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Abstract

In this article, we consider the space-time fractional coupled modified
Korteweg-de-Vries (mKdV) equations and the space-time fractional coupled
Whitham-Broer-Kaup (WBK) equations which are important mathematical model to
depict the propagation of wave in shallow water under gravity, combined formal
solitary wave, internal solitary waves in a density and current stratified shear flow
with a free surface, ion acoustic waves in plasma, turbulent motion, quantum
mechanics and also in financial mathematics. We examine new, useful and further
general exact wave solutions to the above mentioned space-time fractional equations
by means of the generalized (G'/G)-expansion method by using of fractional
complex transformation and discuss the examined results with other method. This
method is more general, powerful, convenient and direct and can be used to establish
new solutions for other kind nonlinear fractional differential equations arising in
mathematical physics.

Keywords: Coupled mKdV equations; coupled WBK equation; nonlinear evolution
equations; fractional differential equations.

I. Introduction

Nonlinear fractional differential equations (FNLDES) are generalizations of
classical differential equations with integer orders. Now-a-days, FNLDEs in
mathematical physics perform an important role in different fields, as for instance,
physics, signal processing, control theory, fractal dynamics, medicine, polymer
rheology, aerodynamics, hydrology, pharmacy, material science, the modeling of
earthquake, electricity, optical fibers, chemical kinematics, biology and so on. The
fractional order models are more useful than integer order models in many cases of
above fields. Therefore, obtaining exact solution to the fractional differential
equations is an important task. Recently nonlinear fractional differential equations
have been concerned much importance and it has gained reputation to the researchers.

Jumarie’s modified Riemann-Liouville [XIX] derivative and Caputo [IX] derivative
of definitions of fractional derivative are in common. Exact solutions of NFDEs are
very much significant to identify the internal structure of intricate tangible events.
Hence, for this demand some useful and effective methods have been created and
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enhanced for determining exact solution to the fractional evolution equations, for
instance, the modified simple equation method (MSE) [XXI, XXXIV], the (G'/G)-

expansion method [I, Il, VI, XXXIII], the differential transformation method
[XXVII], the finite element method [X], the exp-function method [XXXVI], the
fractional sub-equation method [XXIX], the Adomin’s decomposition method [XII],
the Jacobi elliptic method [XXXVII], the variational iteration method [XVIII], the
modified trial equation method [VIII], the fractional Riccati equation transformation
method [XXI1], the homotopy analysis method [V], the modified Kudryashov method
[X1], the first integral method [XXI11, XXXII], the tanh-function method [XV1l], etc.

In current literature, the space-time fractional coupled mKdV equations [XXIV,
XXVIII ] and the space-time fractional WBK equations are examined through the
extended fractional sub-equation method [XXXI], the modified extended tanh-
function method [IV, XXXV], the modified Kudryashov method [XXV], the
variational iteration method [XXVI], the homotopy analysis method [XIV, XX], the
exp-function method [VII, XIII], the Riccati equation transform method [XXX], the
Adomin’s decomposition method [III], and etc. So far of our knowledge the space-
time fractional coupled mKdV equations and the space-time fractional coupled WBK
equations have not been investigated by using the generalized (G'/G )-expansion

method.

Therefore, our aim is to establish the further general and new exact wave solutions of
the space-time fractional coupled mKdV equations and the space-time fractional
coupled WBK equations by using the generalized (G'/G )-expansion method and
provide the physical explanation of the obtained solutions for its definite values in
graphically to analyze for both the evolution equations. The generalized (G'/G)-
expansion method is more powerful, efficient, and rising method to determine new
wave solutions to the FNLDEs. Its finding results are easy, more general, potential,
useful, and no need to use the symbolic computation software to operate the algebraic
equations.

The rest of the article is executed as follows: In section 2, we describe the Jumarie’s
modified Riemann-Liouville derivative. In section 3, we explain the outline of the
generalized (G'/G )-expansion method. In section 4, we search the new and further
general solutions to the fractional evolution equations which are mentioned above. In
section 5, we argue the results and discussion and in section 6, we represent our
conclusions.

I1. Modified Riemann-Liouville Derivative

The Jumarie’s modified Riemann-Liouville derivative of order ¢ is defined as
follows [XIX]:



J.Mech.Cont.& Math. Sci., Vol.-13, No.-2, May-June (2018) Pages 1-23

ol =97 w(®) - w(0)dt, a <0,
D2u(x) = r(f_ﬁ} = M- () - u(0)d, 0<a<l, 2.1)
[u':‘t' ) (xﬂl:n}, nsa<n+lnzl

Some properties for the proposed modified Riemann-Liouville derivative are listed as
follows:

y — fy+1) g

DZx¥ = i) , ¥=0, (2.2)
Dg [u [x:]w[x:]) = w(x)DIul(x) +u(x)DEw(x), (2.3)

Diu[w(x)] = u, [w(x)]1D7w(x), (2.4)
DZu[w(x)] = DEu[w(x)](w'(x))", (2.5)

Remark 2.1: We will derive effective way for solving fractional partial differential
equations using above formulae. In the above formulae (2.2)-(2.5), (2.2) is non-
differentiable function and the function u(x) is non-differentiable in (2.3) and (2.4)
and differentiable in (2.5), also w(x) is non-differentiable in (2.4), and w(w) is

differentiable in (2.4) but non-differentiable in (2.5). In this article, we apply
formulae (2.3) and (2.5) to examine the solutions of mentioned fractional differential
equations base on the generalized (G'/G )-expansion method. The above thoughts

exposed that the use of the generalized (G'/G)-expansion method allow us to

examine new exact close form solutions from the known seed solutions. To convert
NFDEs into its differential partner easily, He et al. introduced the fractional complex
transform in [ XV, XVI].

Hence, above formulae take part an important role in fractional calculus and also
fractional differential equations.

I11. Delineation of the Method
We consider a general nonlinear fractional differential equation in the form:

H[u,Dfu, Dfu, D:{fu, Diu,D*u, Di"gu, }, (3.1)

where w = u(x,v,z,t) is an unidentified function, H is a polynomial in
ul(x,y, z,t) and its fractional derivatives, which include the highest order derivative
and nonlinear terms of the highest order wherein @, 5, ¥, £ are non-integer and the

subscripts denote the partial derivatives. To obtain the solution of Eq. (3.1) by using
the generalized (G'/G )-expansion method, we have to execute the subsequent steps:
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Step 1: We consider the following traveling wave variable

_ _ max® ny? 1=f ke
ulx,y zt) =ulf), £ = r(1+s)  r{i+y)  T(1+8) + r(1+a)’ (32)
for real fractional differential equations and

ulxy,zt) = (e,

- « » # et® _omat ny! i
{=k (r(1+a} ¥ r1+y) ¥ ri+f) r(1+cz}] M= T r14y) T r(1+f)

wtt
rit+a)’ (33)

for complex fractional differential equations, permits us to transform the Eqg.
(3.1) into the following ordinary differential equation (ODE):
Q(u,u',u",..) =0, (3.4)

where @ is a polynomial in w(&) and its derivatives, wherein u' (&) = :—; .

Step 2: According to the possibility of Eqg. (3.4) can be integrated term by
term one or more times, yields constant(s) of integration. The integral constant
may be zero for simplicity.

Step 3: We assume that the traveling wave solution of Eq. (3.4) can be written
in the form:

u($) =Xoa;(h+ M) + XL, b(h+ M) (3.5)
where either a, or by, may be zero, but both a,; and b,, cannot be zero at a

time, a;,(i=0,1,2..N) and b,,(i=1,2,.. N) and d are arbitary
constants to be evaluated and M (&) is given by

M({) = (G'/G) (3.6)
where G = G(&) satisfies the following auxiliary nonlinear ordinary
differential equation: PGG" — QGG' — EG* — R(G")* =0 (3.7)

where the prime stands for derivative with respect to &; P, @, R and E are real
parameters.

Step 4: The positive integer N arises in Eq. (3.5) can be determined by
homogeneous balancing the highest order nonlinear terms and the derivatives
of highest order occur in Eq. (3.4).

Step 5: Inserting Egs. (3.5), (3.6) and (3.7) into Eq. (3.4) with the value of N
obtained in Step 4, we attain polynomials in (h+ M)¥ (N=10,1,2,..) and
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(h+ M)™ (N=1,2,3,..). Then, we collect each coefficient of the resulted
polynomials to zero gives a set of algebraic equations for a;, (i = 0,1, 2, ... ),
b(i=1,2,3..),dand k.

Step 6: Suppose that the value of the constantsa,(i=0,1,2,..),
b(i=1,2,3..), d and k can be found by solving the algebraic equations

obtained in Step 5. Since the general solution of equation (3.7) is well known
to us, putting the values of a;, (i =0,1,2,...), b,(i =1,2,3...), d and k into
Eq. (3.5), we attain more general type and new exact travelling wave solutions
of the nonlinear fractional differential Eq. (3.1).

Using the general solution of Eq. (3.7), we attain the following solutions of
Eq. (3.6):
Family 1: When Q # 0,4y =P —Rand 2 = Q* + 4E(P—R) = 0,
. T TE
+T Ty sink (E f}+ rocosh (E f}

— X : (3.8)

gl rycosh (g é"}+ rpsinh (g é’}

M) =(6'/6) =55+

-
.

b

Family 2: When Q £ 0,y =P —Rand 2= @Q* +4E(P—R) < 0,

N — Ty SiN (% f}+rzcos|:§ f}
M(&) =(6'/6) == +""x (3.9)
Zah 24 r‘._cpslig $}+?"13E'?‘2|I-§ é"}
Family 3: When @ # 0,y =P —Rand 0 = @Q* + 4E(P — R) =0,
= 'l = Q ?ﬂz
M) =(6'/6) =35+ (3.10)
Family 4: When @ =0, =P —Rand A=y E =0,
VK VK
I r._sinh(— §}+r'zcﬂsh|1—§:}
M(&) = (6'/6) == x 1 L 3.11
({] [ :] W r._coshli%é"}+rzsinh[% -}’} ( )
Family 5: When @ =0,y =P —Rand A=y E <0,
=% "=
By — & Hrgoos|—#§
M(§) = (G6'/G) = f X 7) =) (3.12)

o SR 2)

IV. Formulation of the solutions

In this section, we evaluate the new, useful and further general effective
solutions to the space-time fractional coupled mKdV equations and the space-
time fractional coupled WBK equations.
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IV.I: The coupled mKdV equations

In this sub-section, we determine some useful close form traveling wave
solutions to the space-time fractional coupled mKdV equations by making use
of the generalized G'/G-expansion method. Let us suppose the space-time

fractional coupled mKdV equations of the form:
D%w —=D¥w + 3 w2DEw — D%y — 3 D¥(w ¢)+ 3 ADw = 0

DEG+ D w430 DE¢+ 3 Dfw DEd — 3w?DEp — 31D2¢p = 0 (4.1.1)
where a is fractional order derivative and A are arbitrary constant.
The coupled mKdV equations are mathematical equations that describe as
mathematical model of motion in shallow water wave under gravity and wave
propagation with different dispersion relations, ion acoustic waves in plasma,
hydrodynamics, turbulent motion, quantum mechanics and also in financial
mathematics. The travelling transformation (3.2) is used to convert the
equation (4.1.1) into the following nonlinear ODE:

2kw' — miPw' + emwiw' — 3m*w" — émow’ — 6me'w + 6miw’ =0

k¢' + mPw'" +3mgpg’ +3mw'ed’ — 3mwi¢d' —3migp' =0 (4.1.2)
Now, balancing the linear term of the highest order derivative term and the
nonlinear term of the highest order occurring in (4.1.2), yields N, = N, =1,
Then the solution of Eq. (4.1.2) is of the form:

w=b,(h+ M) +a,+a,(h+M)
& =ey(h+M)* + ¢+ e (h+ M) (4.1.3)

where a,.a,.b;,cq c; and e, are arbitrary constants to be determined, such
that either a, or b; may be zero, but both a, and &, cannot be zero at a time
and also either c¢; or e;may be zero, but both ¢; and e, cannot be zero at a
time.

Inserting Eq. (4.1.3) together with Egs. (3.6) and (3.7) into Eq. (4.1.2), the left
hand side is converted into polynomials in (h+ M)¥ (N=0,12,..) and
(h+M)™ (N=1,23, ..). We collect each coefficient of these resulted

polynomials and setting them zero yields a set of simultaneous algebraic
equations (for simplicity the equations are not present here) for
ag ,aqy,by, ¢ 0,84, b k. Solving these algebraic equations with the help of
symbolic computation software, such as, Maple, we obtain the following 02
(two) sets of solutions:
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Set-1:
= P+m(;;z¢+@3"a1 = 0,b, = - m[h"nb;ho—EJ’cD _ 2PA+m$h¢+Q}’e1 _ _m[h";b;h@—sj

and

&, =0,k = m[”hif‘“@z:'} (4.1.4)
Set-2:

ag = P—m':;;zz,bhzl}’al _ n%b!

by =0,¢c,= —ZPd—mz'iihr.bw}’Cl = n%b,el =0
and

g = mFmamemEy) (4.1.5)

4 p?
where{ =P — R, P,Q,R,E and h are free parameters.

For simplicity we have discussed only on the solutions Set-1 of the mentioned
equations is arranged in Eq. (4.1.4) as follows and other sets of solutions are
omitted here.

When @ # 0, =P — Rand 0 = Q* + 4E(P — R) = 0, substituting the
values of the constants arranged in Eq. (4.1.4) into Eq. (4.1.3) and simplifying,

we attained the travelling wave solutions
-1

T1 Uy
Pimi2hii+Q) mI:hza,HhQ—EJ 0 o smh[E :}'}+rzcosh[ ] f}
= — h+—= .
w(?) 2P ) ( * 2y % W, cogh(g §)+rzsmh( g%) (4.1.6)
1 I,y L
wi+m(2ng+q)  m{nY+ho-E) ﬁ ”"”*(55)”’5“””‘(@”
= - h — .
$() 2» f) ( +4b t W, cpgh(gf}mmh[ k:f} (4.1.7)
where
Lf'- — mx® ke

ri1+s)  Cil+al’

Since r; and 7, are integral constants, so we might choose arbitrarily their
values. If we pick r;, = 0but », # 0, then the solutions (4.1.6) and (4.1.7) is
simplified as
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-1

wyn,) =

P+m2hy + Q) mlk*y+hQ - E) ¢ Vo o/ mx kt®
T Aot ¢C”*h(9p(r(1+.e]+r(1+ajn

-1

o, (x.t) =

7Pﬂ+m(7h¢.+l?] (h’¢+ho—.€]( ¢ o (m(mxf kt® ]])

2P P TR T+o Ta+a

Again if we pick =, = 0 butr, # 0, then the solutions (4.1.6) and (4.1.7) is
simplified as

-1

wyle. ) =

P+m(hy +Q) mly+hQ -E) Q ﬁ Vo mat kt”
2P - P i3 ( ((1-|-£J+(1-|-rz]”

¢y lxt) =

2P B P bt ™ \TaTs T Tata

2P+ m(2hy + ) m(h’:whq_ﬂ( Ly (‘*“( o - )j)L
Wy :

When @ # 0, =P —Rand & = @Q* +4E(P — R) < 0, inserting the values
of the constants arranged in Eq. (4.1.4) into Eq. (4.1.3) and if we choose
r; = 0 butr, # 0 and simplifying, we obtained the travelling wave solutions

as

-1
PmQyp+Q) miPy+hg-E)[ Q -0 (V-0 mxf kt®
walnt) = ————- P (“EU—;L-M( (F(1+EJ+F(1+a)”)
-1
_PL+mhy +Q) milp+hQ-E)[ Q VR (V-0 ms kt®
bt =~ (“EJFEC“(?P (l"(1+5]+1"(1+a]] ))

Again if we pick », = 0 butr, # 0, then we obtained the travelling wave
solutions as

. -1
) = P+m(7ht,f.+l?] (h‘¢+h@—5]<h+£_ﬂm(w— ( ma ' kt ]]))

2P P Ml4e Tl4a

¢4(Xa t) =

, -1
2P1+mQhy + Q) mlkPy +hQ - E) . Q0 J-0 [J-n ( mxt kt® )
2P - P "%
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When @ # 0,4 =P — R and 0 = Q% + 4E(P — R) = 0, inserting the values
of the constants arranged in Eq. (4.1.4) into Eq. (4.1.3) and if we pick r; = 0
but r, = 0 and simplifying, we obtained the travelling wave solutions as

-1

ws(x, 1) =

P+mhy+0Q) mly+hQ-E)[ ¢ mxt kt* 7
2P - P +2_¢+(F(1-I-s]+l"(1+rx]]

-1

C2Ph+mlhy +Q) mlfy+hQ-E)( Q@ [ mxf kt* 7
bsx.t) = 2P - 3 ( +2_¢+(F(1+sj +F(1+al) )

But if we pick =, = 0 butr; = 0, then we attained trivial solution, which is
not recorded here.

When @ =0,y =P—R and A=4¢ E =0, inserting the values of the
constants arranged in Eqg. (4.1.4) into Eqg. (4.1.3) and if we pick r; =0
but r, = 0 and simplifying, we obtained the travelling wave solutions as

- -1

il :P+m(2h¢: +QJ_m(fr¢+ hQ_E](Ml—_ﬂmrh(w( mxs kt )))

2P P P F(1+SJ+F(1-|-aJ

. -1
PL+mhy £Q) mPp+hQ-E)) & [VA[ mxf kt®
T (“?‘“h (? (ru T Tas al]))

¢5(.r, t) =

Again if we pick », = 0 butr, # 0, then we obtained the travelling wave
solutions as

o) = P+mQhy +Q) B m(h*y + hQ - E) (h R %tm (vﬁu ( mx kt ]))

-1

2P P P F(1+EJ+F(1+cx]

.. = 2P% +m(2hy + Q) B m(h*y +hQ - E) (h R *;_.ﬂmh (*\-‘.ﬂ (r mx kt )))

2P P F\asa Tt

When @ =0, =P—R and A=y E <0, inserting the values of the
constants arranged in Eqg. (4.1.4) into Eqg. (4.1.3) and if we pick r;, =0
but , = 0 and simplifying, we obtained the travelling wave solutions as
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-1
il ) = P+m(2hy + Q) _m(h~¢+ hQ — E) (HEM(E ( mx kt ]))

2P P ¥ P F(1+E]+F(1-I-a]

. -1
_PA+mQhy +Q) mily+hQ-E)[  Y-A [V-A [ mx kt®
balrit] = 2P B P (H?m( (F(1+ 2) +F(1+a])))

P

Again if we pick =, = 0 but, # 0, then we obtained the travelling wave
solutions as

CPmhy+Q) m(y+hQ-E) WD (V=R maf kt®
wlnt) = P (h'_m( (F(1+EJ+F(1+a))))

-1

. -1
_PA4mhy +Q) my+hQ-E)|  W=A (V-A [ omat kt"
0slut) = ——p——— (h_?mﬂ(T(F(1+SJ+F(1+a]]))

Where

m [3 PE—m®(4Ey +Q"']|_}
4 p )

It is remarkable to see that the traveling wave solutions w; —wg, and ¢4, — &g

of the space-time fractional coupled mKdV equations are fresh and further
more general and have not been familiar in the previous solutions. Obtained
solutions occur to be convenient to search the demandable mathematical
model of motion in shallow water wave under gravity and wave propagation,
optics and ion acoustic waves in plasma, model of the fractional fluid
mechanics system, model of wave particle duality is noteworthy, model of
turbulent motion and also in financial mathematics.

IV.Il:  The Whitham-Broer-Kaup equations

In this sub-section, we evaluate some appropriate close form traveling wave
solutions to the space-time fractional coupled Whitham-Broer-Kaup (WBK)
equations by making use of the generalized G'/G-expansion method. Let us

consider the space-time fractional coupled WBK equations of the form:
Dfu+ uDZfu+ Div+ BDEDSu=0

Dfv+ Df(uv)— B DEDFv+yDIDEDu=0; 0<a £1, (4.2.1)

10
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where « are fractional order derivative and [ and ¥ are arbitrary constants
and also S and y are stand for in different diffusion powers. The WBK

equations are mathematical equations that describe the propagation of shallow
water waves with different dispersion relations, internal solitary waves in a
density and current stratified shear flow with a free surface, ion acoustic
waves in plasma, turbulent motion and also in financial mathematics. The
traveling transformation (3.2) is used to convert the equation (4.2.1) into the
following nonlinear ODE:

ku'+muu + mov' +fmPu" =0
kv'+muv' + mvu —fmPv" +ymiu" =0 (4.2.2)
Now, balancing the linear term of the highest order derivative term and the

nonlinear term of the highest order occurring in (4.2.2), yields N, =1 and
N, = 2. Then the solution of Eq. (4.2.2) is the form:

u=b(h+M)+a,+a,(h+M)

v=e,(h+ M) +e(h+ M) 4y +ey(h+M)+c,(h+ M) (4.2.3)

where ag,ay, by, cq, €4, 65,84 and e, are arbitrary constants to be determined,
such that either a; or b; may be zero, but both @, and b,cannot be zero at a
time and also either ¢, or e;may be zero, but both ¢, and e, cannot be zero at
a time.

Inserting Eq. (4.2.3) together with Egs. (3.6) and (3.7) into Eq. (4.2.2), the left
hand side is converted into polynomials in (h+ M)¥ (N=0,1,2,..) and
(h+M)™ (N=123,..). We collect each coefficient of these resulted

polynomials and setting them zero yields a set of simultaneous algebraic
equations (for simplicity the equations are not present here) for
ag . aq,by, ¢ 04, 04,84, 85,0, k. Solving these algebraic equations with the help
of symbolic computation software, such as, Maple, we obtain the following 04
(four) sets of solutions.

Set-1.

_ +mlLé =Y m*¥ _ m*YiX-2PR)

R _— - .

i pt

m* 8Z(Zhd+0)
1 pt

= —(ma, + D) (45 4)

11
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Set-2.
ay=ay, by =0,e,=0,h =he, =0, k =— (a3 T22*2)
_ o miy
ay =E—, 6=
- j—:[(izﬁf. —hL?) (X — 2PR) + ¢QY),c, = j—:}’[x — 2PR),
6 = _% Z—UEX ~4PR) +hQ(w - R) - w(ﬂ + BL(hQ + E])i PLR*(2PR - X]) (4.2.5)
Set-3.
ﬂ-l} = ﬂrl}’
a,=0h=h,c,=0,¢c,=0, k= —(aﬁinﬁﬂi—r‘b@), by, = im;'E,
o= (L s picy)
6= ?T(iﬁth (X - 2PR) —%9],91 = j—z(hﬂxfﬁ +26) + 12Qh%y - 2hEZ +
Y(Q(Qh-E) - 4Ph3RJ)
(4.2.6)
Set-4.
= 20’ = —Mdg,, Ay = dg,Cy 184 y iy L0
mlL (Q+4Ed) m*¥
b=t =" (X — 2PR),
o= T (4EY(EL + B + B(1+ ) - 20) £ B7L (24 (2871 - 3))
= o (Lf (459(213 - ¥) - ¢ [zaw— %)) 1 8BEL(2X +1 — 4PR) + L,GB“) (4.2.7)
where

L=2y+p%X=P +R?
W=P—RO=hY+hQ—Ew=2h(X—2PR)+ Qv

V= (iﬁL - L—)Z = {iﬁf— + L—] and a,, P, @, R, E, L, h are free parameters.

12
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For simplicity we have discussed on the solution Set-1 of the mentioned
equation, arranged by Eq. (4.2.4) as follows and other sets of solutions are
omitted here.

When @ # 0,9 =P —Rand 1 = Q* +4E(P — R) = 0, inserting the values

of the constants arranged in Eq. (4.2.4) into Eq. (4.2.3) and simplifying, we
obtained the travelling wave solutions

g, -1

i N i’i.?li"l"|—' I+r rmrl—p : i risn"r'l.—F J+12 msrl—F :
u(fJ—aD+”(h+ y o ,f\ - h+¢-+ ~ ;1 (4.2.8)

1 W
o rimsr'l ’I+r SLi"I"|— £ w rlmsrl— 412 str'rl— £

'u‘:ll

=1l

F 1 F 1 F 1 :
wmly T muﬂr‘lT |41, msr'l; 3| mrlE-20 m rismr'l—P I+rrnm"|—P )
F(f]:——,(.’l-l-%-l-\— F\ + :r h-l-%-l— 1_—;.\ +
" ¢

51 \ n
oW rimsr'l—’l+rsw| oW rimsr'l—P I+rsmr‘|

-u

(B ). rocosi (i) - (B ot 2]\
28 (kg2 ¢ m rislr'r'l w JI+rmsr'| i et ¢ 0 rislr'rl Tl +rmsr'| il
) Ta

N =t ———

nl n f W
F Wy rimsr'l\—F JI+r.s=u"r'| o rﬂ”"'? |+”“"'|
where

é: E kra
rii+s)  rii+al’

Since =, and m, are integral constants, so we might choose arbitrarily their
values. If we pick r; = 0 butr, # 0, then the solutions (4.2.8) and (4.2.9) is
simplified as

-1

mFLE'(h+:%+:—Ecuth{g f)]
wm’¥ Q o Va m*¥(¥ — 2PR) Q o va

v, (Fl=— = h+2_¢+2_¢cuth(§"r] +T h+2—¢+2—¢cuth(§f]

m?6(2hy + Q)Z ¢ va /¥ m262Z 0 Y& A\
+—P: h+—¢+—¢cuth(— .E) 1 h+2—¢+2—¢cuth(§ .E)

Again if we pick =, = 0 but =y # 0, then the solutions (4.2.8) and (4.2.9) is
simplified as

B wlm Qg o Va m L8 Q o Vo
u:':-f]—aniT h+2—¢+2—¢mﬂh(§f) t— h+2—¢+2—¢mﬂh(§f)

u, (F) = a, i%(h+%+%cuth(g E)]i

-1
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_ wm'¥ Q o Vi m*¥(X — 2PR) Q o Va A\
v;(f]——P—: h+2—¢+2—¢mﬂh(§ E) +T h+2—¢+2—¢mﬂh(§ .;7)
-1 _2

mie(2hy + Q)2 Qg o Va m*e%z Q o Va
+—P: h+2—¢+2—¢mnh(§ EJ T h+2—¢+2—¢tm‘lh(§ .E)

When @ #0,% =P — R and 0 = Q% +4E(P — R) < 0, inserting the values
of the constants arranged in Eq. (4.2.4) into Eq. (4.2.3) and if we pick ;, = 0
but r; = 0 and simplifying, we obtained the travelling wave solutions as

-1

ug{fj = ﬂni%(ﬁi‘%{-“’?cﬂt(‘? 'EJ)_ m LB (Fl‘l‘:iw‘l'f'?ﬂﬂt(iqi f))

2 B 2 P

_ wm?¥ Q +-n V-n m*¥(X — 2PR) Q -0 V-0 ]
W=\ Myt C”t(zP ,5] T hJ’z_w*z_ne:m(?"r)
-1 -1

m8(2hy + Q)2 g V-0 [J-n m8%z Qg -2 [V-n
+T h+7+—_cut(—f) T h+2—¢+2—¢cut(¥f]

Again if we pick », = 0 butr, # 0, then we obtained the travelling wave
solutions as

-1
Pim ¢ +-n V-0 mLé ¢ +-n V=10
ud(szﬂ'ni?(h+2_¢_ v mﬂ(ﬁ f))i‘—P (h+2_71£:_ v mﬂ(F f))

wm’Y Q V-0 (V-a mAV(¥ — 2PR) 0 V-0 [V-a :
Va{E]:—T -‘1+2—¢—2—¢tm(¥{j +T h-l-;——_mn(z—.}'j

-1 -2
m*8(2hy + Q)2 Q V-n -n m*8*z ¢ v-n [V-n
-I-—P: (h+2—¢—2—wmn(¥ {) — h+2—¢—2—wmn(¥ f)

When @ # 0, =P — R and 0 = Q* + 4E(P — R) = 0, inserting the values
of the constants arranged in Eq. (4.2.4) into Eq. (4.2.3) and if we pick r;, = 0
but r, # 0 and simplifying, we attained the travelling wave solutions as

us{fj:ﬂniﬂTm(h +%+%J_mplﬁ'(h Q 1]—1
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e ]
e e e (R

But if we pick =, = 0 butr; = 0, then we attained trivial solution, which is
not recorded here.

When @ =0,y =P —R and A=4 E = 0, substituting the values of the
constants arranged in Eg. (4.2.4) into Eq. (4.2.3) and if we pick , =0
but r, = 0 and simplifying, we obtained the travelling wave solutions as

) = plam VA VA m L& VA Va

ug —aDiT h-l—;ﬂ'uth(? EJ iT h+¥ﬂﬂth(?fj
com’¥ VA VA m¥(¥ — 2PR) VA VA )

v (£l =— E h-l—;f:uth.(? ,,r] +T h+¥cuth (F .f]

-1 -2
mie(2hy + Q)2 VA VA mig*zZ VA VA
+T h+¥cuth(F -f] s h+Icuth(— -E]

Again if we pick =, = 0 butr; # 0, then we obtained the travelling wave
solutions as

ylm VA VA m L8 VA A N
u; () =ay + B h+?mﬂh (— -E) 5 h+?mnh. (FE]

wm ¥ VA VA m*¥ (X — 2PR) VA )
vy () = - — (h+¥'rlmﬂh (— EJ)+—_(&+¥Tlttmh( E))

-1

w| &

P P

-1 -2
m?(Zhy + Q)2 Va Va mi6*z VA VA
+T h+¥mﬂh (? .E) ~ .‘1+?mﬂh(— E)

When @ =0, =P—R and A=y E <0, inserting the values of the
constants arranged in Eq. (4.2.4) into Eqg. (4.2.3) and if we pick r; =0
but , = 0 and simplifying, we obtained the travelling wave solutions as

) = plam V- V-a m Lo V-4 V—A
ugf—anip h+¢cut(P .E) + 7 h+¢cut(P.f)
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L) = Y V=i (VA my(x —2pR)( V=B (V=B \\
T R m( P 5) TR "t m( P "r)
-1

mie(2hy + Q)2 ( V- (*-.-"—_ﬂ. ) m*e*z ( V=4 (*-.-"—_i'. )_‘
+ - h+ cot EJ - - h+ cot .E)

p? ” P p? " P

Again if we pick =, = 0 but, # 0, then we obtained the travelling wave
solutions as

) = plam V=4 V-a m L& V=a V=4
uglé) =ap + P h— m mﬂ( 7 EJ + B h — 7 mﬂ( P E)
() = wm?¥ S N oY m*¥(X — 2PR) VOB TR )
vglf) = — R h— ” m’-”l(P ,,r] + 2 h— ” m.n(P f]

-1 -2
m?82hy + Q)Z . V=a (w"—_ﬂ ] m*8?z X V-4 (v—ﬂ. ]
+ P2 —T#mnP-E ~ T p —¢trmP.f
In the above obtained solutions, 1, — ug and v; — v we want to use
_ mx® k™
= (r(1+=—} t ril+a)

m L 2R +B})
2P )

-1

) but for simplicity we have omitted here, where
k=— ( ma, t

It is prominent to see that the traveling wave solutions u, — ug and v; — vy of

the space-time fractional coupled WBK equation are fresh and further more
general and have not been familiar in the previous solutions. Obtained
solutions occur to be convenient to search the demandable model of the
propagation of shallow water waves, internal solitary waves in density and
current stratified shear flow with a free surface, periodic wave, combined
formal solitary wave, ion acoustic waves in plasma, model of turbulent
motion, model of the fractional fluid mechanics system, model of wave
particle duality is noteworthy and also in financial mathematics.

V. Results and Discussion

It is remarkable to mention that some of the examined solutions attain good
agreement with the already published solutions. A comparison between Zayed
et al. solutions [XXXV] (investigate by the modified extended tanh-function
method) and our obtained solutions of the space-time fractional coupled
mKdV equations and the space-time fractional coupled WBK equations are
shown in the following tables.
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Table 1: Comparison between Zayed et al. solutions (see appendix A) and
our obtained solutions of the space-time fractional coupled mKdV equations.

Zayed et al. solutions Solutions obtained in this article

1. If

tuy(9) =+ kV=btanh(V=0¢) | o = = 0, y& = 2Py =B, k = — =
pZp

then the solution is

wy (&) = %—F ky/—b tanh(—b &)

2. If

2v1(8) = A+ kV=btanh(V=b3) | o _}, =0 yA = 2Py B,k = —

mE
Fin

then the solution is

$1(&) = 2 + kv/—=b tanh(N—b &)

N 3.0f
3.uy(§) =3+ kV=bcoth(V=b¢) | o _p — o ya=2pV=h k= —"5¥
Bip

then the solution is

w, (&) = %-I- kv—b coth(v/—b )

4.1f
Q=h=00=2P/-bk=—

then the solution is

&, (2) = A+ kv/=b coth(vV—b )

4.v,(&) = 2+ kv=b coth(\/—b §) mEs

F%n

— —— mEy 1
5,|fQ=h=lJ, [A= P+ —b, o = —
then the solution is

w, (&) = %[2 + % coth(N—b f}]

5.u5(&) = %[2 + ﬁ coth(\'—b f}]

mEy _ 1

B2 4

6.11Q0 = h = 0,+/A=P\—b,
then the solution is

$,(§) =2[4+ & coth(V=h §)]

6.v5(&) = % [4 + ﬁ coth(v—b f)]

-

mEf 1
P 4

7.16Q0 = h = 0,+/A=P+/—b,
then the solution is

w, (&) = %[2 + % tanh(\—b f}]

rus® =3 [2+ 75 ranh(V=59)

=h= A= p—p ™ _1
8-1?4@]:%[44-% trmh[«,f—b(’r)] 8.1fQ = h = 0,yA=P+—b, = :

then the solution is

$e($) = %[4 + % tanh[w.,"'—_b f}]

In addition in the table 1, we obtain further new exact solution
solutions wy — wy, wg, wy, &y — &, g and ¢, which are not reported in the
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Zayed et al. solutions. When the arbitrary constants assume particular values
the obtained solutions reduce to some special functions (see table 1).

Table 2: Comparison between Zayed et al. solutions (see appendix B) and

Zayed et al. solutions

Solutions obtained in this article

1
1.1f b= ——then

_
v,(§) = 2k tan’ (wl'—i :f)

LIf

2 m® (x-28R)(12+1)

= = = =_L_ |"__= |_l Z_
h=Q=0=01f=-7V-0=22 -3y o

oa. of [ 1
then v, (&) = 2k*B tan” (*J'—; f)

¥

2.1f b = > then 2.1f
= 2 " 2 (¥-22F) |’L:"-|-LJ
0 h=Q=ﬁd=D,iﬁ=—L—wﬁ_ﬁ=plll’ z _ml 228)(+1)
v,(§) = —k*B*cot? ( - f) 2 v4 2k R
N o
then vg (€) = —k*f%cot? ( I|_ f)
N4
3.1fb = —= then 3.1f — ’
2 | h:Q:m:U-}ﬁ:_Ef’__ﬂ:zpl_l zzw
2 L) 2 L P = — :
v5(§) = W Beot? | -3¢ : \ akp
Nl S |'_1
then v5 (§) = 2k?B%cot? .H|_?f
4.1F b = then 41
2024l I'? =0=w=01f= 2’ B "q|4’ N Bk g2 s
(@ = -k ¢ }
then v5(€) = —k*f*tan® (ﬁJZ f)

our obtained solutions of the space-time fractional coupled WBK equations. In
addition in the table 2, we see that only 04 (four) solutions u,, v, u, and u of
the Zayed et al. which are not reported in our obtained solutions but it is
remarkable to see that we are obtained 14 (fourteen) further new exact
solutions u, — ug, ¥4, ¥, ¥5, ¥, and v, which are not reported in the Zayed et
al. solutions. When the arbitrary constants assume particular values the
obtained solutions reduce to some special functions (see table 2).

Here it is noticed that, we have obtained more new wave solutions using by
the generalized (G'/G)-expansion method which have not been reported in the

previous literature. Hence, compare between our obtained solutions and their
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solutions, we state that our solutions are more general and huge amount of
new exact travelling wave solutions.

VI. Conclusion

In this article, we have examined the new, useful and further general solutions
to the space-time fractional coupled mKdV equations and the space-time
fractional coupled WBK equations by means of the efficient and powerful
technique known as the generalized (G'/G)-expansion method. These

solutions are attained in general form and definite values of the included
parameters yield diverse known soliton solutions. The obtained solutions
might be useful to the analyzed the fluid flow, ion osculate waves in plasma,
signal processing waves through optical fibers, fractional quantum mechanics,
internal solitary waves in a density and current stratified shear flow with a free
surface, and water wave mechanics specially shallow water waves under
gravity and propagation for the both equations. We also have shown that the
generalized (G'/G)-expansion method over the modified extended tanh-
function method offers more general form and have established huge amount
of new exact travelling wave solutions. The established results also show that
the generalized (G'/G)-expansion method is more general, powerful, and
efficient which can be helped for many other nonlinear fractional differential
equations to obtain exact travelling wave solutions and the new solitary wave
solutions in mathematical physics.
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Appendix-A

Zayed et al. solutions (investigated by the modified extended tanh-function
method [XXXV]) for the space-time fractional coupled mKdV equations are
as follows:

u;(§) = >+ kv=b tanh(\=b §) (A1)
vy (§) = A + kv/=b tanh(V=b ) (A2)
u,(§) = >+ kv=b tanh(V=b¢) (A.3)
v, (&) = A+ kv=b tanh(\/=b &) (A.4)
ug(§) =2[2+ X coth (V= ¢)] (A5)
vy (§) =2 :4 + = coth(\=b f}} (A.6)
uy(§) =2[2+ & tanh(V=5 ¢)| (A7)
vy(§) = f :4 + % tanh(v'—b f]] (A.8)

Appendix-B

Zayed et al. solutions (investigated by the modified extended tanh-function
method [XXXV]) for the space-time fractional coupled WBK equations are as
follows:

uy () = ZECDVTE (4 [4anh(V=BE) + coth(VE )} (BD)

vy (@) = 2220 66 framh® (Vo E) + coth* (VB R)} (B.2)
uy () = ZEEL L2 + [tan(VB §) + cot(VE £)} (B.3)
0y (6) = LD (4 1)tan? (VB E) - (2b + Deot?(VBE))  (BA)
us(8) = 2L (V7 — [tan (VB §) + cot (VB £)) (B.5)
vy (8) = ZEELD (4)_ 1)eot? (VB E) - (2b+ Dtan(VBE)}  (B.6)

Sb

23



