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Abstract 

In this paper, connection between lattice and semiring are investigated. 

This is done by introducing some examples of  lattice and semirings. Examples and 

results are illustrated. In some cases we have used MATLAB. 
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¢hj§aÑ p¡l (Bengali version of the Abstract ) 

HC f−œ Bjl¡ Bw¢nL α - Y¡L¢ek¤−š²l ( resp. partially *α – shading ) 

d¡lZ¡−L, pw−r−f αp - Y¡L¢ek¤−š²l Hhw Bw¢nL α -pwqa ( resp. partially *α  – 

compact ), pw−r−f αp  - pwqa ( resp. *αp – compact ) g¡¢S −pV−L (fuzzy 

sets) EfÙÛ¡fe L−l¢R Hhw g¡¢S −V¡−f¡mS£u −c−n (fuzzy topological spaces.) 

Cq¡−cl hý¢hd °h¢nøÉ−L Ae¤på¡e L−l¢R z 

1. Introduction 

The notion of semiring was first introduced by Vandiver in 1934. Vandiver 

introduced an algebraic system, which consists of non empty set S with two binary 

operations addition (+) and multiplication (.). The system (S; +, .) satisfies both 

distributive laws but does not satisfy cancellation law of addition. The system he 

constructed was ring like but not exactly ring. Vandiver called this system a 

‘Semiring’. Additively inverse semirings are studied by Kervelles [8]. Luce [9] , 
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Rutherford [2] , Petrich [6], Goodearl [4], Rentenaner [1], Fang [5] have studied 

semiring. Birkhoff [3] has studied lattice theory.   

2. Preliminaries:  

In this section, we present some definitions and examples of lattice. 

 

Definition 2.1: Suppose R is any non empty set and ≤  is any partial order relation 

on R. Then );( ≤R is called a poset iff 

                                      ;,, Rzyx ∈∀  

Reflexive :                       xx ≤  

Anti Symmetric :  yx ≤ and xy ≤ yx =⇒  

Transitive: yx ≤ and zy ≤ zx ≤⇒ . 

 

Definition 2.2: Suppose ):( ≤P  is a poset . It is called a chain iff 

;, Pba ∈∀   either .aborba ≤≤  

 

Definition 2.3:  Let );( ≤L be a poset. Then L is called a lattice  iff  

;, Lba ∈∀   

                              Lbaba ∈=+ },sup{   

                      and  Lbaba ∈= },{inf. . 

Example 2.3(a) :   (L = {1, 2, 3, 4, 6, 8, 12, 24};│, +, .) is a lattice, where  

 

a + b = lcm{a , b}, a.b = gcd{a , b}. 

The MATLAB function scripts are not shown. Outputs are presented below. 

 

>> A=[1 2 3 4 6 8 12 24]; 

 

>> join(A) 
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ans = 
 
 
  +  1     2     3     4     6     8    12    24 
  1  1     2     3     4     6     8    12    24 
  2  2     2     6     4     6     8    12    24 
  3  3     6     3    12     6    24    12    24 
  4  4     4    12     4    12     8    12    24 
  6  6     6     6    12     6    24    12    24 
  8  8     8    24     8    24     8    24    24 
 12 12    12    12    12    12    24    12    24 
 24 24    24    24    24    24    24    24    24 
 
>> meet(A) 
 
ans = 
 
  .  1     2     3     4     6     8    12    24 
  1  1     1     1     1     1     1     1     1 
  2  1     2     1     2     2     2     2     2 
  3  1     1     3     1     3     1     3     3 
  4  1     2     1     4     2     4     4     4 
  6  1     2     3     2     6     2     6     6 
  8  1     2     1     4     2     8     4     8 
 12  1     2     3     4     6     4    12    12 
 24  1     2     3     4     6     8    12    24 
 
 
Proposition 2.4: A poset );( ≤L is a lattice and  ;, Lba ∈∀ baba ∨=+ , 

baba ∧=. .  
 
Then L satisfies 
 
(1) aaa =+ and aaa =.                                                    [ idempotent law]  
(2) abba +=+ and abba .. =                                            [ commutative law] 
(3) cbacba ++=++ )()( and cbacba )..().(. =               [ associative law] 
(4) abaa =+ )(.  and  abaa =+ ).(                                  [absorption law] 
 
Proof: Trivial. 
 
 
Proposition 2.5:       ;n∀ ∈`  
Let ( ) { : }D n k k n= ∈` . Define )(, nDqp ∈∀ ; 

                        +(p, q) = lcm(p, q) 
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   .(p, q) = gcd(p, q). 

Then .),;)(( +nD  is a lattice under .. pqpqp =⇔  
Proof: Trivial. 
 
Definition 2.6: Suppose ( .),; +L  is a lattice. Then L is called distributive lattice 

iff  Lcba ∈∀ ,, ; )..().()(. cabacba +=+  

 

3. Semiring 

In this section we prove some basic properties. We also present how lattices are 

used to construct semirings. 

 

Definition 3.1: Let S be non empty set with two binary operations  +  and .  . Then 

the algebraic structure (S;  +, .) is called a semiring iff   

                                        

  (i)         (S; +) is a semigroup 

(ii) (S;  .) is a semigroup 

(iii) a. (b+c) = a.b + a.c  and  (b+c).a = b.a + c.a ;  Scba ∈∀ ,,  

 

Example 3.1(a):  Consider ),};5,4,3,2,1,0{( 66 ×+=S . Then ),;( 66 ×+S  is a 

semiring. 

Example 3.1(b) : (A={1, 2 , 4 , 8, 16 }; │, ,.)+ is a semiring. 

 

Definition 3.2: Let  (S, +, .) be  a semiring. Then S is called   

(i) additively commutative iff  .,, xyyxSyx +=+∈∀  

(ii) multiplicatively commutative iff  ...,, xyyxSyx =∈∀  

(S;  +, .) is called a commutative semiring iff  both (i) and (ii) hold. 
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Defitition 3.3 : Let  (S; +, .) be a commutative semiring with zero (0) and identity 

(1) . Then (S; +, .) is called idempotent semiring iff ,Sx∈∀   

x + x = x = .xx  

Proposition 3.4 : ;n∀ ∈`  let ( ) { : }D n k k n= ∈` .  Define 

                        + (p, q) = lcm (p, q) 

                        . (p, q) = gcd (p, q). 

Then .),;)(( +nD  is a semiring. 

Proof:                  

   ;n∀ ∈`  let ( ) { : }D n k k n= ∈` .  Define 

                     

                      + (p, q) = lcm (p, q) 

                        . (p, q) = gcd (p, q). 

 

By Proposition 2.5, .),;)(( +nD  is a lattice. 

So by Proposition 2.4, )(nD satisfies  

1. Idempotent Law 

2. Commutative law 

3. Absorption Law  

4. Associative Law 

 

By the Definition of lattice  

         )(),( nDqp ∈+  

         )(),.( nDqp ∈ . 

Again by associative law and by Definition of lattice, we get  

               ));(( +nD and .));(( nD  are semigroups. 
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Distributive law : 
                        Let  )(,, nDrqp ∈  
Now  
                np , nq , nr  
We know    
                        pqp ),gcd(  

               pqp ),.(⇒  
 
Again    
                            ),(),.( rqqqp +  
            So  
                         ),.( qp  is lb of )},(,{ rqp +                     …….…………………..(i) 
                  )),(,(.),.( rqpqp +⇒                                ………………………..(ii) 
Again    
                        prp ),gcd(  

                     prp ),.(⇒  
 
 
Again    
                            ),(),.( rqrrp +  
So               ),.( rp  is lb of )},(,{ rqp +                           ………………………..(iii) 
                      )),(,(.),.( rqprp +⇒                            ………………………..(iv) 
From (ii) and (iv) we get 
 
                       )),(,.( rqp +  is ub of  )},.(),,.({ rpqp  
                     ⇒ )),(,.()),.(),,.(( rqprpqp ++              ……………………….(v) 
 
 
From (i) and (iii) we get 
            
                                               )),.(),,.(()),(,.( rpqprqp ++ ………………..(vi) 
Hence from (v) and (vi) we get 
 
                                     )),(,.( rqp +  = )),.(),,.(( rpqp+ . 

Similarly 

                        )),,(.( prq+  = )),.(),,.(( prpq+ . 

Hence .),),(( +nD  is a semiring.                                                                            
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Proposition 3.5 : Let L be any distributive lattice and   R L= ×` . We define 

Lyx ∈∀ , and ,i j∈` ,  

                           }),max{,(),(),( jiyxjyix ∨=+   

                           }),max{,(),).(,( jiyxjyix ∧= . 

Then (R;  +,  .) is an idempotent commutative semiring. But R is not a lattice. 

 

Proof: We have L is a distributive lattice. 

So Lyx ∈∀ , ; 

                       )()()( zxyxzyx ∧∨∧=∨∧ . 

(R; +) is a semigroup:  

                                  ( , ), ( , ), ( , )x i y j z k L∀ ∈ ×` ; 

                      }),max{,(),(),( jiyxjyix ∨=+ L∈ ×`  

Again 

}),max{,(),()),(),((),( kjzyixkzjyix ∨+=++  

                                     }}),max{,{max),(( kjizyx ∨∨=  

                                     })},,max{{max,)(( kjizyx ∨∨=  

                                     ),(}),max{,( kzjiyx +∨=  

                                     ),()),(),(( kzjyix ++=  

 Therefore (R, +) is a semigroup. 

 

(R; .) is a semigroup:  

 

                                  ( , ), ( , ), ( , )x i y j z k L∀ ∈ ×` ; 

                              }),max{,(),).(,( jiyxjyix ∧= L∈ ×`  

Again 

      }),{max,(.),()),.(),().(,( kjzyixkzjyix ∧=  

                                       }}),max{,{max),(( kjizyx ∧∧=  

                                       })},,max{{max,)(( kjizyx ∧∧=  
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                                      ),(.}),max{,( kzjiyx ∧=  

                                     ),(.)),().,(( kzjyix=  

 Therefore (R,  .) is a semi group 

Distributive law : 

 

      }),{max,(.),()),(),().(,( kjzyixkzjyix ∨=+  

                                       }}),max{,{max),(( kjizyx ∨∧=  

                                       }}),,{max),()(( kjizxyx ∧∨∧=   [∵L is a distributive 

lattice] 

                                       }}),{},,{maxmax{),()(( kijizxyx ∧∨∧=   

                                       }),{max,(}),{max,( kizxjiyx ∧+∧=  

                                       )),).(,(),().,( kzixjyix +=  

Similarly  

                                 ),.(),(),(.),()),.()),(),(( kzjykzixkzjyix +=+  

Hence (R, +,  .) is a semiring. 

 

Idempotency: 

                              }),max{,(),(),( iixxixix ∨=+  

                                                   ),( ix=  

Again 

                             }),max{,(),).(,( iixxixix ∧=  

                                                ),( ix=  

Therfore (R, +,  .) is an idempotent semiring. 

Commutativity: 

                             }),max{,(),(),( jiyxjyix ∨=+  

                                                    }),max{,( ijxy ∨=  

                                                    ),(),( ixjy +=  
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Again 

                         }),max{,(),(.),( jiyxjyix ∧=  

                                               }),max{,( ijxy ∧=  

                                               ),).(,( ixjy=  

Therfore (R, +, .) is an idempotent commutative semiring. 

 

2nd Part: 

               Let us show by an example R is not a lattice. 

Let 

                               Rxx ∈)3,(),2,(  

Now  

                     })3,2max{,()2,())3,.()2,(()2,( xxxxxx ∧+=+  

                                                         )3,()2,( xx +=   

                                                         })3,2max{,( xx ∨=  

                                                        ( ,3)x=  

                                                       )2,(x≠ ; Lx∈∀  

Therefore absorption law does not hold. 

Therefore R is not a lattice.                                                                                                                          

Proposition 3.6: ( ; , .)+`  is an idempotent commutative semiring.  

Define ,a b∀ ∈` ; 

                               },max{ baba =+  

                                },max{. baba = . 
But R is not a lattice. 

Proof:    ,a b∀ ∈`  ; 

There are six cases: 

Case (i)  : cba <<  

Case (ii) : bca <<  

Case (iii) : abc <<  

Case (iv) : bac <<  
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Case (v) : cab <<  

Case (vi) : acb <<  

For case (i): 

                    max{ , }a b a b b+ = = ∈`  

Again  

               },max{)( cbacba +=++  

                                 ca +=  

                                 },{max ca=  

                                 c=  
      

cbacba +=++ },max{)(  

                  cb +=  

                  },max{ cb=  

                   c=  

Therefore ( ; )+` is a semigroup. 
Again  
                . max{ , }a b a b b= = ∈`  
 
               },max{.).(. cbacba =  
                             ca .=  
                            },{max ca=  
                             c=  
     cbacba }.,max{.).( =  
                  cb .=  
                  },max{ cb=  
                   c=  
Therefore ( ; .)` is a semigroup. 
 

Distributive Law: 
                         },max{.)(. cbacba =+  
     ca .=  
     = },{max ca  
                                         c=  
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  },max{},max{.. cabacaba +=+  
                   cb +=  
                   },max{ cb=  
                   c=  
Therefore cabacba ..).( +=+ . 
Similarly 
                     acabacb ...)( +=+ . 
For case (i) 
                    ( ; , .)+`  is  a semiring. 
 
 
Idempotency : 

             aaaaa ==+ },{max  

             aaaaa == },{max.  

Therefore ( ; , .)+`  is  an idempotent semiring. 
 

Commutativity: 
 

             ababbaba .},{max},{max. ===  

             ababbaba +===+ },{max},{max . 

Therefore ( ; , .)+`  is  an idempotent commutative semiring. 

 

Let us show by an example  R is not a lattice: 

 

2 + 2 .3   = 2 + max {2 , 3}  = 2 + 3 = max{2,3} = 3 2≠  
 

Therefore absorption law does not hold. 

Hence R is not a lattice. 
 

Similarly we can show for all cases 

( ; , .)+`  is an idempotent commutative semiring.                   

Proposition 3.7  : ( , , )+ ⊕ ⊗\ is a collection of non negative real numbers, where 
⊕  and  ⊗ are defined by  ,x y +∀ ∈\ ; 
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},max{ yxyx =⊕  and  },min{ yxyx =⊗ . 

Then ( , , )+ ⊕ ⊗\  is a chain semiring. 
 
Proof:  Suppose yx < . 
Then   
                      yyxyx ==⊕ },max{ . 

x y +∴ ⊕ ∈\  
Again 
            xyxyx ==⊗ },min{  

x y +∴ ⊗ ∈\  

Therefore closure law holds in .+\  
If ,r +∈\ then 
                              yrxryx ⊗<⊗⇒< . 
Now  
                       ).()()( yxryryrxr ⊕⊗=⊗=⊗⊕⊗  

If ,r +∈\ then 
                              .ryrxyx ⊗<⊗⇒<  
 
Again 

                    .)()()( ryxryryrx ⊗⊕=⊗=⊗⊕⊗       

Therefore distributive law holds in .+\  

There are six cases : 

                    Case (i) : yx <  and zy <  

                    Case (ii) : yx <  and yz <  

                    Case (iii) : xy <  and zx <  

                    Case (iv) : xy <  and xz <  

                    Case (v) : zx <  and yz <  

                    Case (vi) : zx <  and zy <  

Case (i) :  

                    yx <  and zy <  

                   zx <∴  
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Now   

                  zzxzyx =⊕=⊕⊕ )(  

                 zzyzyx =⊕=⊕⊕ )(  

∴ =⊕⊕ zyx )( )( zyx ⊕⊕  
 

Again 

                  xyxzyx =⊗=⊗⊗ )(  

                 xzxzyx =⊗=⊗⊗ )(  

 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗               
 

Case (ii) : (a) yx <  and yz <  , zx <    
                 (b) yx <  and yz <  , xz <           
(a)  yyxzyx =⊕=⊕⊕ )(   
       yzyzyx =⊕=⊕⊕ )(      
∴ =⊕⊕ zyx )( )( zyx ⊕⊕  
Again 
                  xzxzyx =⊗=⊗⊗ )(  
                 xzxzyx =⊗=⊗⊗ )(  
 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗               
 

(b)       yyxzyx =⊕=⊕⊕ )(   
            yzyzyx =⊕=⊕⊕ )(   
∴ =⊕⊕ zyx )( )( zyx ⊕⊕  
Again 
                  zzxzyx =⊗=⊗⊗ )(  
                 zzxzyx =⊗=⊗⊗ )(  
 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗               
 

Case (iii) : xy <  and zx < ,    zy <   

        zzxzyx =⊕=⊕⊕ )(   

       zzxzyx =⊕=⊕⊕ )(      

∴ =⊕⊕ zyx )( )( zyx ⊕⊕  
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Again 

                  yyxzyx =⊗=⊗⊗ )(  

                 yzyzyx =⊗=⊗⊗ )(  

 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗      
 

Case (iv) : (a) xy <  and xz < ,  zy <    

                  (b) xy <  and xz < ,  yz <      

For (a):  

        xzxzyx =⊕=⊕⊕ )(   

       xzxzyx =⊕=⊕⊕ )(      

∴ =⊕⊕ zyx )( )( zyx ⊕⊕  

Again 

                  yyxzyx =⊗=⊗⊗ )(  

                 yzyzyx =⊗=⊗⊗ )(  

 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗      

For (b): 

               xyxzyx =⊕=⊕⊕ )(   

               xzxzyx =⊕=⊕⊕ )(      

∴ =⊕⊕ zyx )( )( zyx ⊕⊕  

Again 

                  zzxzyx =⊗=⊗⊗ )(  

                 zzyzyx =⊗=⊗⊗ )(  

 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗      
 

Case (v) : zx <  and yz <  
 
                     yx <∴  
               yyxzyx =⊕=⊕⊕ )(   
               yzyzyx =⊕=⊕⊕ )(      
             ∴ =⊕⊕ zyx )( )( zyx ⊕⊕  
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Again 
                  xzxzyx =⊗=⊗⊗ )(  
                 xzxzyx =⊗=⊗⊗ )(  
 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗      
 
Case (vi) : (a)  zx <  and zy < , yx <  
                  (b)  zx <  and zy < , xy <    
For (a):  
        zzxzyx =⊕=⊕⊕ )(   
 
       zzxzyx =⊕=⊕⊕ )(      
∴ =⊕⊕ zyx )( )( zyx ⊕⊕  
Again 
                  xyxzyx =⊗=⊗⊗ )(  
                 xzxzyx =⊗=⊗⊗ )(  
 
 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗      
For (b): 
               zzxzyx =⊕=⊕⊕ )(   
               zzxzyx =⊕=⊕⊕ )(      
 
∴ =⊕⊕ zyx )( )( zyx ⊕⊕  
Again 
                  yyxzyx =⊗=⊗⊗ )(  
 
                 yzyzyx =⊗=⊗⊗ )(  
 
 ∴ =⊗⊗ zyx )( )( zyx ⊗⊗      
 
Therefore for all cases associative law holds. 

Therefore   ( , , )+ ⊕ ⊗\  is a semiring.   

It is clear that  +\  is chain.        

Hence ( , , )+ ⊕ ⊗\  is a chain semiring.                                             Δ                                                        
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