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Abstract

In this paper, a transversal vibration of an axially moving beam under the
influence of viscous damping has been studied. The axial velocity of the beam is
assumed to be positive, constant and small compared to wave-velocity. The beam is
moving in a positive horizontal direction between the pair of pulleys and the length
between the two pulleys is fixed. From a physical viewpoint, this model describes
externally damped transversal motion for a conveyor belt system. The beam is
assumed to be externally damped, where there is no restriction on the damping
parameter which can be sufficiently large in contrast to much research material. The
straightforward expansion method is applied to obtain approximated analytic
solutions. It has been shown that the obtained solutions have not been broken out for
any parametric values of the small parameter e. The constructed solutions are
uniform and have been damped out. Even though there are several secular terms in
the solutions, but they are small compared to damping.

Keywords: Moving beam, Viscous Damping, Secular terms, Eigen functions,
Straight-forward expansion method

I. Introduction

The class of the oscillatory systems is generally accepting almost all the
systems, such as physical, structural, and mechanical systems, of the physical world
around us. Axially translating elastic systems are also one of them. These axially
moving systems have received great importance and research attention for the last 50
years. Axially translating systems have been observed in many practical and
engineering applications. For example, magnetic tapes, conveyor belt systems, data
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saving devices, pipes conveying fluids, and elevator cable systems, and all such kind
of systems are bound to vibrations. Many factors such as the eccentricity of a pulley,
non-uniform material properties, the irregular speed of the driving motor, and
environmental disturbances influence the dynamics of these devices. The vibrations
contributed by all these factors can lead to severe damage to the system. It is a
common experience that many mechanical or physical structure's severe failures are
caused by vibration. The Tacoma Narrows suspension bridge in Washington DC,
United State of America, is a classic example of a structural collapse due to 42 mile-
per-hour wind. From this viewpoint, it becomes necessary to design systems where
unnecessary noise and vibrations can be reduced by means of solid procedures.
Damping devices can be used to control the vibrations in the mechanical systems, see
for instance [1, 11, 11, IV, X]. In [V] authors studied the transversal vibrations of the
string-like equation with non-classical boundary conditions. One end of the string
was kept fixed and spring-dashpot system attached at other boundary and some
specific initial conditions has been taken. The vertical displacement of the string
under the effect of boundary damping has been constructed by a two timescales
perturbation method with the conjunction of the method of characteristic coordinates.
It has been found that the amplitude of oscillations suppressed due to boundary
damping. In [VI] authors studied the string-like equation with the influence of viscous
damping. Both ends of the string kept fixed and general initial conditions have been
taken. A formal asymptotic approximation of the exact solutions has been constructed
by the method of two timescales perturbation method with the conjunction of the
Laplace transform method. It has been found that the truncation of modes is
applicable for certain parametric values of damping. In [VII] authors studied the
beam-like equation under the effect of boundary damping. One end of the beam is
assumed to be simply supported and a spring-dashpot system attached at other
boundary. Damping generated by the dashpot is considered to be small. A formal
asymptotic approximation of the solutions has been obtained by the method of two
timescales perturbation method. It has been shown how different oscillations modes
are damped. A beam like equation under the effect of material damping has been
studied in [VII1]. An asymptotic approximation of the Initial-boundary value problem
has been constructed by the method of multiple scales perturbation method. It has
been shown that all oscillation modes are damped out. In [X] authors studied the
transverse vibrations of the string and a beam on a semi-infinite domain. To control
the undesired vibration in the string (or beam) dampers are used at the boundary. The
explicit solutions have been computed by the D-Alembert method and Laplace
transforms method. Reflection of waves for different types of boundary conditions
has been visualized.

In this paper, a transversal vibration of an axially moving beam-like equation under
the influence of viscous damping has been studied. From a physical point of view,
this model describes the externally damped transversal motion of the conveyor belt
system or band-saw blade. This mathematical model is a linear-homogeneous fourth-
order partial differential equation. The beam is assumed to be externally damped,
where there is no restriction on the damping parameter. This external damping refers
to the viscous medium such as chain moving in an oily engine or any other such
viscous medium where viscosity plays its dominant role. The damping parameter can

Khalid H. Malik et al

13



J. Mech. Cont.& Math. Sci., Vol.-15, No.-11, November (2020) pp 12-22

have larger values instead of smaller values as has been done in a lot of research in
literature. The axial velocity of the beam is assumed small as compared to wave-
velocity and to be positive. A formal asymptotic approximation of solutions has been
constructed by the straightforward expansion method.

Il.  Governing equations of motion

The equation of motion related to axially moving Euler-Bernoulli beam with
the appropriate initial and boundary conditions will be studied. The beam is moving
at the uniform constant axial speed ¥V between a pair of pulleys those are at distance L
from each other, as shown in Figure 1. A stretched beam is simply supported at X =
0 and X = L. Consider U(X,T) is the transverse displacement field variable, T is the
time, L is the distance between two boundaries/supports, a cross-sectional area A of
the beam, uniform axially moving beam of mass density p, flexural rigidity EI, a
moment of inertia I, damping coefficient &, and uniform tension P. The functions
F(X) and G (X) state the displacement and velocity at X = 0, respectively. Assumed
that p, A, EI, P,V and § are positive. Gravity and other external forces are neglected.
The equation which describes the displacement of the beam under viscous damping is
given by:

Fig.1: The schematic model of damped axially moving beam

pA(Urr + 2VUyr + VUy + V2Uyy) — PUxx + ElUyyxx + 8(Urp + VUy) = 0 1)
BC'S: U(0,T) = Uyx(0,T) = U(L,T) = Ux(L,T) = 0, T=>0 2)
IC'S: U(X,0) = F(X), Up(X,0) = G(X) (3)

It is significant to mention that the term 2V Uy in Eq. (1) is the effect of the Coriolis
acceleration affected by a beam element traveling with a velocity V in a frame at the
actual position of the element and revolving at an angular speed Uyr. This term is
also known as the gyroscopic term. The term V2Uyy is due to the centripetal
acceleration affected by the element in the same revolving frame due to the tangential
velocity V on a way of estimate curvature Uyy.

To write the Equations of motion (1) to (3) in dimensionless form, we use the
following transformations as under,

Khalid H. Malik et al



J. Mech. Cont.& Math. Sci., Vol.-15, No.-11, November (2020) pp 12-22

(t)—U(X'T) _Xt_cTV*_ﬁg*_SL ( _F(X) ()_G(X)
u(x, t) = I ,x—L, =7V =0 _pc'fx)_ L yg\X) =

c

P .
where ¢ = \E is a wave speed.

Based upon the above transformations the dimensionless form of initial-boundary
value problem (1) to (3) is given as under:

Uee + 2V Uy + (V2 — Dy + Ullyyy + (U + Vuy) =0 4)
u(0,t) = u,(0,t) =u(l,t) =u,(1,t) =0,t >0 (5)
u(x,0) =f(x), us(x,0) =gx), 0<x<1 (6)

In this study, we have assumed that the axial velocity of the beam is small in
comparison to wave speed that is, VV « c, thus it is reasonable to write V = 0(¢) =
eV,. Substituting this assumption in Eq. (4) — (6), it follows that:

Ut — Uy + Uy xxx + Sut = _ZSVOuxt - <‘:6VOux - £2V02uxx (7)
BC's:u(0,t; &) = u,(0,t;6) =u(l,t;e) = u,(1,t;6) =0 (8
IC's:u(x, 0;¢) = f(x), u(x,0;¢) = g(x) )

Where ¢ is small dimensionless parameter 0 < € «< 1.
I1l. Straightforward expansion method

It can be observed that the unknown function u(x, t) does not only depend on
independent variable x and t, but also depends on the small parameter &, so that
u(x, t) = u(x, t; ). Therefore, it is reasonable to use a straightforward expansion
method. To further investigate the initial-boundary value problem given in EQ’s. (7)
— (9), the straightforward expansion method is utilized, where u(x,t; &) can be
expanded into the asymptotic series as

u(x, t;€) = ug(x, t) + euy(x,t) + €2 - (10)
Now, by utilizing Eqg. (10) into initial-boundary value problem given in Eq. (7) to (9)

and by comparing coefficients of £° and neglecting 2 and higher-order terms, we get
the following problem of O(1)-problem with associated conditions:

The O0(1)-problem:

Ugpe — Uy, T 00U, + UG,y = 0 (1)

up(0,t) =ug, (0,8) =up(1,t) =up, (L) =0 (12)
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uO(x' 0) = f(X), uOt(x! 0) = g(x) (13)

and similarly by collecting the coefficients of terms of £ , we have following 0(¢)-
problem as under

The 0(&)-problem:

Uppe = Ungy T OU + UUy o0 = — 200U, — GVoU,, (14)
w1 (0,8) =uy, (0,8) =uy (L, 1) =y, (L, 1) =0 (15)
uy(x,0) = f(x), ug,(x,0) = g(x) (16)

The solution of the 0(1)- a problem given in Eq. (11)-(13)

The separation of variables method is useful to find the exact analytic solution of the
initial-boundary value problem given in Eq. (11) to (13), where partial differential
equation (PDEs) is linear and homogeneous with linear and homogeneous boundary
conditions (BCs). The PDE is given in Eq. (11) can simply be remodeled into ODE,
by using the separation of variables method, as follows as the product of the functions
of the one variable:

U (x, 1) = P(x)p(t) 17)

Substituting Eq. (17) and its required derivatives into O(1)-problem and its
associated conditions, it follows:

TP() +8h() + Ap(t) = 0 (18)

Here negative sign (—A4) is employed for convenience, so the time depending part
oscillates for A > 0.

and space-dependent part is a boundary value problem, given as:

W) =)~ S0 =0 (49)

YO0) =y (0 =9p1)=¢'(1) =0 (20)
Analysis of the time-dependent equation

Let ¢(t) =e* (where a € R), be the solution of Eq. (18), therefore the
characteristic equation is

a’?+8a+1=0 (21)

Solving Eq. (21), the roots are as follows
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6 82
al.zz_zi Z—A (22)

The nature of the roots in Eq. (22) depends on the discriminant b? — 4ac. In this
regard, the following are three cases.

2
Case. 1: For % —A=0,thena;, = —g. Hence the roots are real and repeated, so

the solution is,
5
P (t) = €72 (c1 + c3t) (23)

For t to be sufficiently large, it can easily be observed that ¢(t) = 0. It means that
the time-dependent part is bounded for large times t.

2
Case 2: For 57 — 1 >0, 8 > 21, then the roots are real and distinct, that is.

_ s e _ s,
“= T R R

Therefore, the solution of the time-depending part is given by

o) = e‘gt cle( %2_A>t + c2e<_‘/%27>t (24)

If time is sufficiently large, then the time-dependent solution ¢(t) = 0.

52 52
NotethatT—A <Tfor/1 > 0.

52
Case 3: For :—/1<0,:0<6<2\/7, for 1 > 0, then

S5 , 62 S5 ’ 62
(11——5+l A—Tandaz——z—l /1—:

Hence, the roots are complex conjugate with real part negative, so the general
solution is;

8, . 52 . 52
Pp(t)=e 4 COS 2 + ¢, sin 2 (25)

For t to be sufficiently large, it can easily be observed that T(t) = 0. It means that
the time-dependent part is bounded for large time t.
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Analysis of the space-dependent equation

Let ¥(x) = e*™® (a to be determined), be the solution of Eqg. (19). Therefore, the
characteristic equation is:

pua* —a?—-21=0 (26)
If A<0and 1 =0 then Y(x) =0 =A< 0 and A =0 are not eigenvalues. The

nontrivial solutions of Eq. (19) are obtained when 2 > 0. If 1 > 0, then the roots are
as +a and +if3, where the nontrivial solution of Eq. (19) is given by

Y (x) = ¢4 cosh(ax) + ¢, sinh(ax) + c5 cos(Bx) + c4 sin(Bx) (27)
a= /—”J;;TA“ (28)
and

J1+4Au—1

2u (29)

Applying the boundary conditions, the following system is obtained into matrix form:

1 0 1 0 C1 0 (30)

0 a 0 B c, 0
cosh(a) sinh(a) cos(B) sin(B) 3] |0
asinh(a) acosh(a) —Bsin(B) pcos(B)]LCs 0

a a

Letting det A = 0, non-trivial solutions are obtained when ¢4, c,, c3, ¢4 # 0:

¥, (x) = asin(Bx) — B sinh(ax) — - sin(f) — 8 sinh(a)

(cos(Bx) — cosh(ax))

cos(B) — cosh(a) (31)
where 1, (x) are the eigenfunction of the BVP
lll(iv)(x) _ ll/)ll(x) _ &l/) (.X) -0
TRt TRt (32)
BCs:
PO0)=¢1)=¢'(0)=9'(1)=0,0<x<1 (33)
8260 = L9400 = () = 0 (34
(39)

@) ()~ L) — 2 = 0
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The frequency equation is given as:

fu() = 2aB(1 — cosh(a) cos(B)) + (a® — p*) sinh(a) sin(B) =0 (36)

The frequency Eq. (36) is a nonlinear transcendental equation and cannot be solved
exactly. From the frequency Eq. (36), the eigenvalues are determined numerically and
are listed in the following table.

Table 1: First five eigenvalues of the frequency equation (36) (f,,(A) = 0)

1 61.8205 16.8038 11.3595
2 426.3927 83.2918 46.7804
3 1560.6132 244.5954 110.2646
4 4165.9405 570.6941 208.408
5 9177.5211 1155.1228 326.2054

From these Table.1 it can be observed that, if u — 0 then A,, - (nm)? (Beam tends to
string).

The general solution of the 0(1)-problem
52

Case3:——-1,<0
4

By using the superposition principle, and combining the product solutions as given
in Eq. (17), it yields

up(x,t) = Z e‘gt <An0 cos << Ay — %2> t> + B, sin (( Ay — %2> t>> P () (42)
n=1

where A,,, is same as mentioned in Eg. (38) and

fol (g(x) + gf(@) P (x)dx (43)
Byo =

PRy e

The solution to the 0 (&)-problem

To solve the O(e) — problem (14) - (16); an Eigen-function expansion method is
used:

006t = ) (O (44)
n=1

where y, (t) are unknown generalized Fourier coefficients.
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62
CaseS:T—An <0,4,>0

The solution of 0(&)-problem consists of a homogeneous solution and the particular
solution is,

S5
U (x, ) = ¥, 672 [Apy cos(wyt) + By sin(wpt) +

2V9wy ,
mmno sin(wpt) — Bpo cos(@nt))Opm | Y () (45)
where A,o, Bno, A1 and B,, are the same as mentioned in Egs. (38), (46)
respectively.

1VV. Results and discussion

In this section the main focus on interpreting, commenting and explaining
the obtained results in this paper. Complete analytic solution of the 0(1) —problem
has been used and discusses the influence of the small parameter 0 < € << 1, and
the parameter of the damping on the translating Euler-Bernoulli-beam moving
system has discussed in detail.

In this research work, we conclude that:

i The straightforward expansion method is applicable for the damped
equation but will fail for the un-damped cases.

ii. The solutions are bounded for all times t

iii. The damping term dominates the linear and trigonometric functions and
suppresses the oscillations

iv. ,u(x,t;e) > 0ast » o

2
Case 3. % — A, <0,1=A1,;isgivenin Table. 1

[ee)

[
u(x, t;e) = Z e_ft(AnO cos(wpt) + By sin(w, £)) ¢, (x)

n=1

5
+¢ Z e"2"| Ay, cos(w,t) + By, sin(w,t)

n=1n+m

AT )
+ 52 (Ano sin(wnt) — By cos(wyt))Opm | Pn(x)

o2 </1m -7~ w%)
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In this case, the solution is bounded due to the dominance of the damping term
e~5*. Solution u(x,t) > 0ast — oo.
V. Conclusion

In this paper, the Beam-like equation under the influence of viscous
damping has been studied. The general initial conditions are considered for
displacement and velocity. To construct the solution of the initial-boundary value
problem analytically, the straightforward expansion method together with the
classical separation of variables method has been used. By the use of the separation
of variables method the two ordinary differential equations have been obtained: the
time-dependent ordinary differential equation and the space-dependent ordinary
differential equation. The nature of the solution of the time-dependent part depends
on the nature of the discriminant: discriminant < 0 means under damping,
discriminant > 0 means over damping, and discriminant =0 means critical
damping. It is interesting to note that the solution of the space-depending part is a
trivial solution for both cases when the separation constant A < 0 or A = 0, and is
non-trivial or non-zero when A1 > 0. The solution of the space-depending part
(boundary-value problem) is constructed, whereas eigenvalues and eigenfunctions
are obtained. The damped amplitude-response of the system is obtained under certain
cases of damping. It is concluded that the response of the system remains bounded
due to the dominance of the damping on all terms.

Conflict of Interest:

No conflict of interest regarding this article

References

l. A. Maitlo, S. Sandilo, A. H. Sheikh, R. Malookani, and S. Qureshi, “On
aspects of viscous damping for an axially transporting string,” Sci. int.
(Lahore)., Vol. 28, No. 4, pp. 3721-3727, (2016).

Il. Darmawijoyo, W. T. van Horssen, and P. Clément, “On a Rayleigh wave
equation with boundary damping,” Nonlinear Dyn., Vol. 33, No. 4, pp. 399-
429, (2003).

I1l. K. Marynowski and T. Kapitaniak, “Zener internal damping in modelling of
axially moving viscoelastic beam with time-dependent tension,” Int. J. Non.
Linear. Mech., VVol. 42, No. 1, pp. 118-131, ( 2007)

Khalid H. Malik et al

21



v

\

VI

VII.

VIII.

XI.

J. Mech. Cont.& Math. Sci., Vol.-15, No.-11, November (2020) pp 12-22

N. Gaiko, "On transverse vibrations of a damped traveling string with
boundary damping". ENOC 2014.

R. A. Malookani, S. Dehraj, and S. H. Sandilo, “Asymptotic approximations
of the solution for a traveling string under boundary damping,” J. Appl.
Comput. Mech., Vol. 5, No. 5, pp. 918-925, (2019)

S. Dehraj, R. A. Malookani, and S. H. Sandilo, “On Laplace transforms and
(in) stability of externally damped axially moving string”. Journal of
Mechanics of Continua and Mathematical Sciences., Vol. 15, No. 8, pp. 282—
298, (2020).

S. H. Sandilo and W. T. van Horssen, “On Boundary Damping for an Axially
Moving Tensioned Beam,” J. Vib. Acoust., VVol. 134, No. 1, (2011).

S. H. Sandilo, R. A. Malookani, and A. H. Sheikh, “On vibrations of an
axially moving beam under material damping,” IOSR J. Mech. Civ. Eng., Vol.
13, No. 05, pp. 56-61.

Sunny Kumar Aasoori, Rajab A. Malookani, Sajad H. Sandilo, Sanaullah
Dehraj, A.H. Sheikh, : ON TRANSVERSAL VIBRATIONS OF AN AXIALLY
MOVING STRING UNDER STRUCTURAL DAMPING, J. Mech. Cont. &
Math. Sci., Vol.-15, No.-8, August (2020) pp 93-108.

T. Akkaya and W. T. van Horssen, “On the transverse vibrations of strings
and beams on semi-infinite domains,” Procedia IUTAM, Vol. 19, pp. 266—
273, (2016).

W. T. Van Horssen, “On the weakly damped vibrations of a string attached to
a spring-mass -dashpot system,” J. Vib. Control., Vol. 9, No. 11, pp. 1231-
1248, (2003).

Khalid H. Malik et al

22



