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Abstract

In this paper, connection between lattice and semiring are investigated.
This is done by introducing some examples of lattice and semirings. Examples and
results are illustrated. In some cases we have used MATLAB.
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1. Introduction

The notion of semiring was first introduced by Vandiver in 1934. Vandiver
introduced an algebraic system, which consists of non empty set S with two binary
operations addition (+) and multiplication (.). The system (S; +, .) satisfies both
distributive laws but does not satisfy cancellation law of addition. The system he
constructed was ring like but not exactly ring. Vandiver called this system a

‘Semiring’. Additively inverse semirings are studied by Kervelles [8]. Luce [9] ,
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Rutherford [2] , Petrich [6], Goodearl [4], Rentenaner [1], Fang [5] have studied
semiring. Birkhoff [3] has studied lattice theory.
2. Preliminaries:

In this section, we present some definitions and examples of lattice.

Definition 2.1: Suppose R is any non empty set and < is any partial order relation
on R. Then (R;<)is called a poset iff

VX, ¥,ZeR;
Reflexive : X <X
Anti Symmetric: x<yand y<x=x=Yy

Transitive: x<yand y<z=Xx<z.

Definition 2.2: Suppose (P : <) is a poset . It is called a chain iff

Va,beP; either a<borb<a.

Definition 2.3: Let (L; <)be a poset. Then L is called a lattice iff
Vabel;
a+b=sup{a, bjelL
and ab=inf{a,b}elL.
Example 2.3(a) : (L= {1,2,3,4,6,8,12,24};|,+,.) is a lattice, where

a+b=Icm{a, b}, ab=gcd{a,b}.
The MATLAB function scripts are not shown. Outputs are presented below.

>> A=[1 2 3 4 6 8 12 24];

>> join(A)
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ans =
+ 1 2 3 4 6 8 12 24
11 2 3 4 6 8 12 24
2|2 2 6 4 6 8 12 24
3|3 6 3 12 6 24 12 24
414 4 12 4 12 8 12 24
6|6 6 6 12 6 24 12 24
818 8 24 8 24 8 24 24
12 12 12 12 12 12 24 12 24
24 R4 24 24 24 24 24 24 24
>> meet(A)
ans =
-1 2 3 4 6 8 12 24
11 1 1 1 1 1 1 1
2|1 2 1 2 2 2 2 2
31 1 3 1 3 1 3 3
411 2 1 4 2 4 4 4
6|1 2 3 2 6 2 6 6
8|1 2 1 4 2 8 4 8
12 |1 2 3 4 6 4 12 12
24 |1 2 3 4 6 8 12 24

Proposition 2.4: A poset (L; <)isalatticeand Va,belL;a+b=avb,
ab=anab.

Then L satisfies

(1) a+a=aand aa=a [

(2) a+b=b+aand ab=bha [ commutative law]
(3) a+(b+c)=(a+b)+cand a.(b.c)=(a.b).c [ associative law]
(4) a.(a+b)=a and a+ (a.b)=a [

idempotent law]

absorption law]

Proof: Trivial.

Proposition 2.5: Vv neN;
Let D(n)={keN:k | n }. Define V p,q e D(n);

+(p, q) = lem(p, q)
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(p, 9) = ged(p, 9)-
Then (D(n) ; +,.) is a lattice under p | g< p.g=0p.
Proof: Trivial.
Definition 2.6: Suppose (L; +, .) is a lattice. Then L is called distributive lattice

iff Va,b,celL; a.(b+c)=(a.b)+(a.c).

3. Semiring
In this section we prove some basic properties. We also present how lattices are

used to construct semirings.

Definition 3.1: Let S be non empty set with two binary operations + and . . Then

the algebraic structure (S; +, .) is called a semiring iff

(1) (S; +) is a semigroup
(i1) (S; .) is a semigroup

(i) a.(btc)=ab+ac and (b+c)a=b.a+ca; Va,b,ceS

Example 3.1(a): Consider (S =10, 1, 2, 3, 4, 5};+,,%, ). Then (S;+,,%,) isa
semiring.

Example 3.1(b) : (A={1,2,4,8,16}; |,+,.) isa semiring.

Definition 3.2: Let (S, +,.) be a semiring. Then S is called

6)) additively commutative iff VX,yeS, X+y=y+x
(i1) multiplicatively commutative iff Vx,yeS, x.y=y.x

(S; +,.)is called a commutative semiring iff both (i) and (ii) hold.
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Defitition 3.3 : Let (S; +, .) be a commutative semiring with zero (0) and identity
(1) . Then (S; +, .) is called idempotent semiring iff Vx e S,
X+X=Xx= XX
Proposition3.4: VvV neN; let D(n)={keN:k| n}. Define
+(p, q) = lem (p, )

- (P, @) = ged (p, 9).
Then (D(n) ; +,.) is a semiring.

Proof:

vV neNj let D(n)={keN:k| n}. Define

+(p, g) = lem (p, )
. (p, 9) = ged (p, 9).

By Proposition 2.5, (D(n) ; +,.) is a lattice.
So by Proposition 2.4, D(n) satisfies

1. Idempotent Law

2. Commutative law
3. Absorption Law
4

. Associative Law

By the Definition of lattice
+(p,q)eD(n)
(p,q)eD(n).
Again by associative law and by Definition of lattice, we get

(D(n); +) and (D(n); .) are semigroups.
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Distributive law :
Let p, g, reD(n)

Now
p[n, q|n, r|n
We know
ged(p,9)| p
=.(p.9)| p
Again
(p.0) | g | +(@.n)
So
Ap,q) islbof {p,+(Q,N)} (1)
S|P+ 1) (ii)
Again
ged(p, 1) | p
=p. 1) | P
Again
(B0 r|+@n
So Ap,r)islbof {p,+(Q,r)} (iii)
S (B ODAP (T 1) (iv)

From (ii) and (iv) we get

(P, +(q, r)) isubof {.(p,q),.(p, N}
=S4+, A, (P D P, +(AT) v)

From (i) and (iii) we get

.(p,+(q, ) | +((P, ), (P51) e, (vi)

Hence from (v) and (vi) we get

(P, +(@, 1) = +(.(p, @), .(P, 1)
Similarly
(+(@, 1,p) =+(.(a p),.(T,P)).

Hence (D(n), +, .) is a semiring.
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Proposition 3.5 : Let L be any distributive lattice and R =LxN. We define
V Xx,yelLand i, jeN,
(XD +(y, J) = (xvy, maxfi, j})
(X 1).(Y, J) = (x Ay, max{i, j}).

Then (R; +, .) is an idempotent commutative semiring. But R is not a lattice.

Proof: We have L is a distributive lattice.
So V x,yelL;
XA(YVZ)=(XAY)V(XAZ).
(R; +) is a semigroup:
V(X 0, (Y, 1):(z, k) eLxN;
(6D +(y, J) = (xvy, max{i, j}) eLxN
Again
(X, D+, D+, k) =(x, D+(yvz,max{j, k})
=(XV (YyV z),max{i, max{j, k}})
=((xvYy)vz,max{ max{i, j}, k})
=(xvy, max{i, j}) +(z,k)
=(( D+, D) +(z.k)

Therefore (R, +) is a semigroup.

(R; .) is a semigroup:

V(X 1), (Y, 1),(z, k) eLxN;
(X%D.(Y, ) =(xXAY, max{i, j})eLxN
Again
6D.((Y, 1)-(z,k)) = (%,1).(y Az, max {j,k})
= (XA (Y AzZ),max{i, max{], k}})
=((XAY) A Z,max{ max{i, j}, k})
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=(XAy, max{i, j}) .(z,k)
= ((%D.(y, 1)) . (z, k)
Therefore (R, .) is a semi group

Distributive law :

(% D).((Y, D+(z,k)) = (%,1).(y v z,max{],k})
=(XA(YvVz),max{i, max{]j, k}})

=((XAY)V (XA Z), max{i, j, k}}) [+ L is adistributive

lattice]
=((XAY)V (XA2Z),max{max{i, j},{i, kK}})
=(XAY, max{i, j})+(X Az, max{i, k})
= (%,1).(Y, D+ (X,0).(2,k))

Similarly

(XD +(y, D) (z2,K) = (%,D).(z,K) + (Y, )).(z,k)

Hence (R, +, .) is a semiring.

Idempotency:
(X, 1)+ (X, 1) = (X v x,max{i,i})
=(x, 1)
Again
(X, 1).(X,1) = (X A X, max {i, i})
=(x, 1)
Therfore (R, +, .) is an idempotent semiring.
Commutativity:
(X, D+(y, ) = (xv y,max{i, j})
=(y Vv X, max{], i})
=Y, D+ (X 1)
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Again
(X, D). (¥, )) = (xA y,max{fi, j})
= (Y A X, max{], i})
= (Y, D-(x, 1)

Therfore (R, +, .) is an idempotent commutative semiring.

2" Part:
Let us show by an example R is not a lattice.
Let
(X,2),(x,3)eR
Now
(X,2)+((X,2).(X,3)) = (X,2) + (X A X,max {2,3})
=(X,2)+(X,3)
=(XVv X,max{2,3})
=(x,3)
#(X,2); Vxel
Therefore absorption law does not hold.
Therefore R is not a lattice.
Proposition 3.6: (N; +, .) is an idempotent commutative semiring.
Define Va, beN;
a-+b=max{a,b}

a.b=max{a,b}.
But R is not a lattice.

Proof: Va,beN ;

There are six cases:
Case (i) : a<b<c
Case (ii)): a<c<b
Case (iii): c<b<a

Case (iv): c<a<b
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Case (v): b<a<c
Case (vi): b<c<a
For case (i):
a+b=max{a,b}=beN
Again
a+(b+c)=a+max{b,c}
=a+c
=max{a,C}

=C

(a+b)+c=max{a, b} +c
=b+c
= max{b, c}
=C

Therefore (N;+) is a semigroup.

Again
a.b=max{a,b}=beN
a. (b.c)=a. max{b,c}
=a.cC
= max {a,C}
=C
(a.b).c =max{a, b}.c
=Db.c
= max{b, c}
=C

Therefore (N; .)is a semigroup.

Distributive Law:
a. (b+c)=a.max{b,c}
=a.c
= max {a,C}
=C
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a.b+a.c =max{a,b} + max{a,c}
=b+c
=max{b, c}
=cC
Therefore a.(b+c)=a.b+a.c.
Similarly
(b+c).a=Db.a+c.a.

For case (i)
(N; +, .) is a semiring.

Idempotency :
a+a=max {a,a}=a
a.a=max {a,a} =a

Therefore (N; +, .) is an idempotent semiring.

Commutativity:

a.b=max {a,b} =max{b,a} =b.a
a+b=max {a,b} =max{b,a} =b+ a.

Therefore (N; +, .) is an idempotent commutative semiring.

Let us show by an example R is not a lattice:

2+23 =2+max {2,3} =2+3=max{2,3} =3 #2

Therefore absorption law does not hold.

Hence R is not a lattice.

Similarly we can show for all cases

(N; +, .) is an idempotent commutative semiring.

Proposition 3.7 : (R",®,®)is a collection of non negative real numbers, where
@ and ® are defined by Vx,yeR";
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X®y=max{X,y} and X® y=min{X,Y}.
Then (R*,®,®) is a chain semiring.

Proof: Suppose x <.

Then
X®Y=max{X,y}=Y.
LX®yeR”
Again
X® Yy =min{X, Yy} = X
LX®yeR?

Therefore closure law holds in R*.
If r e R, then
X<Yy=>r®x<r®y.

Now
r®X)PrV®Y)=rey=re(xaey).

If reR", then
X<Yy=>XQr<yor.

Again
XONE(Y®rnN=y®r=(x@y)Qr.
Therefore distributive law holds in R".
There are six cases :
Case(i): x<yand y<z
Case(ii): x<yand z<Yy
Case (iii) : y<x and x<z
Case (iv) : y<xand z<Xx
Case(v): x<zand z<y
Case (vi): x<zand y<z
Case (i) :
X<yand y<z

SoX<Z
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Now
X®(yPz)=xDz=1z
xey)®z=y®z=12
L (XOY)@z=xD(YyD2)

Again
X®(YR®Z)=Xx®Yy=X
(X®Y)®z=x®z=Xx
L (X®Y)®z1=x®(Yy®12)

Case (ii): (a)x<yand z<y , X<Z
(b)x<yand z<y, z<X

(a) X®(Yy@P2)=xDYy=Y

xX@y)@z=yPz=Yy

L (XeY)@z=xD(YD2)

Again
X®(Y®2)=x®z=X
(X®Y)®z=x®z=X

L (X®Y)®z1=x®(Yy®12)

(b)) x®(Y®7=xy=y
xey)®z=yDz=Yy
L (XOY)@z=xD(YyD2)
Again
X®(Y®2)=x®z=12
X®Y)®z=x®z=12
L (X®Y)®z1=x®(Y®2)

Case (iii): y<xand x<z, y<z
X®(y®z)=x®z=12
X@y)Pz=xBz=12

L (XPY)Bz=XxD(YDP2)

1353



J.Mech.Cont.& Math. Sci., Vol.-9, No.-1, July (2014) Pages 1339-1353
Again
X®(Yy®2z2)=x®y=y
xX®Yy)®z=y®z=Yy
L (X®Y)®zI=x®(Y®2)

Case(iv):(a) y<xand z<Xx, y<z
(b) y<xand z<x, z<Yy
For (a):
XO(YPz)=xDz=X
(X@Yy)Pz=xDz=X
L XeY)Bz=XxD(YDP2)
Again
X®(Yy®2)=x®y=y
xX®Yy)®z=y®z=Yy
L (X®Y)®z1=x®(Y®2)
For (b):
XO(YPZ)=XDYy=X
(X®Y)®z=xDz=X
L XeY)Bz=XxD(YDP2)
Again
X®(Y®2)=x®z=12
x®Yy)®z=y®z=12
L (X®Y)®z1=x®(Y®2)

Case(v): x<zand z<y

LX<y
XO(Yy®z)=x®y=Yy
xey)®z=yDz=Yy

L (X@Y)Pz=XxD (YD 2)
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Again
X®(Yy®2)=x®z=X
X®Yy)®z=x®z=X
S (X®Y)®z=x®(Y®12)

Case (vi):(a) x<zand y<z, X<y
(b) x<zand y<z, y<x
For (a):
X®(YyP2)=xDz=12

xX@y)Pz=xBz=12
L (XeY)Pz=xD(YD2)
Again
X®(Y®Z)=Xx®Yy=X
(X®Y)®zZ=X®z=X

L (X®Y)®z1=x®(Y®2)
For (b):
X@(y®z)=x®z=z
xey)®z=xDz=2

L (X@Y)Pz=XxD (YD 2)

Again
X®(Y®2)=x®y=y
X®Y)®z=y®z=Yy

L (X®Y)®z1=x®(Yy®12)

Therefore for all cases associative law holds.

Therefore (R",®,®) is a semiring.

It is clear that R" is chain.

Hence (R*,®,®) is a chain semiring. A
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