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Abstract

Optical double racetrack resonator (ODRR) and optical quadruple racetrack
resonator (OQRR) made of Silicon-on-insulator (SOI) with their effective refractive
indices changing with respect to frequency have been analyzed for obtaining optical
filter with wider ranges of free spectral range (FSR). FSR expansion is based on the
Vernier principle. Delay line signal processing in Z- domain and Mason’s gain
formula is being used for analyzing these ODRR and OQRR. A free spectral range of
4.87THz is obtained for the drop port. Further, the change in the dimensions of the
racetrack resonators produced an enhanced FSR of 5.77THz for ODRR. Combining
both this model of ODRR we obtained an OQRR model that produces FSR as much as
6.86THz. Apart from obtaining wider FSR, this architecture exhibits interstitial
spurious transmission of almost -50dB with negligible resonance loss. Group delay,
dispersion characteristics, and finesse have also been determined for the
architecture.

Keywords: Racetrack resonator, Mason’s gain formula, free spectral range, Vernier
principle, Resonance loss, Group delay, Dispersion.

I. Introduction

Optical racetrack resonators based on evanescent-field are a wide range of
passive elements for the selection of the wavelength which play a vital role in the
field of integrated optics. Increasing demand for data bandwidth has resulted in cost-
effective devices within the electronic chips of high-performance computing or
commercial communication systems like dense wavelength division multiplexing
(DWDM) applications[XI, VII, VI, XVIII]. Add-drop filters made of racetrack
resonator can also be utilized as graphene-based nano-photonic devices which is
preferable for its use in terahertz and infrared ranges [I]. Hence an optical quadruple
racetrack resonator (OQRR) along with ODRR plays a vital role in this regard. The
unique characteristics of these resonators are that they find applications in converters,
filters, isolators, delay lines, etc. These racetrack resonators can also be used for
obtaining logic gates [XII] or memory devices. Here, in this work, we present the
method of analysis and synthesis of double and quadruple racetrack resonator
configurations using the Vernier principle in the Z-domain. The material used here
Silicon-on-Insulator (SOI) with a higher relative refractive index difference, which
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provides flexibility in device miniaturization. Currently, photonic devices on SOI
substrates are being extensively investigated worldwide [VII]. The microresonators,
fabricated using silicon-on-insulator (SOI) platforms [VI, XVIII, 1], exhibit a great
potential to build space, power, and spectrally efficient on-chip photonic networks
that is compatible with CMOS electronics. Apart from the above advantages, optical
cavities on SOI and resulting racetrack resonators are highly attractive, because it is
simpler to design the parallel couplers region than in a ring resonator with the
possibility to achieve high-quality factors (Q) and reduce the stress on the coupler
region [XII]. This racetrack resonator also plays a prominent role to reduce the
congestion problem in the busy switches [VII1]. The ODRR and OQRR elaborated in
this literature, combine the advantages of high-density electronics and high-speed
photonics which gives significant enhancement in performance, cost-effectiveness
compared to similar kinds of other architectures.

I1. Mathematical Background and Modeling Methodology

Racetrack resonators are comprised of straight waveguide sections with semi-
circular segments. Here in these architectures, such racetrack resonators with the
same straight section lengths and of different radii both for ODRR and OQRR have
been used. Their straight sections of lengths L and with semicircular portions of radii
R, and R, for ODRRs and Ry, Rz, R3 and R4 for OQRR respectively are shown in

Fig 1(a). Two racetracks for ODRR and four such racetrack resonators for OQRR are
serially coupled with straight bus waveguides from where the optical signal inputted
and outputted from are named input and output waveguides. The straight and
racetrack portions are coupled with each other using directional optical couplers of
coupling coefficients ki, ko, ks ks, and ks respectively for OQRR. Fig. 1(b) represents
the z-transform equivalent of an OQRR structure which is known as a signal flow
graph.

Here, in this article, we have considered that the refractive index of the SOI
material is changing concerning frequency which can be expressed as [VI1],

n, =n,(f,)+ f, ‘j;e (1)

where f = f,; f, being the center frequency; n, is the effective refractive index

and n, is the group refractive index.

When two optical waveguides are closely coupled using a directional optical coupler
both at the input and output, evanescent field coupling occurs. The transfer matrix of

such configuration can be expressed by a 2x 2 matrix or chain matrix formulation
[V1,
0 ok i
E, IS C E, @)
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Fig 1. (a) : Optical quadruple racetrack resonator (OQRR); (b) z-transformation equivalent
(Signal Flow Graph) of (a).

where E?and EJ represents coupler at the output region. E, and E} denotes coupler

at the input region. Here k is the propagation constant and L. is the effective length

of the coupling region in between two racetrack resonators. Here C and S are the
cross and self-coupling coefficients respectively which describe the interaction
intensity between two closely coupled resonators. Q is the overall amplitude
transmission coefficient where Q lies in between 0.9 and 1.

This racetrack ODRR and OQRR architectures have been analyzed using the delay
line signal processing technique and Mason's gain formula [XV]. The backbone of
this model is to modulate the unit delay. Here unit delay time is being represented by

[,
T, =2n,(L,; +7R)/c 3

Here, n is the group refractive index of the waveguide material. The term within the

parenthesis represents the racetrack half-perimeter length and c is the velocity of
light, where, L, is the length of the straight portion of the racetrack resonator and

R is the radius of the semi-circular portion racetrack resonators. The total delay is
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the integer multiple of this unit delay. The frequency response of such a racetrack
resonator is generally periodic and one such period of that frequency response is
called free spectral range (FSR). Hence the relationship between FSR and unit delay
is expressed as,

FSR =1/T, =c/2n (L, + 7R). @)

It can be seen that the free spectral range of the racetrack resonator is inversely
proportional to the total length is the straight portion added with the curved portion of
the resonator that is shown in equation (4). Thus for obtaining higher ranges of FSR,
the length of the resonator must be reduced. Minimizing the total length would
maximize the FSR but it can be done up to a certain limit. If the radius of curvature or
the effective ring length is shortened much then the banding loss will increase
exponentially [VI]. For mitigating these bending losses without compromising the
obtainable FSR of the racetrack resonator, a proper designing method has to be
obtained. The difference in the performance of ODRR and OQRR by using
waveguides of high refractive indices difference materials like silicon-on-insulators
(SOI) has been observed in this work.

Vernier principle has been used here for obtaining extended FSR utilizing series
coupling multiple racetrack resonators for both the architectures. Here two such
racetrack resonators for ODRR and four such racetrack resonators for OQRR with
different path lengths and two straight bus waveguides have been used.

Hence for enhancing the interaction between the two input and output access
waveguides and the resonators, the distances between the waveguides and the
resonators have to be reduced up to a certain limit. when the resonators have the air
gap width between the waveguide path and the resonator is small enough then the
mode conversion losses in between interconnecting paths cannot be neglected. Hence
the assumption made in the case of circular ring resonator-based devices that is

Siz + Ciz =1 does not hold good for this racetrack type resonators where the

interconnection regions are wider [XVI].
Vernier principle is used to enhance the FSR of the racetrack resonator here.
Accordingly, extended FSR can be written as [XVI],

FSRL,cres = MFSR, = NFSR, = OFSR, = PFSR, (5)
where M, N, O, and P are the co-prime numbers, called resonant numbers of
corresponding racetrack resonators. FSR, is the free spectral range of the first
racetrack resonator, FSR, is the free spectral range of the second racetrack resonator,
and so on.

Since this is a linear time-invariant (LTI) system, the overall transfer function of
this racetrack resonator is determined using Mason's gain formula [XV] which can be
expressed as,

=ty Y
(6)
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where T, is the transmittance of the 1 forward path, similarly T, is the

transmittance of the n™ forward path and Y is the determinant of the graph and is
expressed as,

Y=1-Y L+ L= Lt @)

where Z L, is the sum of products of transmittance of all the individual closed loops

of the signal flow graph, Z L, is the sum of products of transmittance of all possible

combinations of two non touching closed loops, and so on. All the loops and paths are
calculated using the stated equations [XVI1I]. Eventually Y’ becomes the value of the
part which does not touch the forward path.

For drop port transfer function (ODRR),

TY,=TY, =(-iSVz " )(=iS,Vz " {-iS,(1-0)}
= j5,5,5,Wz ™M | (8)
For drop port transfer function (OQRR),
T, = (=ISVZ ™ )(=iS,VZ " )(=iSVz ° ) (=iS,NZ P ){-]S;(1-0)}
= —J5,5,5,5,8,\/z MNP ©)

where,
j=+-1.
Since all the loops touch the forward path, Y, =1
Thus, the Drop port transfer function for ODRR which uses the Vernier effect is

given as,
iS,S,S,\z ™M

T.F,, =
P 1-CC,zM-C,C,z N +C,C,(SZ+C2z ™M™

(10)

Two defining parameters of a racetrack resonator are effective perimeter length L
and complex propagation constant (B—jo). Here B is phase constant and o is amplitude
attenuation coefficient due to intrinsic loss mechanism of the cavity i.e., radiation and
loss due to imperfection such as surface roughness. All the losses have been included
in the round trip loss y[XIV]. Considering ring losses and defining the resonant
numbers M=4 and N=5 (from experimental results) and M=6 and N=7 (for getting
wider FSR in case of ODRR), lastly combining them for having the OQRR from (4)
for the extended value of FSR[XIII], the overall transmittance of this structure as a
demonstration of the ODRR can be modified as follows,

TFE. = iS,S,S,717,VZ™°
*Udrop T ! — —
* 1-y¢CC,z° —y,C,C,z* +,7,C,C,(S7+C2)z™° (11)

where vy, and y, are the round trip losses of the racetrackl and racetrack2
respectively.
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Following the similar principle just discussed the through port transfer function
which uses Vernier principle is given as (for ODRR),
T,Y,=C(1-CC,z" -C.C.z7")

= I8l NN CA il i) = sisie. MY )
Here, T.Y, =T, Y, +T,Y,.

TE - C=7CCz" =y CLz") +17,0°8S,'Cez” (13)
s 1nC.C,77° = 7,C,Cz ™" +7,7,C.Cy(S; +C;)z™

where, S, = \/E and C, = /1-Kk; .

Similarly, for OQRR the through port transfer function is based upon the Vernier
principle as follows:

TY,=C(-CcCz"-CcCz"-CCz°-CCz™)

A O R O SRR O R 8 S (ORI T R O R R Y

— §282G2G2C, 7 MN+O+P) (14)
Similarly, the Transfer Function of the drop port for OQRR is as below,

388,8:8,85\7 (MN+O+F)

2°3°4%
"irop” 1cc,2MccaNcc,Occafce (52+02)z(M+N)

172 273 374
2.2 (N+O) -(N+P) 2,2
+{C (S +C )+C1C2C ACS}Z +C2C3C 4C52 +C:3C5(S 4+C )z

= M+N+O)-c C,C,Cols2+C2) MNP o o c (s2+C2)z

17472 1727375
20c2, 2 2 (N+O+P) 202002, 2 20202, 2
{CZCSS 4(S +C )+C2 5 4(S {CZlCSSZS 4(S +C )+01C5C 452(83+C3)

262,62, -2 22,02 . A2\~ (MEN+O+P) 15
+C,C5Co83 (S, +C})+C,CC5C (S, +Co)Y (15)

-(M+0)
+C, CZCSC z
-(0+P) 2,2
{Clc 4C2 (S3 +C3)
-(M+0O+P)

+C2)}z

Transfer function of the through port for OQRR as below,

-M -N -0 -P 2020202~ o~(M+N+0+P)
O Y N P A D ER S S H o (16)

2 —(M+N) V70

TF
|y N -0 -p 2
1-CiCy7 " =CyCqt ~CoCyz~ ~C,Cs +CiCq(Sy +Cy)z

through =

+ C1C2C3C4z

2. 2 -(N+0) -(N+P) 2 .2, -(0+P)
HCyCy (S5 +C5)+C1CyC,Cc +C)CqCyCrt +C3C5(S4 +C4)z

2,2 2 2,2 2. -(M+N+0) 22 ~(M+N+P)
HC,C,C (85 +C3) +C,C 85 (85 +Cy ) ~CC1C4C5 (S, +Cy)z

2, ~(M+0+P 2.2 2 2,2 2. ~(N+O+P
-CCC c5(s +Cy)2 ( ) {c2c554(s3+c3)+c2c5c4(s3+c3)}z( )

2 2., ~(M+N+0+P)

2.2,.2 .2
+C1CCS (53+C 3(S +C4)}z

2.2
2)+CiCC) 33(5 +C )+clc czc

HOCsSa8s (52 +C3)
Considering the round trip delays the losses the above OQRRs drop port and through

port transfer function can be written similarly.
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Il. Characteristics of Racetrack Resonator

() Group Delay

Group delay is defined as the rate of change of total phase shift concerning
the angular frequency that is expressed as,
dg
Ty =——7 17
g da) ( )

where ¢ is the total phase shift and o is the angular frequency.

Elaborately it can be expressed as a negative derivative of the phase of the transfer
function for drop port in this work concerning angular frequency[lll] and can be
expressed as,

g

dw

. d tant Imaginary part of Transfer function
Real part of Transfer function | .

(18)
Here, the phase shift can be represented by taking an arctan of the ratio of the
imaginary part to the real part of the transfer function. Group delay has been taken
into account because it matters in the enhancement of the phase sensitivity and it can
be normalized in terms of unit delay T. Hence absolute group delay can be defined as

7 =Tz, and its unit is in seconds ranging in Picosecond.

(b) Dispersion

It causes widening of signal pulses near its resonant peaks as can be seen in Fig.
4(d). In this work structural dispersion is determined for quadruple optical racetrack
architecture [XVI]. It is primarily rate of change of group delay stated above
concerning the frequency and mathematically expressed as,

_ g

D 9o (19)
where o is the normalized angular frequency. In fiber-optic communication systems
dispersion is defined as the derivative of group delay concerning wavelength. The
dispersion of a racetrack resonator along with its total traversed path in a resonator

can be written as,
D=- - g (20)
Total Length of a Racetrack Resonator dA

where 2(L; + zR ) is the total path length for a single racetrack, Li and Ri are the

lengths of the straight path and the radii of the semicircular path respectively.
(c) Finesse

Finesse is the performance indicator of a racetrack resonator. It is expressed as the
ratio of free spectral range (FSR) to the full width at half maxima (FWHM) and
denoted as F. It can be is expressed as [XIV],
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Free Spectral range,,,, ~ Free Spectral range, e

" Full Width at Half Maximapeq ~ Full Width at Half Maximae

Alternately, Finesse is proportional to the number of round-trip delays traversed
before the light intensity in the micro ring racetrack resonator decays exponentially.

(21)

IV. Simulation Results

Frequency responses of the optical double racetrack resonator (ODRR) and
guadruple racetrack resonator (OQRR) and group delay, dispersion characteristics for
OQRR are computed and analyzed in the MATLAB platform. Silicon-on-insulator
(SOI) with high refractive index difference has been used as constituent waveguide
material to mitigate bending loss. Utilizing the delay line signal processing technique
in Z-domain and Vernier principle we got the frequency response for ODRR that is
similar to the experimental results [XIII]. We observed the free spectral range for
ODRR as much as 4.87 THz for drop port transmittance only as shown in the
following Fig. 2.

o] T T T T T T

20+ 4
<<—FSR = 4.87 THz—>

40 - i

60 4

Transmittance

80~ -

-100 -

Drop port transmittance
-120 r r T T T — T r

1.4 1.6 1.8 2 2.2 2.4 2.6
Frequency in Hz x 10%°

Fig. 2. Drop port transmittance compared with experimental drop port response with
the same straight section in both the resonators as 15 pum along with their radius as
6.545 pum and 4.225 um. The design parameters M = 5 and N=4 are the co-prime
numbers. ki = 0.36, ko= 0.024 and ks = 0.36 respectively.

Following the same methodology, drop and through port responses with superior
parameter is shown in Fig. 3. This architecture provides an FSR of 5.77THz.

Sabitabrata Dey



J. Mech. Cont. & Math. Sci., Vol.-17, No.-2, February (2022) pp 1-14

&6 1.7 1.8 1.9 2 2.1 2.2 2.3 2.4
- T T { T T 500

<<———————FSR=577T TH————>»

Drop port transmittance {

50

-100 -

-150 [

-200 -

-250 -

Transmittance

-300 -

\ J
| | | ' \ / | ‘ 10
-400 b / \\// J, \\ / H\/ \
| _ B
Through port transmittance | | / \
g A N[ mivough porwansminance | |/ N\ |
1.6 1.7 1.8 1.9 2 2.1 2.2 2.3 24

Frequency in Hz x 10"

Fig 3. Drop port and through the port response of an ODRR with equal straight
sections of 15 pm and radii of 6.76 um and 8.68 pum here. O =7 and P = 6
respectively are the co-prime numbers. ki = 0.002, k; =0.001 and ks = 0.002
respectively.

Combining two such ODRR just discussed above, an OQRR is formed with equal
straight sections in both the resonators as 15 um and curved segments of radii as
4.225 um, 6.545 um, 6.76 um, and 8.68 um respectively. Assuming the design
parameters, M =7, N = 6, O = 5 and P = 4 respectively as the co-prime numbers and
ki = 0.06, ko = 0.08, k3 = 0.095, ks = 0.08 and ks = 0.06 respectively the drop and
through port responses are shown in Fig.4(a).

A zoom-in view of the single resonant peak of such OQRR is shown in Fig. 4(b) to
determine Full Width at Half Maximum (FWHM) for quadruple racetrack resonator.

Normalized group delay and dispersion characteristics for drop port transmittance for
OQRR are shown in Figs.4(c) and (d) respectively.
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Fig 4. (a). Drop port and through the port response of an OQRR, (b) A zoom-in view
of a single peak atl.7THz.
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Fig 4 (c). Normalized group delay and (d). normalized dispersion for OQRR.

Here it is observed in Fig. 4 (c) and (d) that the normalized group delay and resulting
dispersion are most prominent around the resonant peaks of the frequency response
for OQRR. In other values of a frequency other than the peaks, it is seen that the
group delay is minimum, and dispersion characteristics are almost flat.

V. Conclusion and Discussion

The series-coupled optical double racetrack resonator (ODRR) and optical
guadruple racetrack resonator (OQRR) have been designed and analyzed based on the
Vernier principle and delay line signal processing technique in Z-domain. SOI
changes its group refractive index following equation (1) and is effective in
fabricating this structure in a relatively smaller dimension and mitigating bending
loss. As the regions of interconnections have been extended here, surface loss and
dispersion loss are both taken into account. Here optical path length through the race
tracks and the coupling coefficients (ki) determine the optimum transmission
characteristics at the drop and through ports. In the case of experimental double
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racetrack resonator coupling coefficients between the resonators and the input/output
bus waveguides are considered to be equal for optimum transmission at the drop port
and the through port. FSR obtained from this architecture is 4.87 THz, which agrees
well with the experimental results [XIII].

Following a similar methodology, an extended FSR of 5.77 has been obtained with
superior parameters. Again this technique has been applied for analyzing higher-order
racetrack resonators where we obtained a much enhanced FSR of 6.86 THz compared
to a similar kind of architecture [XIV]. Interstitial spurious transmission is about -
100dB and is uniform over the entire frequency range with negligible resonance loss.
This is very useful in communication engineering using the WDM technique to
accommodate a large number of channels. FWHM obtained from one such resonant
peak of OQRR is 0.01THz and the resulting Finesse is approximately 686 which is
considerably high.

Group delay and dispersion are prominent around the resonant peaks as shown in
the results. Here positive group delay is obtained and this device can also be used as
an optical delay line. The results obtained for both the ODRR and OQRR are
operating in the terahertz range including the C-band of the International
Telecommunication Union - ITU which is useful for future communication networks.
Moreover, the optical resonator-based filters are very useful for obtaining the
nanophotonic devices coupled in Photonic Integrated Circuits (PIC). Racetrack
resonators on silicon platforms can be molded for obtaining electro-optic modulators
and submicron silicon photonic wires for on-chip optical interconnects for higher
orders of resonators.

Appendix:

Loop transmittance of all individual loops:
L =CC,z™ (A1)
L,=C,C,z7" (A2)
L,=CC,z° (A3)
L,=C,C,z " (A4)
L=Cl" - s 1" e - s, 1" =ces ™ (AB)
L, =—C,C,S2z "+ (A6)
L, =-C,C.S7z7 P (A7)
L, =C,C,S282z M+ (A8)
L, = C,C,S287z (NP (A9)
L, =-C,C,S2S282z (N +O+P) (A10)

Transmittance of all possible combinations of two non touching loops:
L,=CC,Ciz ™MW (A1)
Ly = C2C4C32 779 (A12)
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L,, =C,C.CZz7 " (A13)
L, =CcC,c.C,z™M? (Al4)
L, =CC,C,C.z™*P (A15)
=C,C,C,C.z " (A16)
L5 =-C,C,.C,C,Siz” MNP (A17)
L, =—-C,C,C2S2z"™*N+O) (A18)
L,, =—C,C,C282z M*N+P (A19)
L64 =-C,C.CiSiz (N*O+P (A20)
=-CC,C.C.S;z ™M™ (A21)
C C C282 —(N+O+P) (A22)
CC CZS Sz ~(M+N+0+P) (A23)
I—s CCC S Sz —(M+N+O+P) (A24)
Lg CCC S Sz ~(M+N+0+P) (A25)
Transmittance of all possible combinations of three non touching loops:
L,,, =C,C,C.CizMN+O) (A26)
L,, =C,C,C,C.Ciz MNP (A27)
L., =C,C,C,C.C2z MO (A28)
I—z —C C Czcz —(N+O+P) (A29)

Ly, =—C,C,.C2C282z M*N+O+P) (A30)
L6 =_CC CZchZZf(M+N+O+P) (A3l)
712 C C CZC SZ —(M+N+O+P) (A32)

Transmittance of all four non touching loops:
Lips = ClcsczzcszzcjZ_(NI Fror® (A33)
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