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Abstract:

In This paper the author studies the Glivenko congruence R in a
O-distributive meet semilattice. It is proved that a meet semilattice S with 0 is

O-digtributive if and only if the quotient semilattice % is digtributive. Hence S is

O-distributive if and only if (O] is the Kernel of some homomorphism of S onto a
distributive meet semilattice with O.
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| ntroduction:

J.C.Varlet [7] first introduced the concept of O-distributive lattices. Then
many authors including [1,2,3,5] studied them for lattices and semilattices. By [2],
a meet semilattice S with O is called O-distributive if for al a,b,ce S with

anb=0=aac imply and=0 for some d>b,c. A meet semi lattice S is
called directed above if for al a,be S, there exists ce S such that c>a,b. We
know that all modular and distributive semilattices have the directed above
property. Moreover, [3] have shown that every O-distributive meet semilattice is
directed above.

Let S be a meet semilattice with 0. For a non-empty subset A of S we
define A* ={xe S|xra=0 for all ac A}.Thisis clearly a down set, but we
can not prove that thisis an ideal even in adistributive meet semilattice, when A is
infinite.

By [2,3] we know that, for any ae S ,{a}* isanided if and only if Sis
O-distributive.

We define arelation R on a meet semilattice S by a=Db(R) if and only if
(a]" = (b]*". In other words, a=Db(R) is equivalent to “for each xe S, aAx=0
if andonly if bAx=0".
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We will show below that this is a congruence on the meet semilattice S. We
call it Glivenko congruence. In this paper we establish some results on this
congruence in a meet semilattice.

We start with the following result which is due to [3]. We include its proof
for the convenience of the reader.

Lemma 1. Let S be a meet-semilattice with 0. Again let A B<c S and
a,b e S then we have the followings:

(i) If AnB=(0], then Bc A"
(i) AnA" =(0],
(iii) Ac B imply that B" c A"
(iv) If a<b imply that {b}* c{a}* and {a}" < {lb}™
V) {a" n{a" = (0]
(vi) {arb} ™ ={a}" n{b}
(vii) Ac A™
(viii) A" =A"
Proof: (i) Let beB.Then anb=0foral acA,as AnB={0}. Thus

be A'. Hence Bc A*.
(ii) Let xe AnA".
= XeAand xna=0 foral ae A
= xAx=0
= x=0
(iii) Let Ac B
. AnB* cBnB" =(0]
= AnB" =(0]
So, by (i), B* c A".
(iv) Let xe{b}" Then bAax=0 for some xeS. Since a<b
1

then we have aax=0 for some xeS, which imply that xe{a}".
Hence,

{B}* c{a}".
Now let xe{a}"". Then yax=0 for all ye{a}", which implies
that yAx=0 foral ye{b}‘as {b}* c{a}* Thus xe{b}** .

Hence,

1419



JMech.Cont.& Math. Sci., Vol.-9, No.-2, January (2015) Pages 1418-1424
{a}LL g{b}ii .
(v) Let xe{a}" n{a}"". Then xe{a}" and xe{a}" which

implies that xAa=0 and xAy=0 for all ye{a}® . Thus xAx=0.
Hence

{a&" ~{a" =(0.

(vi) Let xe{a}™ n{b}™" and ye{aab}". Then we get
(yAra)Ab=0, whichimpliesthat (yaa)e{b}". Since xe{b}", we get
(xAy)na=0.

Hence xAye{a}". Since xe{a}"",weget xaye{a}". Thus
xAye{a} n{a}"™ =(0]. Hence xny=0foral ye(aab)" .Therefore
xe(aab)™. Thus{a}™ n{b} c{aAb)}".

Conversely we can write that aAnb<a, which implies by (i)
(anb)™ c{a}" . Similarly {anb}" c{b}"" . Therefore we have,

{anb}™ c{a" n{b} .

(vii) Let xe A, consider any r € A", thenwe get xAa=0 for all
ae A whichimpliesthat r Ax=0. Since xar =0 forall re A*. Thus
xe A*. Hence Ac A™.

(viii) Since by (vii) Ac A™. So by (iii) (A™)" < A*".

Hence A~ < A". Since by (vii) A" c (A")* = A", Therefore we have

AL = AL
Hence the proof is completed. [

Theorem 2. R isameet congruence on S.
Proof: It isclearly an equivalent relation.
Let a=b(R) andte S

Then (a]* =(b]", sobyusingLemmal, wehave (ant]" =(ant]™

={(@ A"}
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={ (] A}
= (bat]™" =(bat]*
Thisimplies ant=bAt(R), and so R isameet congruenceon S. [

A meet semilattice S with 0 is weakly complemented if for any pair of
distinct elements a, b of S, there exists an element ¢ digoint from one of these
elements but not from the other. In particular, if a<b, then there exists ce S
suchthat anc=0 but bAc#0.

Theorem 3. If Sisweakly complemented. Then R is an equality relation.

Proof: Suppose a,be S with a#b. Since S is weakly complemented, so there
exist xeS, aax=0 but bAx=0. This implies (a,b) ¢ R. Hence R is an
equality relation. [

Theorem 4: For any meet semilattice S. % Is also a meet semilattice. Moreover
Sisdirected aboveif and only if % is directed above.

_ S , S .
Proof: For [a],[b]eE , define [a]RA[b]R=[aADb]R. Thus R IS a meet

semilattice.

Now let a,be S. If Sisdirected above, then thereexists d > a,b.

Now, [a]RA[d]R=[ard]R=[a]R and [b]JRA[d]R=[bA d]R=[b]R

Implies [d]R >[a]R,[b]R. Thus, % is aso directed above.
Conversely suppose % isdirected above. Let a,be S

Then [a],[b] € % Since % isdirected above, so there exists C e%

such that C >[a]R, [b]R. Then thereexists d € C,
suchthat [d]=C and d > a,b. So Sisdirected above. [

A meet semilattice Sis called a distributive semilattice if w>anab implies
that thereexist x>a, y>b in S such that w=xAYy.
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Following result gives some characterizations of distributive meet
semilattices which are due to [4, Theorem 1.1.6], also see[6].

Lemma 5: For a meet semilattice S, the following conditions are equivalent.
)] Sisdistributive.

i) w>anb implies that there exists ye S such that y>b, y>w and
yAa=aAWw.

iii) anb=bac implies that there exists ye S such that y>b, y>c and
yrna=ancC. U

Theorem 6: For any meet semilattice S, the quotient meet semilattice % isweakly

complemented. Furthermore, SisO-distributiveif and only if % isdistributive.

Proof: First part: For any meet semilattice S, when A<B in % thereexistsain A
and b in B such that a< b, and by the definition of R, there is an element ¢ such that

cara=0 and cAab=0. Since the minimum class of % has the only element O,

the class C of c satisfies AAC =[0] and C A B #[0]. Therefore, % is weakly

complemented.

For second part: Let S be O-distributive. Suppose B> AAC in % So there exists

beB, acA, ceC such that b>aac and B=[b]JR,A=[a]R, C=[c]R.
Suppose arbAax=0. Then ancax=0. Since S is O-distributive, so there
exists d >h,c such that andAx=0. On the other hand, for any d>b,c,

andAax=0 implies andAaxab=aabax=0. Therefore, arb=anx d(R)
for some d>b,c. In other wordss AAB=AAD where D=[d]>B,C.

Therefore by [4, Theorem 1.1.6 (ii)], % isdistributive.

Conversdly, suppose % is distributive. Let a,b,ceS with

anb=anac=0. Then [a] A[b] =[a] A[c] =[0]R. Since [0] contains only the
gement 0, so AAB=AAC=0, whee A=[a], B=[b], C=[c]. Then

B> AAC. Since% is distributive, so B=A AC, for some A >A, C >C.
Moreover, B=A AC, implies C,>B. Thus 0=AAB=AAA AC=AAC, .
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Now C,>B,C implies C, =[d]R for some d >b,c. Therefore, and =0 for
some d > b,c and so SisO-distributive. [

We conclude the paper with the following result.

Theorem 7: Let S be a meet semilattice. Then the following conditions are
equivalent

0] SisO-distributive.
(i) (0] isthe kernel of some homomorphism of S onto a distributive semilattice
with 0.

(iii) (0] isthe kernel of a homomaorphism of S onto a O-distributive semilattice.

Proof: (i) = (ii). Suppose S is O-distributive. Then by Theorem 1, the binary
relation R defined by x=y(R) iff (x]° =(y]" isacongruence on S. Moreover

by Theorem 5, % is a distributive meet semilattice. Clearly the map a — [a]R is

a homomorphism. Now let a=0(R). Then Ona=0 implies a=aAa=0. Here
[O]R containsonly O of S. That is, (0] is acomplete congruence class modulo R.

(i) = (iii) isobvious as every distributive semilattice with 0 is O-distributive.

(iii) = (i). Let g be a congruence on S for which (0] is the zero element of the

O-distributive  semilattice  S/q . Then xaAy=0=xaz imply
[Xla Alyla =[x yla =[x Z]q =[x]a A[Z]q . Thus,
S

[XIgAlyla =] =[X]g A[z]g. Hence by the O-distributivity of a

[X]g A[d]g = (0], for some [d]g >[Vy]q.[z]lg . This implies xAd e (0] and so
xAnd=0,where d>y,z . Therefore, Sis O-distributive. [
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