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Abstract

In this work, we explore some unknown properties of the Boubaker
polynomials. The orthogonalization of the Boubaker polynomials has not been
discussed in the literature. Since most of the application areas of such polynomial
sequences demand orthogonal polynomials, the orthogonality of the Boubaker
polynomials will help extend its theareas of application. We investigate orthogonality
of classical Boubaker polynomials using Sturm-Liouville form and then apply the
Gram-Schmidt orthogonalization process to develop modified Boubaker polynomials
which are also orthogonal. Some classical properties, like orthogonality and
orthonormality relation and zeros, of the modified Boubaker polynomials, have been
proved. The contributions from this study have an impact on the further application
of modified Boubaker polynomials to not only the cases where classical polynomials
could be used but also in cases where the classical ones could not be used due to
orthogonality issue.

Keywords: Orthogonalization, Boubaker polynomials, zeros, Recurrence relation,
Gram-Schmidt process, Sturm-Liouville form.

I. Introduction

A sequence of polynomial indexed by the nonnegative integers 0, 1, 2, 3, ...,
in which each index is equal to the degree of the corresponding polynomial [I].
Polynomial sequences are applied in physics, approximation theory, and ordinary
differential equations. For example, Legendre, Hermite, Jacobi, Laguerre, Bessel’s,
and Chebyshev polynomials can be used in these applications because of
orthogonality property [V1].

The most recent polynomials sequences are the Boubaker polynomials which were
given by Prof Dr. Karim Boubaker in 2007 while solving heat equation. The
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Boubaker polynomials are components of a polynomial sequence [VII] which were
proposed in a physics study that yielded a thermal model of the pyrolysis spray
device, They represent a mathematical tool for solving heat transfer equation inside a
given domain [0, 2] [IX], The Boubaker polynomials have been used to develop a
new numerical method for computation of the number of complex zeros of real
polynomials in the open unit disk by Shaikh and Boubaker [XVIII]. These
polynomials have also been used to solve nonlinear Volterra-Fredholm integral
equations and for solving inhomogeneous second order differential equations using
Boubaker-Turki polynomials [XII]. The well-known BPES (Boubaker polynomial
expansion scheme) and related Boubaker theorem have also been used widely for the
optimization of Copper tin sulphide ternary materials precursor’s ratio [XXI].

Several works s in literature have already explored the application of Boubaker
polynomials in many aspects. To mention a few, we briefly review here. In [VII], the
solution to the heat equation in particular cases of uniform and the non-uniform fluid
deposit was yielded as a guide to geometrical and temporal parameters control. On
the other hand, the morphological and optical properties of as-grown copper tin
sulfide layered materials have been investigated using an original analytical protocol
[I1]. The Boubaker polynomial scheme was also applied to determine the neutron
angular flux profile in a particular nuclear system [VI1II1]. Some new properties of the
Boubaker polynomials and applications to the approximate analytical solution of
Love’s integral equation were presented in [XV]. In [XI1], the Chebyshev-dependent
inhomogeneous second-order differential equation for the m-Boubaker polynomials
was formulated. The application of Boubaker polynomials on the Lotka—Volterra
equation and the stability with Routh—-Hurwitz criterion were discussed in
[XI],[XVI]. Shaikh and Boubaker [XVI11] developed an efficient numerical method
for computation of the number of complex zeros of real polynomials inside the open
unit disk. In [XI], an asymptotic expression was presented calculating two oppositely
charged discs’ capacitance. Labiadh and Boubaker [X1V] presented a Sturm-Liouville
shaped characteristic differential equation to the Boubaker polynomials as a supply to
further efforts for proposing different analytic expression.

A dynamical nonlinear model of the spatial time-dependent evolution of A3 point
during a particular sequence of resistance spot welding in steel material was treated
using Boubaker polynomials [XIX]. The solution to heat equation in particular cases
of uniform and the non-uniform fluid deposit was yielded as a guide to geometrical
and temporal parameters control [XVII]. An analytical method was introduced for the
identification of predator-prey population’s time-dependent evolution in a Lotka—
Volterra predator-prey model which takes into account the concept of accelerated-
predator-satiety using Boubaker polynomials [XVIII]. Yicel discussed some new
applications of the Boubaker polynomials expansion scheme (BPES) in the field of
fluids motion and wave dynamics [XX]. A computational method for solving the
optimization problem was presented using the indirect method (spectral method
technique) based on Boubaker polynomials [XVII]. The numerical solution of
boundary-value problems was acquired recently using an enhanced version of
Boubaker polynomials [I1].
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The main features of the present work are to provide a means for the development of
some classical properties, like the Sturm-Liouville form and orthogonality of
Boubaker polynomials, as these have not been established until now, so, it is
important here to investigate these properties. If these properties are proved, then
these will open-up ways for new research in this field. We present characteristic
differential equations and other general properties of Boubaker polynomials known
till now to discuss orthogonalization and derive orthogonality relationship,
orthonormality relationship, zeros of modified Boubaker polynomials.

Il. Classical Properties of Orthogonal Polynomials

The classical properties which are followed by a conventional polynomial
family are: characteristics differential equation, series solution, Rodriguez’s formula,
the three-term recurrence relation, generating function, orthogonality relation, self-
adjoint ~ form or Strum-Liouville form, weight function, eigenvalues and
eigenfunction, norm, zeros, etc,

For example, we first discuss the classical properties of the Legendre’s polynomials
[1]. For the Legendre’s polynomials (LPs), the second-order characteristic differential
equation is:

_ ey o dy _
(1 =x%)7Z—2x--+nm+1)y=0 (1)
The power series solution of (1) can be expressed as:
Y(X) = agy1(X)* a;y2(x) 2
2 _ 4
Where, v (x) - 1— n(n+1)x n (n-1)n(n+1)(n+2)x — (3)

2! 4!

n-1Dm+2)x3 (-3)(n-1)(n+2)(n+4)x>° _

2! + 41 )

Rodriguez’ formula for the LPs is:

and, y,(x)=x—

_ 1 d®
B = e

(1- x%)" n=0,1,2,... (5)

The three-term recurrence relation for LPs is given as:

(2n + 1)XPy41(X) = (n+1)P,(X) —nP,_1(X),n=1,2,3, ... (6)
The LPs are generated using the following generating function:
1 0
G, 1) = = =Ln=0 ()" (7
The orthogonality relation of LPs in [-1, 1] is expressed as:
Oifm #n

(8)

Similarly, the Laguerre polynomials [V], Chebyshev polynomials [VI], Jacobi
polynomials [IV], Hermite and Bessel polynomials [X] also follow similar classical
properties like LPs.

1 _ 2 : —
JZ1 Pa(x) P (x)dx = Zrry Onm WIth Sy = {1 ifm=n
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I11.  Basic Properties of Original Boubaker Polynomials

A characteristic differential equation, series solution, the three-term
recurrence relation, and generating function of original Boubaker polynomials (BPs)
are already well-known. The characteristic differential equation of BPs is:

(x2 — 1) Bnx? + n — 2)y""+3n (nx? + 3n — 2)y’-n (3n? x%+n? -6n+8) y =0 (9)

The series solution of (9) can be represented as:

Ba(X) = ZEO%(“;") (—1)Px@-2P) (10)

The first ten BPs are:
By(x)=1
B;(X) =x
B,(X) = x%+2
B;(x)=x3 +x
B,(X)=x*-2
Bs(x) = x° — x3- 3x
Bg(X) =x® — 2x*- 3x2 +2
B (X) =x7 — 3x5 — 2x3+5x
Bg(x) = x8 — 4x° + 8x2-2
By(X) = x° — 5x7 + 3x°+10x3-7x
The three-term recurrence relation for original BPs can be given as:

Bn(X) = XB—1(X) - Bjp—2(X)  form>2 (11)
The generating function for BPs is:

_ 1+3t2
Gk 9= 1+t(t—x) (12)

The original BPs are defined in [0, 2] but are not orthogonal.
IV. Present Contributions and Main Results

First, we attempt to discuss orthogonalization of the original BPs using the
Strum-Liouville form, and we will show that the outcome of such an approach on
original BPS is not viable. The procedure is followed from [I] as presented in the
following Lemma 1.

Lemma 1. Consider a second-order homogeneous differential equation
d? 3]
()= +b(x)=2 +c(x) +Ay = 0 (13)

with boundary conditions (14) and (15) as
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a;Y(xo) +azy’(xy) =0 (14)
B1Yy(xo1) +B2y’(x91) =0 (15)
With the following functions, (13) can be converted to the Strum-Liouville equation
—_ X1 b(S)
pO) =exp ([ 25 ds) (16)
X1 b(s)
r(X) = 2555 8xP ( L2 9 (17)
- — (x) X1 b(S)
) ==coep ([ o5d)  (18)

With these definitions above differential equation can be transformed to the known
Strum- Liouville equation

= (p0) ) + (@0 +Ar(y() =0 (19)
5 G=P) SH+AY() = -Ay(0) (20)

Oor, [r()y']" +[q()+Ap(x)]y=0  (21)

(20) and (21) are both Strum-Liouville forms of (13). The function p, g and r must be
independent of n.

Now, we apply Lemma 1 on the characteristic differential equation of original BPs to
attempt to derive Strum-Liouville form and hence discuss the orthogonality. The BPs
characteristic differential equation is:

(x2-1)(3nx?+n-2) y"'+3x (nx2+3n-2) y'-n(3n2x2+n2-6x+8)y =0 (22)
Using coefficients of (22) we have q(x) = 0, and

3x (nx +3n-2)
p(x) = ef(x2—1)(3nx2+n 2y X (23)
B 1 fz xi)i(nx n-:c?,zn Il2) x
r(x) = DG © 0 (x2-1)(3nx%+n-2) (24)
Solving (23) by integration partial fractions, we have:
_ 1 2 an an(2n-1) (3n-6n?)x on(2n+1)
PO)=exply, fO f[z(x—l) * 2(n+1)(x+1) * (*x2+ 50 (n+1)(x2+’;—;2)]dx (25)

Solving integration in (25), we have:
3(2n 1) Zn) 2 4 n-2 on(2n—1) —1¢ 3n(n-2)(x+2)
p(X)= In(x 1)+ In(x+1)+ In(x o )+—(n+1)(n_1) tan {—(n—2)2—18n2x)}

(26)
Putting these in Strum- Liouville form, we have
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l z {{Eln(x—1)+ 22 in(x+ 1) + 5200 (2 + 2) +

(x2-1)(3nx2+n-2) 2(n+1)

n(2n-1) —1 ( 3n(n-2)(x+2)
(n+1)(n—-1) tan ((n—2)2—18n2x)) }]

A[{ZInG -1+ TE2ine+ 1) + 2 (x2 + 50} +

( ) ( ( )( ))] o
on(2n-1 1 3nn2x+2 —0

(n+1)(n-1) tan” (n—-2)2-18n2x) (27)

We observe that with every coefficient, there exists “n” which does not allow making
the Strum-Liouville form of the original Boubaker dlfferential equation. Therefore,
orthogonality cannot be proved for original Boubaker polynomials.

It is necessary to modify original Boubaker polynomials, so that orthogonality,
Strum-Liouville and other classical properties can be established.

Another famous method to prove orthogonalization of Boubaker polynomials that is
the Gram-Schmidt process is used ahead [1],[I1], as quoted in Lemma 2.

Lemma 2. Let V (,) be the inner product vector space of polynomials and
{ uq,uy,us, ..., uy} be the arbitrary basis of V then an orthogonal basis of V is given
by the vectors { v, vy, v3, ..., v, } @S

v1 ()= u1(X)

_ <u1,v1> 121
UVp=Uy — — 2

I 1112
Va=u <u3,171> V1 <u1,172> Vo
V1 V2
3 3 2 2
< Up,Vi> Vi
U= Uy — B S (28)

where inner product from and norm are defined as:
<f(x), gx)> = [ f(x)g(x)dx (29)
And, [If () gQOII2 = (f (x) g (x))?dx (30)

We now apply the process of Lemma 2 to derive modified orthogonal Boubaker
polynomials.

Let By(X) =1 B;(x) = x and B,(X) = x2+2, B3(X) = x3+X, B4(X) = x*-4, . . . B,(X)
are original BPs, and X = {1, x, x2+2, x3 + x, x*-2, ... B,(X)} be finite arbitrary
Basis. Let Y = {Py(X), P;(X) , P,(x), ... P,(X) } be the required orthogonal basis for
the modified orthogonal Boubaker polynomials (MOBPs).

The inner product space used here is defined as:

(f(x), 9()) = f; w@)f(x)g(x) dx (31)
Here, we consider w(x) = 1 as the weight function of MOBPs and the norm space as
defined as:
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2
£ g Ol =5 (f () g (x))? dx (32)

Now,
po(X)= =a=1,and

_ { B1(X) ,)Py(X)
P1(X) = By(X) = S Po(X)

_ _(x,1)1_ .
pi(x) =X - X 1

py(X) = B, (x) _ B2COPCOPo() _ (Ba(¥) P1(9))Pu(x)

(P (x),Po (%)) (P1(x), P1(x))
_ 2 _ (x2+2,1)1 _ (x2+2,x-1), Y = v2 2
x“+ 2 RN XLx-D (x-1) =x* — 2x + 3
Similarly
po(X) =1
p1(X) = (x-1)

p2(¥) = (x2-2x+3)
Py(x) = (x®—3x% + E - é)

P(x)= (x*—4x3 + = L x? — %x E)
— 80 x3 — 2042 ,20_ 8
Ps(x) = (x°> —5x* + — S X+ 63)

150 160 80
Pe(x) = (x®—6x° + =—x* — =x3+—x?— +—)
52 350_, . 2800 u 10085 | 448
2
Py(x) = (x7 —7x6 4+ 225 - 20ye BNz 08,2 0420
13 13 143 143 129" 429
392 224 60 896 896 12, 128
Pg(x) = (x8—8x" + —=x°% — ==x5+=x*—=x3+ —x?—=x+—)
15 5 13 39 143 715" | 6435

7616 15512 26768 6832 30464
Py(x) = (x® —9x® + x7 — x% + x5 — 4y 3 _

17792 42368 896 225 325 117 1287
2 —

3575 96525 96525)

Pa(X) = By(x) -Eicg SnCORC2 p, (), 33)

1=0 <p;(x),P;(x)> "t
l J n—4p (n- -
Where B (x) =X,y — . (”pp) (—1)Px(=2p),
Hence, the orthogonal basis for the MOBPs is:
Y ={Py(X), P1(X) , Po(x), ... Po(X)}
Y—{l X1 (3x2-6X +2), = (35x* — 140x° +180x2-80x+8),

— (21x 126x —35720x* + 143720x3 —172680x2+57584x)... P,(X)} (34)

Figs. 1 and 2, respectively, show the proposed orthogonal Boubaker polynomials Po-
P4 and Ps-Py, whereas Fig. 3 shows the first ten MOBPs together. It is evident from
Fig. 1-3 that all zeros of the proposed MOBPs are real and lie in [0, 2], thus MOBPs
is a new family of orthogonal polynomials defined in [0, 2] with all real zeros
contained in the same interval. Table 1 lists all the zeros of the first ten proposed
MOBPs in decimal form, whereas in Table 2 zeros of polynomials up to n =5 are
listed in closed form.
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The proposed modified orthogonal Boubaker polynomials (MOBPs) as defined in
(33)-(34) are orthogonal in the interval [0, 2], and the corresponding orthogonality
relation is given as:

fOZ[Pm(x)Pn(x)] dx=0ifm# n (35)

For instant verification, one can see that for po and p1, and for po and p2, the inner
products are zero.

2

(Po(),p, () = [ 1(x= 1) dx=0

2
Now (Po(x),  Pa(x) }=f l{%(3x2—6x + 2)}dx

The orthonormal set of polynomials corresponding to the orthogonal set (34) can also
be defined for the MOBPs as

LetZ = {ey ,eq,€3,€3,....6,_1} be orthonormal set

From (33), we have
1Py (OI1% = [ (Po(x))? dx = [F(1)?dx = 2
1P (Ol = V2.

Now, since

_ Pp—1(x) —
-1 = o o BT L34 (36)

So, we have:

_ 1
eo—\/—i

2
o= J2oe)
8 2
e, = /E (x*—2x + 3)
2

— |8 3 2 4 12 )
= [— - =x-=),..
€3=17s (x 3x° + 5 5/’

Hence Z = {ey,e1,€2, €3, - . . €n_1} IS an orthonormal set of Y.

This is the fundamental set of results regarding the orthogonality and orthonormality
of the Boubaker polynomials in [0, 2] as presented in this work in comparison to the
existing literature on this subject. The MOBPs may be used in future applications in
the fields of boundary-value problems, numerical integration and integral equations.

Nazeer Ahmed Khoso et al

126



J. Mech. Cont.& Math. Sci., Vol.-15, No.-11, November (2020) pp 119-131

Activate Windows
L L

ot —

02 1 1 ! 1 1 1 1 1 1
0z 04 06 o8 1 12 14 16 18

Figure 2: Proposed modified orthogonal BPs from P5(x) to Py(x)
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Figure 3: Proposed modified orthogonal BPs from P, (x) to Py(x)
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Table 1: Zeros or roots of orthogonality polynomials
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Table 2: First five polynomials Zeros in square root form

V. Conclusion

The conventional Boubaker polynomials were considered in this study, and
an attempt was made to discuss the orthogonalization of original BPs so that these
can also be used in the future for applications limited to orthogonal polynomial
families only. We outlined issues related to the Strum-Liouville form of the original
BPs and limitations of the original BPs for orthogonalization. Using the Gram-
Schmidt orthogonalization process, we proposed a new family of modified orthogonal
Boubaker polynomials (MOBPs) in the interval [0, 2]. The zeros of MOBPs, the
relations of orthogonality were discussed, and an orthonormal basis was also
formulated for the proposed MOBPs. The contributions of this research will help
researchers apply the new polynomials without any limitation of the orthogonality.
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