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Abstract

This paper is concerned with the flow of two immiscible visco-elastic fluids
through a rectangular channel. The flow takes place due to a time-variant pressure
gradient which is transient in character. The visco-elastic fluids are of Oldroyd type. In
finding solutions of the problem variable separation technique appropriate to the
boundary conditions and pressure gradient is applied. In the bulk of the paper, some
interesting results such as interface velocity, flux, skin-friction and mean velocity are
presented.

1. Introduction

Bagchi [1] investigated the flow of two immiscible visco-elastic Maxwell fluids
between two plates when the upper plate is moving with atransient velocity and the
lower one remains fixed. The flow of two immiscible viscous fluids between two fixed
plates was investigated by Kapur and Sukhla[2]. The problem of periodic flow of two
immiscible conducting fluids between two parallel platesin presence of uniform
magnetic field has been studied by Das [3]. Sengupta and Ray Mahapatra [4] have
investigated the flow of two immiscible visco-elastic Maxwell fluids through a
rectangular channel when atransient pressure gradient is applied to both the fluids.

In the present paper the authors have made an attempt to investigate the flow of
two immiscible visco-€élastic fluids through a rectangular channel. The visco-elastic fluids
are of Oldroyd [5] type. The flow takes place due to atransient pressure gradient. The
analytical expressions for velocity components, interface velocity, flux, skin friction and
mean velocity have been derived.

2. Basic Equations and Formulation of the Problem
For slow motion, the equation of state relating to the stress tensor ;. and the rate
of strain tensor &, for visco-elastic fluid of Oldroyd type are of the form

by = THYp T !_:'k ! (1)
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e =5 (Vew T 003 3
where 1/, isthe part of the stress-tensor associated with the change of shape of the
material element, @ an arbitrary isotropic pressure, g,; the metric tensor, w (>0) the
coefficient of viscosity and v, the velocity vector; Aand 1" ( 4> A'>0) are the stress
relaxation time and rate of strain retardation time respectively.

Let us consider arectangular cartesian co-ordinate system in which thewalls of
channel arethe planes .« = +a and v = =b . We choose z-axis on the interface of the fluids
and in the direction of motion of both the fluids, the x-axis perpendicular to the interface
drawn into the upper fluid and the y-axisin the plane of the interface. Let gy, w4, 4, , 4}
respectively be the density, viscosity, relaxation time and retardation time of the lower fluid
and p,, u,, 45, 45 those of the upper fluid. Let each of the fluids occupiesaheight ‘a ‘.
We suppose that atime-variant transient pressure gradient —g, &~ is applied to both the
fluids. The components of velocity of the lower fluid are {0, 0, w4 (x, ¥, #)} and those of the
upper fluid are {0, U, wy (x, v, t) .

The equations of motion can be written, with the help of (1), (2) and (3), as
(1+2,2) 2 =2(1+2,2) 2+ (1+2 ijfﬁ-i-*—r-v—-ﬁ (i=1,2) 4)

ot B ax=

L

where #, == isthekinematical coefficient of viscosity.

H

3. Solution of the Problem

We assume the solution of (4) as

W, = U; CUNTILY T 5)

where w, isafunction of x alone.
The boundary conditions of the lower fluid are

u, =0 when x=-aq,-b<y=h
u;=1ug when x=0,—-b<y<b } (6)
w; =0 when y=1b,—-a<x<a

The boundary conditions of the upper fluid are
u; =0 when a=u—b=<y=<b
uU; =ug when a=0,—b<y=<bh } @)
w, =0 when y=+b—-u<a=Su
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Now, the assumed solution (5) will satisfy the last boundary conditions of (6) and (7)
provided that cesmb = U and hence we get

m=(2n+ 1]% 8)

Therefore, we may take the possible solution of (4) in the form
w, = 2= u,(x) vosmy e R (9

where mt is given by (8).

We suppose that
1dp _

——=—pe ¥, >0 (10)

vtz
Then using (9) and (10) we get from (4)

gyi A;B)
wil1=218)

¥ s Bli-478)

oo L - oC £ 1
Y —lousmy — Y . {m* — S— CUSTRY
n=l gu J !.-E[ 5__,_1__,_[..5;]}

=u (11)

_ﬁ‘

We now express - asaFourier seriesiny intheinterva —& = v < band

equate the coefficients of cuswmy to zero. Then the values of u; can be obtained from

—Eui—i-{ﬁ‘n]i=i}, (12)

d:u[
dx*

3 ) - - Il— 'I'L._ . _AI
where ff:=[m"—f—1—"+g—]a~ and (B,),=-—2 “zall-4)

8 (1-4; 8} (Zn+imp1=-48)
Therefore, the solution of (12), with the boundary condition (6), for the lower fluid is
obtained as

4 (1) = (Znt g, i (1= 208 for —uszx<h (19)

nnkk, ARAL;

1' .F’[E-'--_- ) rl.r..?:k.'!l-r 1'1"'-'-" o -r{|, ‘—;I
—_ +u 0

Again, the solution of (12), with the boundary condition (7), for the upper fluid is
found out as

ksG] for i< 2 < (14)
(In g ii{1-L8) sinh k, for0szzu

i i = Eax S

. N ':_1:‘5- 4_1,:5._*,'1__‘;_:_'2?. J':nh-'-::l_i-'Ej-r:.-'.".-“; oty £ “
u,(x) = - 1-—- T ug :

= Ak,

Therefore, from (9), (13) and (14) we finally get the velocity components as

X R
[=1)® -i-_.-.-l-:i.‘.::l-?'.. ) ::nj‘.i:._l_li.'-"l'-ﬂﬂi'l.-:-l EIRAR, |1+- -
— [ = [i— - : J fu——2 LLs[’?w—i]— g

(in+Umu, k2 (1-21 5 sinhir, LTS

for —u<x<0 (15)
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and
' kj
(149 2% (1-1L0) 3|.~.?:i;,|1-;,-:m.r.-i- sink K I1-‘I )
wy=Er l—— B ,‘.'EI 11— ’wl—;hi w_,l:"-‘n-'-_!:l— g5
= ':ﬂfi_'.‘r';.i;h:[l“'-h.ﬂ sithi, J tinkiy
for0<x<u (16)

4. Deter mination of Interface Velocity, Flux and Skin Friction on the Walls
(a)1nterface Velocity

Using the condition that the tangentia stressis continuous at the interface for both
thefluids, i.e.

,1,1.&'1cu 1_.1..£If.|.a
Pyl ﬂl‘l:'l; — k. .;ubm_nyzﬂ :{ .l ﬂ'#t:ﬁi J‘E-'_Ij_ Lu.’-:'m‘r]xzu
we get from (13) and (14)
" 2 .’1—1 i[‘r:m?—- .
g (=1)" 2ppa®| *2" 2 | ws(2n+ 1)
o=t ptim | Tay | T . ws(2n +1)75
2 &
wy = _ — —
Ex:n[ﬂiﬂ—ﬂlﬂd{_r k +M uthk* cus2n _|.-]]”|"
n (1-4,68) (1—/,8] Zb
1 24, a7
(b) Elux
If @ bethetota flux, then
Q=0,+Q, = _l['fb fﬂ wy dxdy + _]'fb j': w; dxdy (18)
From (15), (16) and (18) we obtain
K ] —_— K
Q—=y= 16pga’bl1-2, B) 1— fiﬂh‘; T (-1} ..m_bu,: _t:rﬂﬁ-:‘ Bt
=0 | (2n+1)2 22, k2(1-218) 1/ Zn+1)m 4/
- 16p,a% b(1-1,8) _fﬂuht;; ;{—:Lj".zabu.: .h:lril’t%i E_nb't (19)
=V (0 412 n2p.k2(1-258) *a/, (n+1)r =~ R2f, |
(c) Skin Friction
The skin friction onthewall x = —u isfound out as
pll-1 1)™2 4ppa{l - 4 k k
(== :]1 ALF?J Zlnlm-umpiu:l-;ﬁ i l+u:r[1h]‘ ]w:"ﬁ' +l'.;_;
i 1M1 1 = (20)
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The skinfrictiononthewall x = u isobtained as

1':. — ‘:.'H -L' Pz .E“]. L1l = Aal K- ks 0y
(")poa =P 4P ’I-P]a‘#’:z VR gl =400 banhe 4 | {20+ 1)
(1-4:8 i | (20 + LAk (1 = A56) Z asinhk;, 2h
meL ) (21)
Thetotal skinfrictiononthewall v =his
{:T}.'r:l'-'-' = {.T )_'I-':b+ [T )_'I- =}
r 5 f o 1 iy 2 o . EN o ¢ 8
io.E" f sinkky| 1= | =gt FirA k) | == i it}
_.E?_{Ti'_' g - Sy ) 3 (4 g )
. b K sk k3 FimA K] .-'j a
:E::‘G r { : PN . " ey f X £ (22)
= . [--1_-‘-,-’_2-:—1;3-: pal1—-Al @) mmnyl i) +_;._:.-1_.;_:3| :;nt:_l,_l:; ]
Eos ih (=48}~ rimhig (1=%3) °  Eighis J
We can obtain the skin friction on thewall ¥ = —& from (22) on replacing & by - &.
The mean velocity of the fluids through the rectangular channel is % , Where @
isgiven by (19).

5. Conclusion

It follows from the above analytical results that the velocity profile of afluid
particle and the other important results are transient in character and therefore die out
after along interval of time from the start of the motion.
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