JOURNAL OF MECHANICS OF CONTINUA AND
MATHEMATICAL SCIENCES
www.journalimecms.orq

ISSN (Online) : 2454 -7190 Vol.-17, No.-2, February (2022) pp 30-40 ISSN (Print) 0973-8975

NEW CONCEPTS OF T, SEPARATION AXIOMS IN
SUPRA FUZZY TOPOLOGICAL SPACE USING QUASI
COINCIDENCE SENSE

Lalin Chowdhury?, Sudipto Kumar Shaha?, Ruhul Amin®

!Department of Mathematics, Begum Rokeya University, Rangpur, Rangpur-
5404, Bangladesh.

2Department of Mathematics, Begum Rokeya University, Rangpur, Rangpur-
5404, Bangladesh.

3Department of Mathematics, Begum Rokeya University, Rangpur, Rangpur-
5404, Bangladesh.

Email: Ylalin8776@gmail.com, 2sudipto.dha@gmail.com, 3ruhulamin@brur.ac.bd
Corresponding Author: Sudipto Kumar Shaha
https://doi.org/10.26782/jmcms.2022.02.00004

(Received: November 13, 2021; Accepted: January 19, 2022)

Abstract

Sometimes we need to minimize the conditions of topology for different
reasons such as obtaining more convenient structures to describe some real-life
problems or constructing some counterexamples which show the interrelations
between certain topological concepts or preserving some properties under fewer
conditions of those on topology. To contribute to this research area, in this paper, we
establish some notions of T, separation axioms in supra fuzzy topological space in a
guasi-coincidence sense. Also, we investigate some of its properties and establish
certain relationships among them and other such concepts. Moreover, some of their
basic properties are examined. The concept of separation axioms is one of the most
important parts of fuzzy mathematics, mainly modern topological mathematics, which
plays an important role in modern networking systems.

Keywords: Fuzzy Set, Fuzzy Topology, Supra Fuzzy Topology, Quasi-coincidence,
Initial and Final Supra Fuzzy Topology.

l. Introduction

The fundamental concept of a fuzzy set was introduced by Zadeh [XIV] in (1965)
to provide a foundation for the development of many areas of knowledge. Chang [11]
(1968) and Lowen [VI] (1976) developed the theory of fuzzy topological spaces
using fuzzy sets. Separation axioms in fuzzy mathematics have been studied by
several researchers from the early eighties. Wuyts and Lowen [XIII] have been
studied separation properties of fuzzy topological spaces, fuzzy neighborhood, and
fuzzy uniform space. Ahmd [IV] has introduced some fuzzy separation axioms to
study their hereditary and productive properties. Since then extensive work on fuzzy
topological spaces has been carried out by many researchers like Gouguen [V], Wong
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[XI1], Lowen [VII] are created by many authors like P. Wuyts and R. Lowen [XII1],
D. M. Ali [VI], Srivastava et al. [X], J. Shen [IX], M. S. Hossain [V1] and others. We
consider the study of supra separation axioms in fuzzy topology as a new field of
research using quasi-coincidence sense. Supra topological spaces are one of the most
important developments of general topology in recent years.

The purpose of this paper is to further contribute to the development of supra
fuzzy topological spaces specially on supra fuzzy T, topological spaces. In this paper,
we have introduced three new notions of supra fuzzy T, topological space using
quasi-coincidence sense. Moreover, it is proved that our concepts satisfy hereditary,
productive, and projective properties. Also, we have observed that these notions are
preserved under one-one, onto, supra fuzzy open, and supra fuzzy continuous
mappings.

Il. Preliminaries

For the purpose of the main results, we need to introduce some definitions and
notations.

Definition: [XIV] For a set X, a function u: X — [0,1] is called a fuzzy set in X. For
every x € X, u(x) represents the grade of membership of x in the fuzzy set u. Some
authors say that u is a fuzzy subset of X.

Definition: [Il] Let X and Y be two sets and f: X — Y be a function. For a fuzzy
subset v of Y, the inverse image of v under f is the fuzzy subset f~1(v) = vof inX
and is defined by f1(v)(x) = v(f(x)), forx € X.

Definition: [11] Let X be a nonempty set and ¢ be the collection of fuzzy sets in 1%,
Then t is called a fuzzy topology on X if it satisfies the following conditions:

(iY1,0€t.
(ii) If u; € t foreachi € A, then U;cp u; € t.
(iii) If uq,u, € tthenu; Nu, € t.

If t is a fuzzy topology on X, then the pair (X, t) is called a fuzzy topological space
(fts, in short), and members of t are called t-open (or simply open) fuzzy sets. If u is
an open fuzzy set, then the fuzzy sets of the form 1-u are called t-closed (or simply
closed) fuzzy sets.

Definition: [111] Let X be a nonempty set. A subfamily ¢* of I* is said to be a supra
fuzzy topology on X if and only if

(iY1,0€t.
(ii))Ifu; e t* foreach i € A, then U;cp u; € t™.

Then the pair (X, t*) is called a supra fuzzy topological space. The elements of t* are
called supra open sets in (X,t*) and complement of supra open set is called supra
closed set.
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Definition: [III] Let (X, t*) and (Y, s*) be two topological spaces. Let t* and s* are
associated supra topological with t and s respectively and f: (X,t*) —» (Y,s*) be a
function. Then the function f is a supra fuzzy continuous if the inverse image of each
ie., if for any ves*, f~1(v) et*. The function f is called supra fuzzy
homeomorphic if and only if f is supra bijective and both f and f~* are supra fuzzy
continuous.

Definition: [I1I] The function f: (X,t*) = (Y,s") is called supra fuzzy open if and
only if for each supra open fuzzy set u in (X,t*), f(u) is supra open fuzzy set in
(Y,s").

Definition: [I1I] The function f: (X,t*) - (Y, s™) is called supra fuzzy closed if and
only if for each supra closed fuzzy setw in (X,t*), f(w) is supra closed fuzzy set in
(Y,s").

Definition: [I] Let (X,t*) and (Y, s*) be two supra topological spaces. If u; and u,
are two supra fuzzy subsets of X and Y respectively, then the Cartesian product
uy Xu, is a supra fuzzy subset of X xY defined by (uy Xuy)(x,y)=
min(u, (x), u,(y)), for each pair (x,y) € X X Y.

Definition: [XII] Suppose {X;,i € A}, be any collection of sets and X denoted the
Cartesian product of these sets, i.e., X = I1jcX;. Here X consists of all points p =<
a;, i € A >, where a; € X;. For each j, € A, we define the projection 7; : X — X;,
by m; (< a;,i € A >) = a;,. These projections are used to define the product supra
topology.

Definition: [1] Let (X, t*) be a topological space and t* be associated supra topology
with T. The function f:X — I is a lower semi-continuous if and only if {x €
X:f(x) > a}isopenforall a € I.

Definition: [I11] Let (X, t*) be a supra fuzzy topological space and t* be associated
supra topology with t. Then the lower semicontinuous topology on X associated with
t*isw(t*) = {u: X - [1,0], uis supra lsc}.

Definition: [XIV] A fuzzy setu € X is called fuzzy singleton if and only if u(x) =
r,0 <r <1 for a certain x € X and u(y) = 0 for all points y of X except x. The
fuzzy singleton is denoted by x,. and x is its support. The class of all fuzzy singleton
in x is denoted by S(X). If u € I* and x,. € S(X) then we say that x,. € u if and only
ifr <u(x).

Definition: [XIV] A fuzzy singleton x,. is said to be quasi-coincidence with a fuzzy
set u denoted by x,.qu if and only if u(x) +r > 1. If x,. is not quasi-coincidence
with a fuzzy set u we write x,.qu and defined as u(x) +r < 1.

I, The Main Results

We define our notions in supra fuzzy T, topological spaces and show relations
among ours and such notions.
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Definition: A supra fuzzy topological space (X, t*) is called

(a) SFT,(i) if and only if for any pair x,., ys € S(X) for distinct x and y, there exists
Uy, Uy € t* with x,.qu,, ysqu, and uy Nu, = 0.

(b) SET,(ii) if and only if for any pair x,, ys € S(X) for distinct x and y, there
exists u,, u, € t* with x,. € uq, ys € u, and u, qu,.

(c) SET,(iii) if and only if for any pair x,, ys € S(X) for distinct x and y, there
exists uq, u, € t* with x,.quq, ysqu, and u; qu,.

(d) SFT,(iv) if and only if for any pair x, y € S(X) for distinct x and y, there exists
Uy, Uy € t*suchthatu;(x) =1, u,(y) = 1land uy Nu, = 0.

Lemma: For a supra fuzzy topological space (X, t*) the following implications are
true:

SFT,(i) = SFT,(iii), SFT,(iv) = SFT,(i), SFT,(iv) = SFT,(iii),
But in general, the converse is not true.

Proof: SFT,(i) = SFT,(iii): Let (X,t*) be a supra fuzzy topological space and
(X,t") is SFT,(i). We have to prove that (X,t*) is SFT,(iii). Let x,., y; be fuzzy
points in X for distinct x and y. Since (X,t*) is SFT,(i) fuzzy topological space, we
have, there exists uy, u, € t* such that x,.qu,, y;qu, and u; Nu, = 0.

To prove (X, t*) SFT,(iii), it is only needed to prove that u, qu,.

Now, u; Nuy, =0 = (u; Nuy)(x) =0

= min(ul(x), uz(x)) =0=u;(x)=00ru,(x) =0

= u;(x) +uy(x) < 1= uyqu,

If follows that there exists u,, u, € t* such that x,.qu,, y;qu, and u,qu..
Hence it is clear that (X,t*) is SFT, (iii).

To show (X, t*) is SFT,(iii) # (X, t*) is SFT, (i), we give a counterexample.

Counterexample: Let X = {x,y} and uy,u, € I* be given by u;(x) =1—g¢,
ui(y) = 1-zandup(y) = 1 — &, u,(x) = 7, where & = Z forr € (0,1].

Consider the supra fuzzy topology t* on X generated by {0, u,u,, 1}. Then,
u(x) =1 —§=u1(x) +§= 1

= ux)+r>1= x.qu

Also, u,(y) = 1 —§=> uy (y) +§= 1

= u(y) +7 > 1= ysquy

And, u;(x) +u,(x) =1—¢ +§

=>u1(x)+u2(x)=1—§S1
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= u(x)+u,(x) <1 = uqu,
Hence, (X,t") is SFT,(iii). But
min (u;(x), u;(x)) #F0=>u; Nuy, #0
Thus, (X,t*) is SFT,(i). Similarly, we can prove others.
IV.  Good Extension Property
In this section, we shall show that our notions satisfy good extension property.

Theorem: Let (X,t*) be a supra fuzzy topological space. Consider the following
statements:

(1) (X,t*) beaT, Topological Space.
(2) (X,w(t*)) beaSFT,(i) Space.
(3) (X, w(t")) be aSFT,(ii) Space.
(4) (X,w(t")) be a SFT,(iii) Space.

The following implications are true:
DODe@ DMeB).M)e@

Proof of (1) = (2): Let (X,t") be a supra topological space and (X,t*) is T,. We
have to prove that (X, w(t*)) is SFT,(i). Let x,., y; be fuzzy points in X with distinct
x and y. Since (X,t*) is T, supra topological space we have, there exists u;,u, € t*
such that x, € uy, ys € u, and u; Nu, = 0. From the definition of lower semi-
continuous we 1, ,1,, € w(t*) and 1, (x) =1, 1,,(y) = 1.

Then1, (x) +7>1= x.ql,,

Similarly, = y,q1,,.

Also, 1, n1,, =0. If 1, N1, # 0, then there exists z € X such that (1u1 n
1,,)(@) #0 =1, (2) #0,1,,(2) # 0.

= u@)=1LuwuEZ)=1=2z€u,z€uU,

= Z €Euy NUy = Uy Nuy, # @ acontradiction.

So, 1,, n1,, =0. Hence (X,w(t")) is SFT,(i). It follows that there exists
1y,, 1y, € o(t*) such that x,.q1,,, ¥sq1,, and 1,, N 1,, = 0. Hence (X, w(t)) is
SFT,(i). Thus (1) = (2) holds.

Proof of (2) = (1): Let (X, w(t")) is SFT,(i). We have to prove that (X,t*) is T,.
Let x,,, y; be points in X for distinct x and y. Since (X, w(t*)) is SFT,(i), we have,
for any fuzzy points x,, y; in X, 3 uy,u, € w(t*) such that x,.quq, y;qu, and u; N
U, = 0

Now, x,.qu; = u (x) +r>1
=Sux)>1l-r=a

= x € u;(a,1]
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Similarly, y € u;(a, 1]. Also, uy*(a, 1], u3 *(a, 1] € t*. Now,
UuyNu,=0= (u; Nuy)(2) =0

= min(ul(z),uz(z)) =0

We claim that u7 (e, 1] N u;*(a, 1] = @. For, if z € u; (o, 1] N u;(a, 1], then z €
uil(a,1]and z € u3(a, 1]

= u(z) >aanduy(2) > a
= min(u, (2),u,(2)) > a, a contradiction. Then uy*(a, 1] N u3*(a, 1] = .

It follows that 3uil(a,1], u;1(a, 1] € t* such that x € uy(a, 1], y € u3(a, 1]
and 171 (e, 1] N 431 (a, 1] = 9. Thus (2) = (1) holds.

Similarly, we can prove others.
V.  Hereditary Property in Supra Fuzzy T, Topological Spaces

In this section, we shall show that our notion satisfies the hereditary property.
Theorem: Let (X,t*) be a supra fuzzy topological space, A € X, t, = {%: u; Et*},
then (X, t*) is SFT,(j) = (4, T;) is SFT,(j); where j = i, i, iii.

Proof: Let (X, t*) be a supra fuzzy topological space and (X,t*) is SFT,(j). We have
to prove that (4,t;) is SFT,(j). Let x,., ys be fuzzy points in A for distinct x and y.
Since A € X, these fuzzy points are also fuzzy points in X. Also since (X,t*) is
SFT,(j) supra fuzzy topological space we have, there exists u,,u, € t* such that
Xrquq, Ysqu, and uy; Nu, = 0. For A € X, we have u; /A, u, /A € t;.

Now, x,.qu; = uy(x) +r>1,x € X
:(%)(x)+r>1,xeA§X

= xrq(u1/A)
And, ysqu, = uy,(y) +s>1,yeX

:(%)(y)+s>1,y€A§X

= ¥sq(uz/4)
Further,u; Nu, = 0= (u; Nu,)(x) =0,x € X

= min(uy (x),u,(x)) =0,x €X
= min (%(x),%(x)) =0,xeEACX
Uq Uy _
- (7(95) n:(x)) =0
Uq Uz\ _
= (3)n (%) =0
It follows that there exists u;/A, u,/A € t; such that x,.q(u,/A), ysq(u,/A) and
(uy/A) N (uy/A) = 0. Hence, (4, ty) is SFT,(j).
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VI.  Productivity and Projectivity in Fuzzy T, Topological Spaces

In this section, we shall show that our notions satisfy productive and projective
properties.

Theorem: Let (X;, t;),i € A be a supra fuzzy topological space and X = [];eaX; and
t; be the product topology on X, then for all i € A, (X;,t;) is SFT,(j) if and only if
(X,t*) is SFT,(j); where j = i, ii, iii.

Proof: Let for all i € A, (X;,t]) is SFT,(j) space. We have to prove that (X, t*) is
SFT,(j). Let x,,, y; be fuzzy points in X for distinct x and y. Then (x;),, (¥;)s are
fuzzy points for distinct x; and y; for some i € A. Since (X;, t;) is SFT,(j), there
exists uq; , up; €t; such that (x;)rquq; , (V:)squz; and uy; Nuy; = 0. Now,
(x)rqua;, (Vi)squz;. But we have m;(x) = x; and 7;(y) = ;.

Now, (x)rqui; = uq;(x;)) +7>1,x €X

= uy,;(m(0) +7r>1

= (ulioni)(x) +r>1

= x,q(uq;0m;)

ANd, (y;)squz; = uz,(y)) +s<1Ly€X

= uzi(ni(y)) +s5s<1yeX

= (uzom)() +s<1

= y5q(uz,0m;)

Similarly, we can prove that x,.q(us,0m;), ysq(uz,0m;).

Now, (uy; Nuy;)(x) =0

= min (1, (x,), uz;(x;) ) = 0

= min (1, (m;(x)), uz,(m:(x))) = 0
= min ((uy;07;)(x), (uz;0m;) (%)) = 0
= ((wy,0m;) 0 (wz,0m;)) () = 0
Hence, ((uy,0m;) N (uz;0m;)) = 0

It follows that there exists (uj;0m;), (upo0m;)€t; such that x,q(uq;0m;) ,

ysq(uzioni) and ysq(uzioni) : xrq(ulioni) and ((ulioni) n (uzioni)) =0.
Hence, (X,t") is SFT,(j).

Conversely, Let (X,t*) be a supra fuzzy topological space and (X,t*) is SFT,(j).
We have to prove that (X;,t;),i € Ais SFT,(j). Let a; be a fixed element in X;. Let
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A; = {x € X =[lier Xi:xj = a; for some i # j}.
Then A; is a subset of X, and hence (4;, t,,) is a subspace of (X,t"). Since (X, t") is
SFT,(j), so (A;, ta,) is SFT,(j). Now we have 4; is a homeomorphic image of X;.
Hence it is clear that for all i € A, (X;, t]") is SFT,(j) space.

VIl.  Mapping in Supra Fuzzy T, Topological Spaces

In this section, we shall show that our notions satisfy the order-preserving property.
Theorem: Let (X, t*) and (Y, s™) be two supra fuzzy topological space and f: X — Y
be a one-one, onto and fuzzy open map then, (X,t*) is SFT,(j) = (Y,s™) is
SFT,(j); where j = i, ii, iii.

Proof: Let (X,t*) be a supra fuzzy topological space and (X, t*) is SFT,(j). We have
to prove that (Y, s™) is SFT,(j). Let X,., y; be fuzzy points in Y distinct x and y. Since
f is onto then there exists x,y € X with f(x) = %, f(y) =y and x,,y, are fuzzy
points in X with x # y as f is one-one. Again since (X, t*) is SFT,(j) space, there
exists u;, u, € t* such that x,qu,, ysqu, and uy Nu, = 0.

Now, x,.qu; = u;(x) +r > 1

And y,qu, = u,(y) +s>1

Now, f(uy) (%) = {supuy (x) : f(x) = %}

= f(uy) (%) = uy(x), for some x

And f(u) (@) = {supu, () : f(¥) = ¥}

= f(uz)(¥) = uy(y), for some y

Also since f is an open map then f(u,), f(u,) € s*asuy, u, € t.
Again, = u,(x)+r>1

= flu))+r>1

= %,qf (u)

And, u,(y)+s>1

= fu))(¥) +s>1

= Ysqf (uz)

Further,u; Nu, =0

Here, f(u; Nuz) (%) = {sup(us Nuy) (x): f(x) = £}
= fuy Nuy)(x) =0

And f(uy Nuz)() = {sup(uy Nuz) ): f(y) = ¥}
Therefore f(uy Nuy) =0= f(u ) N f(uy) =0

It follows that there exists f(u,),f(u,) € s* such that x,.qf (uy), ¥sqf (u;) and
f(uy) N f(uy) = 0. Hence it is clear that (Y, s*) is SFT,(j) space.

Lalin Chowdhury et al

37



J. Mech. Cont. & Math. Sci., Vol.-17, No.-2, February (2022) pp 30-40

Theorem: Let (X, t*) and (Y, s™) be two supra fuzzy topological space and f: X — Y
be a one-one and fuzzy continuous map then, (Y,s*) is SFT,(j) = (X,t") is
SET,(j); where j = i, ii, iii.

Proof: Let (Y,s™) be a supra fuzzy topological space and (Y, s*) is SFT,(j). We have
to prove that (X,t*) is SFT,(j). Let x,., ys be fuzzy points in X for distinct x and y.
Then (f(x)),, (f(¥))s are fuzzy points in Y with f(x) # f(y) as f is one-one.
Again since, (Y, s*) is SFT,(j) space, there exists uq,u, € s* such that (f(x)),quy,
(F())squz and u; Nu, = 0.

Now, (f (x))rqu; = ul(f(x)) +r>1

= u@)+r>1= (F )@ +r>1
= xqf ()

And, (f())squz = w(f) +5 > 1

= [ (w()+s>1= (@)@ +s>1
= ysqf "' (uz)

Also, u; Nu, = 0. Then (uy Nuy)(f(x)) =0

= min (ul(f(x)), uz(f(y))) =0

= min(f ! (u) (), f 7 (uz) (%)) = 0
= min ((f " () (®), (f 1 w)(x)) = 0
= (') N () (x) =0

=T u)Nnf(u) =0

Now since f is a continuous map and u;,u, € s* then f~1(uy), f~1(u,) € t*. It
follows that there exists f~1(u;), f~1(uy) € t* such that x,.qf "1 (uy), veqf ~1(uy)
and f~1(uy) N f71(uy) = 0. Hence, (X, t*) is SFT,(j) space.

VIIIl.  Initial and Final Supra Fuzzy T, Topological Spaces

Theorem: If {(X;,t;);} € Ais a family of SFT,(iv) fuzzy topological space and
{fi: X — (X;, t))}i € A, afamily of one-one and fuzzy continuous functions, then the
initial supra fuzzy topology on X for the family {f;}; € A is SFT,(iv).

Proof: Lett* be the initial supra fuzzy topology on X for the family {f;}; € A. Let
xr, ys be fuzzy points in X for distinct x and y. Then f;(x), f;(y) € X; and f;(x) #
fi(¥) as f; is one-one. Since (X;,t;) is SFT,(iv), then for every two distinct fuzzy
points (f;(x))r, (fi(¥))s in X;, there exists fuzzy sets uq,u,, €t; such that

(fi())rquy,, (fi(¥))squz, and uy, qusy,.
Now, (f;(x))rquy, and (f;(¥))squz,
That is uli(fl-(x)) +r>1and uzi(fi(y)) +s>1
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= fi'l(uli)(x) +r>1and fi_l(uzl.)(y) +s>1
Also, uy,qu,, = uli(fl-(x)) +uy, (fikx)) <1
= 7 (ug,) ) + fi (ug,) () <1
This is true for every i € A. So,
inffi_l(uli)(x) +r>1 and inffl-'l(uzl.)(y) +s>1 and inffl-'l(uli)(x) +
inf £ (uy,)(x) < 1

Let u; =inff; "(uy,) and u, =inff; " (uy,) . Then uy,uy, €t* as f; is fuzzy
continuous. So, uy (x) +r > 1and u,(y) + s > 1 and uy (x) + uy(x) < 1.

Hence, x,-quy, ysqu, and u,qu,. Therefore, (X, t*) is must SFT, (iv).

Theorem: If {(X;,t;);} € Ais a family of SFT,(iii) fuzzy topological space and
{fi: X — (X;, t))}i € A, a family of open and bijective function, then the final supra
fuzzy topology on X for the family {f;}; € A is SFT,(iii).

Proof: Let t* be the final supra topological on X for the family {f;}; € A. Let x,, ys
be fuzzy points in X for distinct x and y. Then f;"*(x), £ *(y) € X; and f;(x) #
£ 1 (y) as f; is bijective. Since (X;,t;") is SFT,(iii), then for every two distinct fuzzy
points (f;1 (X)), (fi *())s in X;, there exists fuzzy sets uy,u,, € t; such that

U C)raua, (71 (7)squz, and uy, 7 uy,.

Now, (fi* (x))rquy, and (f (7))squz,

That is, uy, (ﬁ-‘l(x)) +7 > 1and uy, (fl-‘l(y)) +s5s>1
= fi(ug,)(®) +7r>1and f;(up, ) ) +s > 1

AlS0, 1y, uz, = 1y, (7100)) + uz, (1 (0)) < 1

= (i (1,0) + fi (1,0 < 1

This is true for every i € A. So,

inff;(uy,)(x)+r>1 and  inffi(up,)(») +s>1 and  inffi(uy,)(x) +
inf f; (up,)(x) < 1

Let u; = inff;(uy,) and u, = inf f;(uy,). Then uy,u, € t* as f; is fuzzy open. So,
u () +r>1,u,(y)+s>1andu(x) +u,(y) < 1.

Hence, x,-quq, ysqu, and u,qu,. Therefore, (X,t*) is must SFT, (iii).
IX.  Conclusion

The main result of this paper is introducing some new concepts of supra fuzzy T,
topological spaces. We discuss some features of these concepts and present the good
extensions, hereditary, productive, and projective properties. Also, we have observed
that these notions are preserved under one-one, onto, supra fuzzy open, and supra
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fuzzy continuous mappings. We think that this research work will contribute to the
development of the field of modern mathematics.
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