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Abstract.  

  The numerous applications in medical fields as well as in industrial areas 

have drawn substantial attention from researchers to study the fluid flow and heat 

transfer (HT) through a bent duct. The present paper demonstrates a spectral-based 

numerical study of 2D flow in a bent square geometry for various curvature ratios. 

The numerical calculation has been conducted over Dn, 0 5000Dn  and the 

curvature ranges from 0.001 to 0.5. The horizontal walls are thermally different where 

the bottom wall is heated while the ceiling wall is cooled, the vertical walls being 

thermally insulated. After an extensive investigation, we found two branching 

structures of the solution, each consisting of two branches with 2- to 8-vortex solutions 

for small and medium curvatures while three branches of solution structure for large 

curvatures. The instability of the flow is then calculated by performing a time-

evolution (TEv) analysis and by sketching the phase-space (PS) of the solutions. This 

study also demonstrates that the HT is significantly boosted with the effect of 

secondary flows (SF) and the increasing secondary vortices boost heat transfer more 

effectively than other physically realizable solutions. 
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I.    Introduction   

Fluid flows through ducts and channels have been an essential interest 

of plentiful investigators due to the numerous applications in engineering fields 

and in many industrial technologies including refrigeration, heat exchanger, 

rocket engines, combustion engine, cooling, and air condition system, turbines 
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of gas, etc. Centrifugal forces due to channel curvature attribute twisted flow 

known as SF. Because of Coriolis and centrifugal forces, two types of secondary 
forces are produced and the influence of these two forces generates intricate shape of 

the SF and the axial flow (AF) and appear an additional couple of secondary vortices 

at the concave wall, which are specially recognized as Dean Vortices [XIV]. Since then, 

several numbers of researchers have investigated this flow with theoretical and 

experimental at different times. We can refer here to some articles; Berger et al. [XI], 

Nandakumar and Masliyah [III], Ito [II].   Yanase et al. [XIII] have studied the solution 

structure of steady solution (SS) through a curved rectangular duct (CRD) of large Ars. 

They obtained five branches by investigating the linear stability of the branches. After 

that, Mondal et al. [X] have studied the solution structure of the SS and they have 

shown the connectivity between SS and unsteady solution (US). Mondal et al. [IX] had 

studied the USs where the flow through a CRD of large Ars. Rotational effects for 

unsteady flows on solution structures through a CRD have been discussed very recently 

by Islam et al. [VI]. Dolon et al. [XII] have analyzed the study on solution structure 

along with the TEv for strong curvatures. Norouzi et al. [V] have investigated the 

creeping flow and inertial for second-order fluid through the CSD by using FDM. 

Yamamoto et al. [IV] conducted an experimental study for investigating the 

characteristics of the Dean flow using the visualization method for the CSD. Chanda et 

al. [I] studied the numerical investigation through a CRD for both positive and negative 

rotation cases and discussed the HT for CRD flow. In this paper, we studied the 

hydrothermal behavior of the flow of fluids and the transfer of heat through a bending 

square channel for various curvatures.     
 

II.   Model Set-Up 

We assumed 2D, incompressible, and viscous fluid flows through a CSD.     

Fig. 1 demonstrated the cross-sectional view of the present system. The bottom and top 

walls are considered to be heating and cooling respectively. The fluid passes through 

the duct’s center lines in the axial direction. 

 
 

 

 

 

 

 

 

 

 

 

 

 

Fig 1.  Cross-sectional view of the working system 
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 Because of the uniform fluid flow in z -direction, we introduce the stream function, 

  in the x-direction and y-direction as 

1
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Therefore, the dimensionless basic equation for the ,w   and T  can be expressed as 

follows 
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 The dimensionless parameters Dn , Gr and Pr are defined as 
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Boundary Conditions for the w and   are to be taken as  
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The boundary condition for T:   

(1, ) 1, ( 1, ) 1, ( , 1)T y T y T x x= − = −  =
                                         

(7) 

III.    Resistance Coefficient 

The resistance coefficient  , alternative name hydraulic resistance 

coefficient, is defined by the following formula  
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Here, *
hd  

represents hydraulic diameters. The velocities through the main axial * are 

calculated using the following formula 
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 is related to the mean non-dimensional axial velocity    as 

  
2

4 2 Dn



=

 
                                                                       (10)  

IV.    Results and discussion 

IV.i.   Branching structure  

Firstly, we have investigated the solution structure for SSs for 0.001, 0.1 =

and 0.5. After vast investigation, we obtained asymmetric two branches of SSs for each 

of 0.001 =  and 0.1 =  while three branches of SSs for 0.5 = over the ranges

0 5000Dn  . The solution structure of SSs has been visualized in Fig. 2(a) for

0.001 = , 0.1 and 0.5 for 0 5000Dn  . The branches are named as the first branch, 

second branch, and third branch respectively for each curvature. For clear 

visualization, Fig. 2(a) is presented by enlarging in Fig. 2(b) for all three curvatures. 

Thereafter, we have obtained the streamlines and isotherms of SFs which are depicted 

in Fig. 3 for various Dn and curvatures. We found no bifurcating relation among three 

branches.  
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 Fig 2. (a) Branching structures for SSs (b) Enlargements of Figure 2(a); 

(i) 0.001 = , (ii) 0.1 =  and (iii) 0.5 = . 
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Fig 3. Patterns of the SF (top) and Isotherms (bottom) for different Dn and different 

curvatures  = 0.001, 0.1, and 0.5. 
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Fig. 4. (a) Time progress, (b) PS and (c) Patterns of the SF (top) and isotherms 

(bottom) for 100Dn= and 0.001 =  
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IV.ii.   Unsteady solutions.  

We have obtained the time-dependent solutions for 100Dn= , 0.001 = as 

depicted in Fig. 4(a). It is observed that the unsteady flow is multi-period in nature with 

2- and 3- vortex solutions (Fig. 4(c)). This multi-periodic oscillation has been properly 

justified by sketching PS diagram in  −  plane as presented in Fig. 4(b). The 

oscillation of multi-periodicity has turned into steady states 500Dn= with 2- vortex 

solution as shown in Figs. 5 (a, b) and the steady-state flows are observed to be 

continued till 3500Dn= . Further, an increase of Dn numbers at 4000Dn=  then we 

observed that the flow oscillation is irregular with 4- vortex solution (see Figs. 6(a, c)). 

For good justification, we draw PS of the unsteady solution (US) as exhibited in 

Fig.6(b) where the orbits cross irregular patterns.   
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Figure 5. (a) Time progress (b) Patterns of the SF (top) and isotherms (bottom) for 

500Dn= and 0.001 =  
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        (c) 
Fig 6. (a) Time progress, (b) PS and (c) Patterns for SF (top) and the isotherms 

(bottom) for 4000Dn= and 0.001 =  
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Fig 7. (a) Time progress, (b) PS and (c) Patterns of the SF (top) and the Isotherms 

(bottom) for 100Dn= and 0.1. =  
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Fig8. (a) Time progress, (b) Patterns of the SF (top) and the isotherms (bottom) for 

500Dn= and 0.1. =  
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Fig 9. (a) Time progress, (b) PS and (c) Patterns of the SF (top) and the isotherms 

(bottom) for 4000Dn= and 0.1. =  
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Then, we performed the behaviors of the US for 0.1 = and 0 4000Dn  . Now, we 

calculate the TEv of for 100Dn= , where the chaotic flow with 3- vortex solution is 

observed as shown in Figs. 7(a, c). The chaotic nature has been properly checked by 

drawing the PS of in the − plane, where dxdy =  .(see Fig. 7(b)), where we 

observed that the flow is chaotic. With the gradual increase of Dn, the chaotic flow 

turns into the steady-state flow with a 2- vortex solution in Figs. 8(a, b) at 500Dn=  

and the steady-state flow remained unchanged till 4000Dn= . Again, we calculate the 

time progression of   at 4000Dn= then we see that the flow is chaotic with 2- to 4- 

vortex solution as shown in Figs. 9(a, c). For clear observation, we draw a PS of TEv 

as depicted in Fig. 9(b).   

Finally, we evaluated unsteady solutions 0.5 = . Figs. 10(a, c) suggest the flow is 

chaotic with a 3- vortex solution 100Dn= . For more understanding of the chaoticity, 

we also assessed the PS of the TEv as exhibited in Figure 10(b) and confirmed 

chaoticity.  
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Fig. 10. (a) Time-progression, (b) PS and (c) patterns of the SF (top) and the isotherm 

(bottom) when 100Dn= and 0.5. =  



 

 

 

 

J. Mech. Cont. & Math. Sci., Vol.-17, No.-1, January (2022)  pp 54-64 

Selim Hussen et al 

 

 

63 

 

V.     Conclusion 

A study on numerical and spectral-based has been presented to investigate the 

characteristics of the flow-through CSD for curvatures ratios 0.001, 0.1, and 0.5 and 

investigated comprehensively 0 4000Dn  . We obtained two branches of SSs for 

each curvature 0.001 = and 0.1 while three branches for 0.5 = with 2- to 8- vortex 

solution. We then investigated the US of fluid flows with the calculation of TEv and 

PS. The UFs undergoes the sequences ‘multi-periodic→  steady-state→  chaotic’ for 

0.001 = and 0.1 =  while for 0.5 = , the UF is as follows ‘chaotic→  steady-

state’. The typical contour of the patterns of the SF and the isotherms have also been 

investigated for various Dn, where we observed that the UF consists of 2- to 4-vortex 

solutions. SF plays a vital role in the HT of the fluid from heated wall to neighboring.  

HT is always enhanced by the chaotic nature than the other physically realizable 

solutions.   
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