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Abstract.

J. C. Varlet introduced the concept of 1-distributive lattices to generalize the
notion of dual pseudo complemented lattices. A lattice L with 1 is called a 1-distributive
lattice if for all a,b,celL, avb=1=avc imply av(bac)=1. Of course every
distributive lattice with 1 is 1-distributive. Also every dual pseudo complemented lattice is
1-distributive.Recently, Shiuly and Noor extended this concept for directed below join
semi lattices. A join semi lattice Sis called directed below if for all a,b e S, there exists
ce S such that c<a,b. Again Y. Rav has extended the concept of 1-distributivity by
introducing the notion of semi prime filters in a lattice. Recently, Noor and Ayub have
studied the semi prime filters in a directed below join semi lattice. In this paper we have
included several characterizations and properties of 1-distributive join semi lattices. We
proved that for a join sub semi lattice A of S,

Al={xeS:xva=1forsomeac Alisasemi primefilter of S ifand onlyif S is1-
distributive. We also showed that a directed below join semi lattice with 1 is 1-distributive
if and only if for all a,be S, (a)' N (b)' =(d)" for some d € S,d < a,b. Introducing

the notion of « - filters and using different equivalent conditions of 1-distributive join semi
lattices we have given a ‘Separation theorem’ for o - filters.

Keywords and Phrases : 1-distributive join semi lattice, Semi prime filter, Prime ideal,
Maximal ideal, o -filter.

Introduction: J. C. Varlet [8] first introduced the concept of 1-distributive
lattices. Then many authors including [1, 2, 7 ] studied them for lattices and
semilattices. By [7], a join semilattice S with 1 is called 1-distributive if for all
a,b,ce Swithavb=1=avc imply avd=1 for some d <b,c. We also know
that a 1-distributive join semilattice is directed below. A join semi lattice S is
called directed below if for al a,be S, there exists ce S such that c<a,b. A
non-empty subset F of adirected below join semilattice S iscalled an up set if for

1377



J.Mech.Cont.& Math. Sci., Vol.-9, No.-1, July (2014) Pages 1377-1384

xeFand y>x (yeS)implyyeF.Upset F iscaled afilter if for x,ye F,
thereexists z< x,y suchthat ze F .

A non-empty subset | of S iscaledadownsetif xel and y<x (yeS) imply
yel.Adownset | of Siscaledanideal if foral x,yel, xvyel.Afilter
(up set) Q iscaled aprimefilter (down set) if avbeQ implieseither aeQ or
beQ.Anided P of Siscadledprimeif S—P isaprimefilter.

Anideal | of S iscaled amaximal ided if | # S and it is not contained by any
other proper idea of S. A prime up set P iscaled aminima prime up set if it
does not contain any other prime up set of S.

Following Lemmas in lattices are due to [2] and [6], and also hold for join semi
lattices by [1, 7].

Lemma 1: A proper subset | of a join semilattice S is a maximal ideal if and
onlyif S—1 isaminimal primeup set. [

Lemma 2: Let | be a proper ideal of a join semilattice S with 1. Then there
existsa maximal ideal containing | . []

Following result isdueto [1, Lemmab]

Lemma 3: Let | be an ideal and F be a filter of a directed below join
semilattice S, suchthat F ~ 1 =j . Then | isamaximal ideal digoint from F if

andonlyif for each a¢ | ,thereexists be | suchthat avbeF.

Let S be ajoin semilattice with 1. For a non-empty subset A of S, we define

A" ={xeS|xva=1 foral aecA} .Thisis clearly an up set, but we can not

prove that thisis afilter even in adistributive join semilattice. If L isalattice with
1, then it iswell known that L is 1-distributive if and only if D(L), the lattice of

all filters of L is O-distributive.Unfortunately, we can not prove or disprove that
when S is a l1-distributive join semi lattice, then D(S) is O-distributive. But if
D(S) is O-distributive, then it is easy to prove that S is also 1-distributive. We
define A'={xeS|xva=1for someae A}.This is obviousy an up set.
Moreover, Ac B implies Al B!. For any aeS,it easy to check that
()" =(@)' ="

Following result isdueto [7].

Theorem 4. Let S be a directed below join semilattice with 1. Then the following
conditions are equivalent.
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() S isl-distributive
(i) Foreach aesS, (a]v(d]c<(a]v(b] isafilter.
(i) Every maximal ideal of S isprime. [

Sincein a 1-distributive join semilattice S, for each ae S, (a)Ld isafilter, so

we prefer to denoteit by [a)*®. Y Rav [6] have generalized the concept of 1-

distributive lattices and introduced the notion of semi prime ideals and filtersin
lattices. Recently, [3] have studied many properties of semi primeidealsin

lattices. In adirected below join semilattice S, afilter F iscalled asemi prime
filterif foral x,y,zeS, xvyeF, xvzeF imply xvdeFforsome

d <y,z Inadistributive semilattice, every filter is semi prime. Moreover, the
semilattice itself is obviously a semi prime filter. Also, every primefilter of S is

semi prime.
Theorem 5: For any join sub semilattice A of a directed below join semi lattice
S with 1, Al isa semi primefilter of S ifand only if S is 1-distributive.

Proof: Suppose S is 1-distributive. We aready know that Al isan up set, Now

let x,ye Al.  Then xva=1=yvb for some abeA. Then
xvavb=1l=yvavhb. Since S is 1-distributive, so (avb)vd=1 for some

d<x,y. Now avbe A implies deAl, and so Al is an idedl. Finally let
xvyeAl and xvzeAl Then xvyva =1=xvzvhb for some a b € A.
Thus xve v vy=1=xva vb vz. Then by the 1-distributive property,
Xxva vbvd =1 for some d;<y,z. Thus xvd;eAlas avheA.

Therefore Al is semi prime. Conversaly, if Al is asemi prime filter for every join
sub semilattice A of S, thenin particular (a)* isafilter. Thus S is 1-distributive
by Theorem 4. [

Following characterization of semi primefiltersisdueto [1].

Theorem 6: Let S be a directed below join Semilattice with 1 and F be a filter
of S.
Then the following conditions are equival ent.

(i) F issemiprime

(i) Every maximal ideal digointto F isprime. [

Thus we have the following separation theorem.
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Theorem 7: Let S be a 1-distributive join semi lattice and A be a join
subsemilattice of S. Then for an ideal | digoint from Al there exists a prime
filter containing Al and digointfrom 1. [}

Lemma 8: Let A and B be ideals of a directed below join semilattice S with 1,

such that AN B! = ¢ . Then there exists a minimal prime up set containing B'and
digoint fromA.

Proof: Observethat 1¢ Av B. Forif 1e AvB, Then 1<avb for some ac A,
beB. That is, avb=1, which implies ae B! gives a contradiction. It follows
that Av B is a proper ideal of S. Then by Lemma 2, AvBc M for some
maximal ideal M. If xeM NB!, Then xeM and xvb =1 for some
b,e Bc M. Thisimpliesle M whichisacontradictionas M is maximal. Thus,
M B! =¢. Thenby Lemmal, S—M isaminimal prime up set containing B.
Moreover, (S—-M)nA=j . Lemma9: Let A beanideal of adirected

below join semilattice Swith 1. Then Al is the intersection of all the minimal
prime up setsdigoint from A.

Proof: Let N be any minima prime up set digoint from A. If xe Al, then
xva=1forsomeac Aandso xe N as N isprime.

Conversdly, let ye Al. Then yva=lfor al ae A. Hence Av (y] is a proper
ideal of S. Then by Lemma?2, Av (y] < M for some maximal ideal M . Thus by
Lemma 1, S—-M is a minima prime up set. Clearly (S—-M)n A=) and
ygS-M. [

Now we include some characterization of 1-distributive join semilattices.
Theorem 10: Let S be a directed below join semilattice with 1. Then the
following statements are equivalent.

(i) Sisl-distributive.

(i) Foreach aeS, (a)'isasemi primeideal.

(i) For anythreeidealsA, B, Cof S,

(Av(BNC))'=(AvB)'n(AvC)
(iv) Foral abcesS, (@v(bBlIn(c]) =@ v ®) n(@v ()
(v) Forall a,b,ceS,(avd) =(avb)'n(avc)" for some d<b,c.

Proof: (i) < (ii). Follows by theorem 4.
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(i) = (iii). Let xe (Av B)'n(AvC)*. Then xe (Av B)' and xe (AvC)'. Thus
Xxv f=1=xvg for some feAvB and geAvC. Thenf <g vb, and
g<ayvc for some a,a,€A, beB, ceC. This implies
Xva vb=l=xva,vc and so xvag va,vb=1l=xvagva,vc. Since S
is 1-distributive, s0 Xxva, va,vd=1 for somed <b,c. Now g va, € A and
d e BNC. Therefore, ((a, va,)vde Av(BnC)andso xe (Av (BN C))*'. The
reverseinclusionistrivialas Av(BNC)c Av B, AvC. Hence (iii) holds.
(iii) = (iv) istrivial by considering A=(a], B=(b] and C =(c] in (iii).

(iv)=(v). Let (iv) holds. Suppose xe(avb)'n(avc)'. Then by (iv)
xe((@v o) n(@vE) =av (@ n))". This implies xv f=1 for
somef e(@v((b]jn(c]). Then f<avd for some de(b]n(c]. That is,
f <avd forsome d<b,c. Itfollowsthat xvavd=1andso xe(avd).
On the other hand, (a]v(d]c(alv(b] and (a]v (d] < (a]v (c]implies that
(avd)' c(avb)'n(avc)'. Therefore (v) holds as the reverse inclusion is
trivial.

(v) = (). Suppose (v) holds. Let a,b,ceS with avb=1=avc. Then
av(avb)=1l=av(avc) implies ae(avhb)n(avc)'=(avd)" for some
d<b,c. Thus, av(avd)=1 for some d<b,c. That is avd=1 for some
d<b,c andso S is1-distributive. []

Now we include few more characterizations of 1-distributive semilattices.

Theorem 11: Let S be a directed below join semi lattice with 1. Then the
following are equivalent.

() S isl-distributive.

(i) For anythreeidealsA, B, Cof L.

(AnB)v(ANC)' = A'n(BvC)'

(iii) For anytwoidealsA, Bof S (AnB)'=A'nB*

(iv) Forall a,besS, (a)'n(b)' =(d)" for some d <b,c.

(v) Forall a,beS,[a)™ N[b)™ =[d)* for some d <b,c.

Proof: (i) = (ii). Suppose S is 1-distributive, Since(AnB)v (ANnC) < A and
BvC ,s0 (AnB)v(ANC))'c A'n(BvC). Now suppose xe A' ~(Bv C)*

Thenxe Al and xe(BvC)'. Thus xva=1 for some xe Aandxvd=1 for
somedeBvC.Now deBvC impliesd<bvc forsomebeB,ceC.Hence
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Xxva=1l=xvbvc. Then xvcva=1=xvcvb . Snce S is 1-distributive, so
xvecvd; =1 for some d;<ab. Then d;e AvB. Now xva=1limplies

Xvd;va=1=xvd;vc. Againby the 1-distributivity, xv d; v d, =1for some
d, <a,cthatis d, e Av C. Therefore, xe ((AnB)v (AN C))" and so (ii) holds.
(if) = (iii) istrivia by considering B = C in (iii).
(iii) = (iv). Choose A=(a] and B = (b]in (iii).

Now for al d<a,b,(a] o(d] and (b] 2[d) and so (d]' = (a)' "~ (b)". Also by
(i), (@' (b)' =((@ N (b])" . Thus, xe(a)'~(b)" implies xvd, =1 for some
d, <a,b as S isdirected below. That is, xe(d,)* for some d; <a,b. Thus (iv)
holds.

(iv) < (v) isobvious.

(vV)=(). Suppose (v) holds and for a,b,ceS, avb=1=avc. Then
ae[b)™ n[c) =[d)* for some d <b,c. Therefore, avd =1 andso S is
1-distributive. [

A filter F in adirected below join semilattice S with 1 is caled an o-filter if

foreach xe F ,{x}ldld cF.

Proposition 12: If Fis an a-filter of a 1-distributive join semilattice S, then
F={yeS|[y)c{x**" for some xeF} .

Proof: Let yeRH.S. Then [y)g{x}lde cF. This implies yeF.
Conversdly, let ye F . Since S is 1-distributive, so by theorem 4, [y)Ld isafilter

and [y)m[y)Ld =[1). Thus, [Yy) g[y)Lde ,whichimpliesye RH.S. []

Prime separation theorem for a-idealsin O-distributive lattices was given [4]. Now
we include a prime separation theorem on a-filters for 1-distributive join
semil attices.

Theorem 13: Let | be anideal and F be an a-filter of a directed below join
semilattice S with |, suchthat | nF =] . If D(S), the lattice of filtersof S isO-

distributive, then there exists a prime a-filter Q containing F such that
Qnl =9.
Proof: By lemma 2, there exists a maximal ideal M containing | and digoint to

F.Thus Q=S-Misaminima prime up set containing F and digoint to M.
Now let p,qe S—-M. Then by lemma 3, there exist abeM such that
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avpeFand bvgeF. Then by proposition 12, [av p)c (x]Lde and
[bvq) c[y)=*" for some x,yeF. Thus [av p)A[¥)~ =[D)=[bv q) A[y)~ .
Thisimplies [av b) A[x)" A[Y)" A[p) =[D) =[avb) A[X)" A[Y)" Alg), Now
as F is afilter, so there exists d; < x,y such that d; € F. Again by Theorem
11(v), [ Aly)" =[d,)*" for some d, <x,y.Then d=d,vd,eF,
and so [d)*" < [)* AlY)* =[d,)"" <[d)"" .Thus [x)*" A[y)"" =[d)*" for some
deF, d<x,y. Then we have [avb)A[d)" A[p)=[D) =[avb)A[d)"" A[q).
Since D(S) is O-distributive, so [av b)/\[d)ld A(lp)vig))=[D). Then
[avb) A[d)" A[t) =[1) for some t<p,g. Thus

[avbvt)c[d)“* cF<cS-M But avhe M implies te S—M as S—Mis
prime. Therefore Q=S—M is a filter. Now let xeQ. If xeF , then

[X)"“* cFcQas F isan afilter. Findly if xe Q—F . Thenagainby Lemma
3, there exists acM such that avxeF. Thus [a)"*' V[’ cFcQ.

Since ag¢Q, so0 [a)L”dQ Q. Therefore, [x)Ldld cQas Q isprime, and hence Q
isaso an a-filter. [
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