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Abstract 

In this paper synchronization problem for two different fractional-order 

chaotic systems has been investigated. Based on fractional calculus, optimality 

conditions for this synchronization have been achieved. Synchronization Time and 

control signals are two factors that are optimized. After that, the synchronization 

method is applied in secure communication. Finally using the simulation example, the 

performance of the proposed method for synchronization and chaotic masking is 

shown. 
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I.   Introduction 

Chaos synchronization has been attracted a great deal of attention since Pecora 

and Carroll established a chaos synchronization scheme for two identical chaotic 

systems with different initial conditions [XVIII]. There are many methods for the 

synchronization of various chaotic systems. Some popular methods for synchronization 

of chaotic systems are the Lyapunov method, linear and nonlinear feedback control, 

adaptive control, impulse control [I], [II]. In recent years, studies on the dynamics of 

fractional-order differential systems have also been a very interesting issue because 

many problems in engineering, mathematics, and physics with fractional differential 

equations can be modeled more accurately than integer differential equations [III]. It is 

proved that some fractional-order differential systems behave chaotically, such as the 

fractional-order Chua’s system, the fractional-order Rossler system, the fractional-¨ 

order modified Duffing system, fractional-order Lorenz system, Chen system, and Lu 

system [IV]. Chaos synchronization¨ problems in fractional-order systems are being 

widely investigated [V]. 
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We must note that, when we want to synchronize two different fractional-order 

chaotic systems, at the synchronized state, because of the different dynamics of 

systems, the control signal would not become zero. Therefore, in these systems 

synchronizing with minimum control signal is an important point. Optimal control is 

also used for control and synchronization of integer-order chaotic systems, previously 

[VII], [VIII]. Fractional order optimal control for the first time appeared in optimal 

control of fractional Brownian motion [IX], [X]. The fractional optimal control 

problem is an optimal control problem for fractional differential equations. In this field 

of study, or more specifically, fractional optimal control there are a few works [XI]. 

Also, there are some works about optimal synchronization of integer-order chaotic 

systems [VII], [VIII]. But there is not any specific work in optimal synchronization of 

different fractional-order systems. By using mentioned methods we propose an optimal 

controller and by comparing the proposed method with the active control method we 

can show the optimality in synchronization time and control signals. Achieving 

synchronization (especially optimal synchronization) between two different chaotic 

systems, always been a challenging problem. One of the innovative and important 

points of this work is that we introduced a method to achieve optimal synchronization 

between two different chaotic systems when two systems are fractional-ordered. After 

that by changing the fractional order of systems, it is shown that fractional case by 

decreasing the fractional order less control effort needs to synchronize two systems. 

For the secure transmission of the information, we need two chaotic systems which are 

synchronized with each other. Different methods have been introduced for this task 

[XII-XIV]. Chaotic masking is one of these methods [XVI]. 
 

II.   Experimental Study 
 

A. Fractional-order derivative 

To discuss fractional chaotic systems, we usually need to solve fractional-order 

differential equations. For the fractional differential operator, there are three commonly 

used definitions: Grunwald-Letnikov (GL) definition [VI], Riemann-¨ Liouville (RL) 

definition [VI], and Caputo definition [VI]. The GL definition of non-integer 

integration and differentiation is given as follows :  

𝐷𝑡
𝛼𝑓(𝑡) = lim

ℎ→0
ℎ−𝛼 ∑ (−1)𝑗 (

𝛼
𝑗 ) 𝑓(𝑡 − 𝑗ℎ) 

(𝑡−𝑎)/ℎ
𝑗=0     (1) 

 𝑤ℎ𝑒𝑟𝑒 (
𝛼
𝑗 ) =

𝛼(𝛼−1)…(𝛼−𝑗+1)

𝑗!
 

Caputo definition is given below: 

𝑑𝛼

𝑑𝑡𝛼
𝑓(𝑡) =

1

𝐹(𝑛−𝛼)
∫

𝑓(𝑛)(𝑇)

(𝑡−𝑇)𝑛−𝛼+1
𝑑𝑇 

𝑡

0
     (2) 

 
𝑑𝛼

𝑑𝑡𝛼
𝑓(𝑡) =

1

𝑇(𝑛−𝛼)

𝑑𝛼

𝑑𝑡𝛼
∫

𝑓(𝑛)(𝑇)

(𝑡−𝑇)𝑛−𝛼+1
𝑑𝑇        

𝑡

0
    (3) 

where n is an integer such that n - 1 < α < n , r(0) is the Gamma function. The Laplace 

transform of the Riemann-Liouville fractional derivative is 

𝐿 (
𝑑𝛼

𝑑𝑡𝛼
𝑓(𝑡)) = 𝑠𝛼𝐿(𝑓(𝑡)) − ∑ [

𝑑𝛼−1−𝑘𝑓(𝑡)

𝑑𝑡𝛼−1−𝑘
]𝑡=0      

𝑛−1
𝑘=0      (4) 
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where, L is the Laplace transformer, and s is a complex variable. Upon considering the 

initial conditions to zero, this formula 

reduces to 

𝐿 (
𝑑𝛼

𝑑𝑡𝛼
𝑓(𝑡)) = 𝑠𝛼𝐿(𝑓(𝑡))             (5) 

B. Stability theorem of fractional-order system Consider the following fractional-order 

equation 

𝐷𝛼𝑥(𝑡) = 𝑓(𝑥(𝑡))       (6) 

where x = [x1, x2, ..., xn]T ∈ Rn are the states of system and f(x) = [f1(x), f2(x), ..., fn(x)]T 

describe the system’s equations. Also we suppose ٠ < α ≤ 1 For this condition wehave 

the following Lemma. 

Lemma 1. If there exists a positive definite matrix P that 

Satisfies 

J = x(t)T𝑃
𝑑𝛼𝑥(𝑡) 

𝑑𝑡𝛼
 ≤ ٠  

Then system (6) is asymptotically stable [I]. 

Proof 1. A Lyapunov candidate functions as 

𝑉(𝑡) = 𝑥(𝑡)𝑇𝑃𝑥(𝑡)        (7) 

leads to 

𝑉(𝑡) = 2𝑥(𝑡)𝑇𝑃
𝑑𝑥(𝑡)

𝑑𝑡
          (8) 

With Caputo definition of the fractional operator, we can get 

𝑑𝑥

𝑑𝑡
= lim

𝛿𝑡→0

𝛿𝑥

𝛿𝑡
= lim

𝛿𝑡→0

1

𝑇(𝛼)
∫ (𝑡−𝑇)𝛼−1(𝐷𝛼𝑥(𝑇))𝑑𝑇
𝑡
𝑡−𝛿𝑡

𝛿𝑡
    (9) 

substituting Eq.(9) in Eq.(8) and using inequality of Lemma 1 leads to the following 

inequality(more details can be found in [XVII]). 

lim
𝛿𝑡→0

∫ (𝑡 − 𝑇)𝛼−1𝑃(𝐷𝛼𝑥(𝑇))𝑑𝑇 ≤ 0   
𝑡

𝑡−𝛿𝑡
     (10) 

Then 

𝑉 = 2 lim
𝛿𝑡→0

∫ (𝑡−𝑇)𝛼−1𝑃(𝐷𝛼𝑥(𝑇))𝑑𝑇
𝑡
𝑡−𝛿𝑡

𝛿𝑡
≤ 0                       (11) 

The above inequality verified the Lyapunov stability theorem for the system (6). 

Integer version of system (6) is described as 

𝑑𝑥

𝑑𝑡
= 𝑓(𝑥)         (12) 
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Lemma 2. For a positive definite matrix P,if a Lyapunov function as V = x(t)T P x(t) 

leads to 

V_ = 2x(t)T P 
𝑑𝑥(𝑡)

𝑑𝑡
(t) ≤ ٠Then system (12) is asymptotically stable. Corollary 1. 

According to stability proof for Lemma 1, we can achieve stability of the fractional-

order system with 0 < α  < 1 from the stability of the integer order system. 

Corollary 1 proves that an integer order system is stable when a fractional version of 

the system with 0<α<1 is stable 

C. Fractional-order chaotic systems 

1) Fractional-order Lorenz system: The fractional-order Lorenz system [V] is described 

by 

{

𝐷𝛼1𝑥1 = 𝜎(𝑥2 − 𝑥1)

𝐷𝛼2𝑥2 = 𝑝𝑥1 − 𝑥1𝑥3 − 𝑥2
𝐷𝛼3𝑥3 = 𝑥1𝑥2 − 𝐵𝑥3

         (13) 

where σ is the Prandtl number, ρ is the Rayleigh number and is the size of the region 

approximated by the system The minimum effective with parameter as σ = 10, ρ = 

28 and 𝛽 8 3⁄  To find the lowest order of system (13) to remain chaotic we investigate 

numerically the dynamics of this system where our results are validated by the 

existence of a positive Lyapunov exponent. The presented method in [VI] shows that 

for α > 0.99 the system has the positive largest Lyapunov exponent which implies 

that the system is chaotic. The state trajectories of the system for α1 = α2 = α3 = 0:993 

are illustrated in Fig.1.. 

 

Fig.1. 

2) Fractional-order Chen system: The Chen system, introduced by Chen and Retain 

1999 [VI], is similar but not topologically equivalent to the Lorenz system and it is 

described by 
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{

𝐷𝛼1𝑥1 = 𝛼(𝑥2 − 𝑥1)

𝐷𝛼2𝑥2 = (𝑐 − 𝑎)𝑥1 − 𝑥1𝑥3 + 𝑐𝑥2
𝐷𝛼3𝑥3 = 𝑥1𝑥2 − 𝑏𝑥3

       (14) 

Chen system exhibits chaotic behavior at the parameters  (a; b; c) = (35; 3; 28) [?]. 

Reference [?] pointed out that fractional-order Chen system (37) exhibits chaotic 

behavior for fractional-order 0.85 ≤ α The chaotic attractor with α1 = α2 = α3 = 0:993 

is shown 

 

Fig. 2. Chaotic behavior of fractional-order Chen system 

D. Optimal control of fractional-order systems 1) Euler-Lagrange equations for 

fractional-order optimal control: The fractional-order optimal control problem can be 

formulated as follows. We want to find the optimal control u(t) for a fractional-order 

differential equation that minimizes the cost function. We defined cost function as 

below 

𝐽 = ∫ 𝐹(𝑥, 𝑢, 𝑇)𝑑𝑇   
𝑇

0
      (15) 

where x are state variables and t represent the time and subject to some constraints, 

these cost functions will be minimized. 

𝐷𝛼𝑥 = 𝐺(𝑥, 𝑢, 𝑡)        (16) 

and initial conditions 

 x(0) = x0 

Note that with α = 1, fractional-order optimal control problem convert to a standard 

optimal control problem with integer-order [ in our systems we consider 0 < α < 1 

These are not the limitations of the approach and derivative can be of any order 

Because we want to find the optimal control, we must follow the Euler-Lagrange 

approach and define a modified performance index as [12]: 

 𝐽 = ∫ [𝐹(𝑥, 𝑢, 𝑇) + 𝑃(𝐺(𝑥, 𝑢, 𝑇) − 𝐷𝛼𝑥)]𝑑𝑇
𝑇

0
   (17) 
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where P is the Lagrange multipliers and in following these multipliers lead to co-state 

equations which must solve to achieve an optimal solution. Bases of our method 

construct by using calculation of variations and it’s proved that minimization of J 

requires the to solving following equations [VII]. 

 𝐷𝛼𝑥 = 𝐺(𝑥, 𝑢, 𝑡)        (18) 

𝐷𝛼𝑃 =
𝛿𝐹

𝛿𝑥
+ 𝑃

𝛿𝐺

𝛿𝑥
       (19) 

𝛿𝐹

𝛿𝑢
+ 𝑃

𝛿𝐺

𝛿𝑢
= 0;         (20) 

and  e(0) = e0 and P (T ) = 0 

Eq.(18-20) represents Euler-Lagrange equations for fractional order optimal control 

problem where Eq.(18) is the state equations and Eq.(19) is the co-state equations. Like 

classical optimal control theories, in fractional-order optimal control, Eq.(18) has a 

forward solution with initial conditions and 

Eq.(19) has a backward solution with final conditions. 

III.      Results and Discussions 

 

A. Synchronization method We define chaotic drive and response systems as 

following 

 

𝐷𝛼𝑥 = 𝑓(𝑥)          (21) 

and 

  𝐷𝛼𝑦 = 𝑔(𝑦) + 𝑈(𝑥, 𝑦)         (22) 

where x, y ∈ Rn are state vectors for n-dimensional drive and response systems also f 

and g are continuous vector functions to describe the drive and response systems 

respectively Y α are fractional orders for each state of the drive and response systems 

which are Rn vectors, α = [α1, α2, ..., αn]T, αi ∈ (0, 1] Note that in our method the 

fractional orders are with a condition 0 < αi ≤ 1. U(x, y) is the control signal input which 

is determined later. Decompose the drive system (21) and response system (22) as 
 

𝐷𝛼𝑥 = 𝐴𝑥 + 𝐹(𝑥)                     (23) 

and 

  𝐷𝛼𝑦 = 𝐵𝑦 + 𝐺(𝑦) + 𝑈(𝑥, 𝑦)        (24) 

where A;B∈ Rn*n are the linear parts in drive system and response systems parameter 

matrices, respectively, F and G are the nonlinear parts in drive system and response 

system, respectively. With defining synchronization of two systems with conditions 

that states of drive and response systems are equal, then the synchronization errors are 

defined as: 

𝑒 = 𝑦 − 𝑥         (25) 
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Our objective is to find an effective and minimum controller function U to ensure 

synchronization of the drive system (23). 

and response system (24) achieved. According to (25) we can write 
 

  𝐷𝛼𝑒 = 𝐷𝛼𝑦 − 𝐷𝛼𝑥        (26) 

by replacing Eq.(23),(24) in Eq.(26) we have 
 

 𝐷𝛼𝑒 =  𝐵𝑦 +  𝐺(𝑦)  +  𝑈(𝑥, 𝑦) – (𝐴𝑥 +  𝐹(𝑥))       (27) 

Now we define new controller for using in Euler-Lagrange equations as: 
 

𝑈’ =  𝐵𝑦 +  𝐺(𝑦)  − ((𝐴 −  𝐵)𝑥 + 𝐹(𝑥))  +  𝑈(𝑥, 𝑦)̇                                                   (28) 

We can get the error dynamic systems as: 

 
𝐷𝛼𝑒 =  𝐵𝑦 +  𝐺(𝑦) –  𝐵𝑥 −  ((𝐴 –  𝐵)𝑥 +  𝐹(𝑥))  +  𝑈(𝑥, 𝑦) 

𝐷𝛼𝑒 =  𝐵𝑒 +  𝑈’                                                                                                                                                  (29) 

 B.   Secure communication 
 

In this part, we use fractional-order chaotic systems for the chaotic masking. Chaotic 

masking is one of the well-known algorithms in information transmitting. A Diagram 

of this method is shown in Fig.3. A chaotic system generates the carrier and this carrier 

combined with information signal and summation of two signals is transmitted through 

a communication channel. In the receiver, chaotic synchronization is completed and 

after subtraction detected signal is obtained 

 

Fig. 3. Block diagram of the secure communication process 

IV. Application and Simulation 

 In this part, we consider the synchronization between the fractional-order 

Lorenz system and fractional-order Chen system with the mentioned parameters in 

section 2. By using the system equations (13) and (14) the drive and response systems 

are given as follows 

 

  {

𝐷0.99𝑥1  =  10(𝑥2  −  𝑥1)

 𝐷0.99𝑥2  =  28𝑥1 –  𝑥1 𝑥3 –  𝑥2
𝐷0.99𝑥3  =  𝑥1 𝑥2   −  8𝑥3/3

          (30) 

 

and 
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  {

𝐷0.99𝑦1  =  −35(𝑦1  −  𝑦2) + 𝑢1
 𝐷0.99𝑦2  =  7𝑦1 –  𝑦1 𝑦3 + 28 𝑦2
𝐷0.99𝑦3  =  𝑦1 𝑦2   −  3𝑦3 + 𝑢3

 + 𝑢2      (31) 

we can calculate the synchronization errors equations between two systems as below: 
 

  {

𝐷0.99𝑒1  =  35(𝑦2  −  𝑦1) − 10(𝑥2 − 𝑥1) + 𝑢1
 𝐷0.99𝑒2  =  7𝑦1 –  𝑦1 𝑦3 + 35 𝑦2 − 28𝑥1 + 𝑥1𝑥3 + 𝑥2

𝐷0.99𝑒3  =  𝑦1 𝑦2   − 𝑥1𝑥2 − 3𝑦3 +
8𝑥3

3
+ 𝑢3

+ 𝑢2    (32) 

 

Where e = [e1, e2, e3]T   and e1 = y1 – x1 , e2 = y2 – x2, e3 = y3 – x3 are synchronization 

errors, rccording to the proposed methodY we can derive the controller function as 

follows 

  {
�̇�1 = 25(𝑦2 − 𝑦1) + �̇�1

�̇�2 = −𝑦1𝑦3 − 21𝑥1 − 𝑥1𝑥3 + 36𝑥2 + 𝑢1
�̇�3 = −𝑦1𝑦2 + 𝑥1𝑥2 − 𝑥3/3 + 𝑢3

           (33) 

According to the chaotic behavior of systems, states of drive and response systems are 

bounded therefore optimized u′i leads to optimal ui with the above equations. The cost 

function of optimal control problem for minimizing control signal and synchronization 

errors choose as a quadratic function as below: 
 

  𝐽 = ∫ (𝑒1(𝑡)
2 + 𝑒2(𝑡)

2 + 𝑒3(𝑡)
2 + 𝑢1̇(𝑡)

2 + �̇�2(𝑡)
2 + �̇�3(𝑡)

2)𝑑𝑡   
𝑡𝑓
0

  (34) 

Therefore Eq.(32) reduced to the following equations: 
 

  {

𝐷0.99𝑒1(𝑡)  =  10(𝑒2 − 𝑒1) + �́�1
 𝐷0.99𝑒2(𝑡) =  7𝑒1  + 28 𝑒2 + 𝑢2́

𝐷0.99𝑒3(𝑡) = −3 𝑒3  + �́�3

          (35) 

Now our optimization problem is minimizing cost function (34) subject to Eq.(35). For 

this problem, we can write Euler-Lagrange equations Eq.(18-20) as follow 

 

  𝐷𝛼𝑒 = 𝐹(𝑒, 𝑢, 𝑡) → {

𝐷0.99𝑒1(𝑡)  =  10(𝑒2 − 𝑒1) + �́�1
 𝐷0.99𝑒2(𝑡) =  7𝑒1  + 28 𝑒2 + 𝑢2́

𝐷0.99𝑒3(𝑡) = −3 𝑒3  + �́�3

      (36) 

  𝐷𝛼𝑃 =
𝛿𝐺

𝛿𝑒
+ 𝑃

𝛿𝐹

𝛿𝑒
→ {

𝐷0.99𝑃1(𝑡) =  𝑒1 − 10𝑃1
 𝐷0.99𝑃2(𝑡) =  𝑒2  + 28 𝑃2(𝑐𝑜 − 𝑠𝑡𝑎𝑦𝑒 𝐸𝑞𝑠. )

𝐷0.99𝑃3(𝑡) =  𝑒3 − 3𝑃3

   (37) 

  
𝛿𝐺

𝛿𝑢
+ 𝑝

𝛿𝐹

𝛿𝑢
= 0 → {

�́�1 + 𝑃1 = 0
�́�2 + 𝑃2 = 0
�́�3 + 𝑃3 = 0

          (38) 

where P are the Lagrange multipliers and e(0) = e0 and P(T) = 0. Eq.(36) has a forward 

solution and with the initial condition, and Eq.(37) has the backward solution with the 

final condition and note that all of above equations must be solved simultaneously. 
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Initial conditions for drive and response systems are selected as (x1; x2; x3) = (2; 3; 5) 

and (y1; y2; y3) = (-9;- 5; 14),respectively. Also, the simulation time is 10 seconds. 

Synchronization errors are illustrated in Fig.4. For comparison and showing optimality 

of the result of the proposed method, here we synchronize two systems with the active 

control method [6], [7], and the result of the two methods is illustrated in Fig.5. For 

synchronizing two systems with active control method we can define control signals 

for Eq.(32) as below: 
 

  {

𝑢1 = −25(𝑦2 − 𝑦1) + 𝑘11𝑒1 + 𝑘12𝑒2 + 𝑘𝑘13𝑒3
𝑢2 = −𝑦1𝑦3 − 21𝑥1 − 𝑥1𝑥3 + 36𝑥2 + 𝑘21𝑒1 + 𝑘22𝑒2 + 𝑘23𝑒3

𝑢3 = −𝑦1𝑦2 + 𝑥1𝑥2 − 𝑥3/3) + 𝑘13𝑒1 + 𝑘23𝑒2 + 𝑘33𝑒3

  (39) 

Where e = [e1; e2; e3]
T and e1 = y1 - x1 , e2 = y2 - x2 , e3 = y3 - x3 are synchronization 

errors. Now we choose element of K matrix such that synchronization errors by using 

stability theorem of fractional-order systems (4) converging to zero . With this control 

input error equations convert to: 
 

By selecting 

  𝐾 = [
0 −10 0
−7 −29 0
0 0 0

]         (40) 

we can rewrite Eq.(40) as: 

            {

𝐷0.99𝑒1(𝑡) = −10𝑒1
𝐷0.99𝑒2(𝑡) = −𝑒2
𝐷0.99𝑒3(𝑡) = −3𝑒3

                                                                                           (41)   

Letting Ei(s) = L (ei(t)) where (i = 1, 2, 3), and by using Laplace transform of 

fractional-order differential equations we have 
𝑑𝛼

𝑑𝑡𝛼
 (ei(t)) = sαEi(s) - sα-1ei(0) 

Using this method for Eq(41) leads to. 

 

{

𝑠0.99𝐸1(𝑠) − 𝑠
−0.01𝑒1(0) = −10𝐸1(𝑠)

𝑠0.99𝐸2(𝑠) − 𝑠
−0.01𝑒2(0) = −𝐸2(𝑠)

𝑠0.99𝐸3(𝑠) − 𝑠
−0.01𝑒3(0) = −3𝐸3(𝑠)

                                                                     (42) 

By using final value theorem of Laplace transform and solving above equation it is 

proved that 

 

{
 

 
lim
𝑡→∞

𝑒1(𝑡) = lim
𝑠→0

𝑠𝐸1(𝑠) = 0

lim
𝑡→∞

𝑒2(𝑡) = lim
𝑠→0

𝑠𝐸2(𝑠) = 0

lim
𝑡→∞

𝑒3(𝑡) = lim
𝑠→0

𝑠𝐸3(𝑠) = 0

                                                                                  (43) 

Since E1 (s), E2(s), E3(s) are boundedY owing to the attract  tiveness of the attractors 

of the attractors of systems (13) and (14), there exists ∁> 0, such that |xi(t)| ≤ ∁ < ∞ and 

|yi(t)| ≤ ∁< ∞ where  (i = 1, 2, 3). Therefore, lim t→∞ e1(t) = lim t→∞  e2(t) = lim t→∞  e3(t) 

=0. Consequently, the synchronization between the drive and response systems (13) 

and (14) is achieved.  In the numerical simulations, the initial conditions for the drive 

and response systems are (x1(0); x2(0); x3(0))T = 
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(a) First information signal 

 

 

 

 

 

 

 

 

 

 

 

 

(b) Second information signal 

 

 

 

 

 

 

 

 

 

 

 

 

(c)    Third information signal 

Fig. 4. secure communication three information signals, (a) first signal, (b) second 

signal, (c) third signal 
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(2; 3; 5)T and (y1(0); y2(0); y3(0))T = (3; 5; 8)T , respectively. Three information signals 

are selected as m1(t) =10sin(10t)cos(20t), m2(t) = 5sin(5t) - 5cos(40t) andm3(t) = (5 + 

10sin(40t))cos(20t) 

Through simulations, the secure communication with the synchronized state variables 

in the response fractional-order Chen system, with the states in the drive fractional-

order 

 

 

  

(a) e1(b)        (b) e2 

 

 

                         (c)  e3 

Fig. 5. Synchronization errors, (a) e1 , (b) e2 , (c) e3 

Lorenz system, are shown in Fig. 4. The numerical results show that the 

synchronization of the commensurate fractional-order Lorenz system and the 

commensurate fractional-order Chen system is achieved, which verifies the validity of 

the proposed controller. For comparison, we synchronize two systems with an active 

controller with K =
0 −10 0
−7 −29 0
0 0 0
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which comparison results illustrated in Fig.5 . Result shows the advantages and 

optimality of control signals and synchronization times. For changing the power of the 

fractional order of control signals are mentioned in Table1. 

 

Table 1: Power of control signals with different fractional orders 

Order u1 u2 u3 

0.99 9639 471480 28826 

0.993 10811 479630 34864 

0.996 10322 497220 35668 

1 10517 497790 35814 

 
V.      Conclusion 

Secure communication using the synchronization of chaotic systems with an 

optimal controller is a challenging problem. In this paper, we investigate the problem 

of the synchronization between different fractional-order chaotic systems using optimal 

control. By using fractional calculus and the stability theorems of the fractional-order 

linear systems, we propose a method to attain synchronization of two different systems 

with optimal control inputs and also minimum synchronization times. After getting 

synchronization, secure communication of information signals using the chaotic 

masking method was done. The controller is designed by writing Euler-Lagrange 

equations for fractional-order error dynamics and by solving this equation. To verify 

the effectiveness of the designed controller we illustrated an example with two well-

known fractional-order chaotic systems. By comprising with synchronization of two 

different systems with active control method the effectiveness and optimization of 

designed input signals and synchronization times were shown. Decreasing the 

fractional orders of systems decrease the needed control signals for synchronization 
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