                     

                                                  1 

 

 

 

                              b              c 

 

                                  a 

                                             0 

                                            S2 

                                       Figure-2 

 Lemma 10:   Let S be a pseudo complemented meet semilattice. Then an ideal I of S 

is a p-ideal if and only if for any Iji ∈, , Iji ∈∧ ∗∗∗ )( . 
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Proof:   Let I be a p-ideal. Then for any Iji ∈, , we have Iji ∈∗∗∗∗ ,  . So there exists 

∗∗∗∗≥ jid , such that Id ∈ . Thus, Id ∈∗∗  as I is a p-ideal.  

 Now, di ≤∗∗  implies ∗∗∗∗∗ ≥= dii . Similarly, ∗∗ ≥ dj . Hence ∗∗∗ ∧≤ jid , 

and so Idji ∈≤∧ ∗∗∗∗∗ )( .      

 Let S be meet semilattice with 0. Let SA ⊆ . Define 

}0|{ AaallforaxSxA ∈=∧∈=∗ . An ideal I of S is called an α-ideal of S if for 

any Ix∈ , Ix ⊂∗∗]( .  

The following Stone base Separation Theorem is due to [7]. 

 Theorem11: Let S be a 0-distributive meet semilattice, I be an α-ideal and F be a 

meet subsemilattice of S such that ϕ=∩ FI  . Then there is a prime α-ideal P such 

that PI ⊆  and ϕ=∩ FP  .   

 Let S be pseudo complemented meet semilattice. Then for any Sx∈  we can  

easily show that ](]( ∗∗ = xx . Thus in a pseudo complemented meet semilattice an 

ideal I is an α-ideal if and only if it is a p-ideal. Thus the following result follows from 

the above  Theorem 8.  

Theorem 12: Let S be a pseudo complemented meet semilattice, I be a p-ideal and F 

be a filter of S such that ϕ=∩ FI . Then there is a prime p-ideal P such that PI ⊆  

and  ϕ=∩ FP  .    

 Recently [2] have proved that in a pseudo complemented meet semilattice, a 

prime ideal P is minimal if and only if Px∈  implies .Px ∉∗
                 Following 

result is an extension of this result which is due to [7]. This also gives a 

characterization of prime p-ideals. 

Theorem 13:  Let S be a pseudo complemented meet semilattice and let P be a prime 

ideal of S . Then the following conditions are equivalent; 

(i)  P is minimal    

(ii) Px∈ implies that .Px ∉∗  

(iii) Px ∈ implies Px ∈∗∗ , that is  P is a p-ideal.  

           (iv) .)( ϕ=∩ SDP     
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S-Semilattice 

 For SA⊆ , we defined }|{)( AaallforaxSxAU ∈≥∈= .  

 A pseudo complemented meet semilattice S1 is called a                       

S-semilattice if it satisfies the following Stone identity for all 1Sa∈ ,   

}1{},{ =∗∗∗ aaU . In other words, 1 is the only common upper bound of ∗a  and ∗∗a . 

We have the following characterization of an S-semilattice. 

Proposition 14: Let S1 be a pseudo complemented meet semilattice . Then S1 is an               

S-semilattice if and only if for all 1, Syx ∈ , 0=∧ yx   implies  }1{},{ =∗∗∗ xxU . 

Proof: Let S1 be an S-semilattice and 1, Syx ∈  such that 0=∧ yx . Then ∗≤ xy  and 

hence ∗∗∗ ≥ xy . This implies }1{},{},{ =⊆ ∗∗∗∗∗ xxUyxU , and so   }1{},{ =∗∗ yxU . 

               Conversely, suppose the condition holds and 1Sx∈ . Since 0=∧ ∗xx , we 

have }1{},{ =∗∗∗ xxU . Thus S1 in an S- semilattice.      

Theorem 15:   Every S-semilattice is comaximal. 

Proof:  Let S1 be an S-semilattice and let P and Q  be two distinct minimal prime 

ideals of S1. Choose QPa −∈ . Since Qaa ∈=∧ ∗ 0 , we have Qa ∈∗    as Q  is 

prime. Since Pa∈ , by Theorem 13 Pa ∈∗∗ . Since }1{},{ =∗∗∗ aaU , so QP ∨∈1 . 

Thus 1SQP =∨ . In other word, S1 is comaximal.   

Remark 1: We have the following observation: 

                      A comaximal pseudo complemented meet semilattice is not necessarily 

S-semilattice. For example consider the pseudo complemented meet semilattic S3  

given by diagram in Figure 3. Clearly, the ideals ](u , ](q  and ](w  are the only prime 

ideals, and they are comaximal. Hence S3 is comaximal. Now 

}1{,...},,1{},{},{ 21 ≠==∗∗∗ xxqbUqqU . Hence S3  is not an S-semilattiice.     
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                                                  1 

 

                                                                   x1 

                                                                          x2 

                                 u                  x3              w          

 

 

                   r 

                                  P            q                

 

                                   a               b                 c 

 

 

  

                                                     0 

                                                      S3     

                                                                              Figure- 3.      

 We conclude the paper with the following result. 

Theorem 16:  Every S-semilattice is normal. 

Proof:  Let A be an S-semilattice. If it is not normal, then there exists a prime ideal P 

containing two minimal prime ideals Q  and R . Then there exists Qq∈   such that 

Rq∉ . Now,  Rqq ∈=∧ ∗ 0    implies Rq ∈∗  as  R is prime. Again by Theorem-13,   

Qq ∈∗∗  as Q is minimal. Hence Pqq ∈∗∗∗ , . 

                   Since P is an ideal, there exists Pd ∈  such that ∗∗∗≥ qqd ,  , But 1≠d   as 

P is a prime ideal. Hence }1{},{ ≠∗∗∗ qqU , which implies that A is not an                       

S-semilattice. This gives a contradiction. Therefore, A must be normal. 

 Remark:  A pseudo complemented normal meet semilattice is not necessarily an                  

S-semilattice. For example consider the pseudo complemented meet semilattic S3  
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given by diagram in Figure 3. As mentioned in Remark 1, the ideals ](u , ](q  and ](w  

are the only prime ideals, so this is a normal meet semilattice, it is not  S-semilattice.                           

 

 

 

References 

1) P. Balasubramani and P. V. Venkatanarasimhan, Characterizations of the 0-

Distributive Lattices, Indian J. Pure appl.Math. 32(3) 315-324, (2001).      

2) H.S.Chakraborty and M.R.Talukder, Some characterizations of 0-distributive 

semilattices, Accepted in the Bulletin of Malaysian Math. Sci.Soc.    

3) Cornish, W.H.    Normal lattices, J.  Austral Math. Soc. 14 (1972), 200-215. 

4. R.M. Hafizur Rahizur Rahman, M. Ayub Ali and A.S.A . Noor, On semi prime 

ideals in lattices, ISSN 0973-8975, J. Mech. Cont. & Math. Sci., Vol.-7, No.-2, 

January (2013) Pages 1094-1102. 

5) Momtaz Begum and A.S.A. Noor, Semi prime ideals in meet semilattices,  Annals 

of Pure & appl.Math.Vol.1, No.2, 2012, 149-157. 

  Nag , C. Begum S.N. and Taluhder, M.R. Some characterizations of subclasses of 

P-algebras. Manuscript.  

6) A.S.A. Noor and Momtaz Begum, Some Properties of 0-distributive Meet 

Semilattices,  Annals of Pure & appl. Math.Vol.2, No.1, 2012, 60-66.     

7) Y. S. Powar and N. K. Thakare, 0-Distributive semilattices, Canad. Math. Bull. 

Vol. 21(4)  (1978),  469-475. 

8) Y. Rav,  Semi prime ideals in general lattices, Journal of pure and Applied  

Algebra, 56(1989) 105- 118. 

9) J. C. Varlet, A generalization of the notion of pseudo-complementedness,  

 Bull.Soc.Sci.Liege,  37(1968), 149-158.   

 

 

 


