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Abstract 

Grassmannian bi-complex contains two types of differential maps 𝑑 and 𝑑′. 
This complex is related to the Tangent complex by Siddiqui for the differential map. 

In this article, we try to find morphisms in tangential configuration space to relate 

Grassmannian complex and first-order tangent complex for differential map 𝑑′. 

Keywords : Grassmannian complex, Configuration, Vector Space, Cross-Ratio, 

Tangent Complex. 
 

I.   Introduction 

A.A.Suslin defined the Grassmannian complex over geometric configurations 

[XIV] whereas A.B. Goncharove related this complex to the famous Bloch-Suslin 

complex [V], [VI] as well as to his own motivic complexes. After that Cathelineau 

[II] worked on the "infinitesimal" and “Tangential” versions of Goncharov complexes 

by defining vector spaces 𝛃n(F)  and  Tℬn(F) . Siddiqui brings the geometry of 

configuration spaces into infinitesimal and tangential settings. He computed the 

cross-ratios and Goncharov’s triple-ratios for the truncated polynomial rings 

𝐹[𝜀]2and 𝐹[𝜀]3 [XI]. He connects the Grassmannian complex 

 

𝑑: 𝐶𝑚(𝐴𝐹[𝜀]2
2 ) → 𝐶(𝑚−1)(𝐴𝐹[𝜀]2

2 )                (1.1) 

 

JOURNAL OF MECHANICS OF CONTINUA AND 

MATHEMATICAL SCIENCES 

www.journalimcms.org 

0 
ISSN (Online) : 2454 -7190  Vol.-16, No.-7, July (2021) pp 146-157  ISSN (Print) 0973-8975 

 

 

 

 

mailto:zahid.hussain@kiu.edu.pk
mailto:shahid8310@yahoo.com
https://doi.org/10.26782/jmcms.2021.07.00012


 

 

 

J. Mech. Cont. & Math. Sci., Vol.-16, No.-7, July (2021)  pp 146-157 

Sadaqat Hussain et al 

 

 

147 

 

𝑑: (𝑥0, … , 𝑥𝑚) ↦∑(−1)𝑚(𝑥1, … , 𝑥 ̂𝑖, … , 𝑥𝑚)

𝑚

𝑖=0

 

to the first order tangent complex of weight 2 .i.e. 
              

𝜕 ∶ 𝑇ℬ2(𝐹) ↦  𝐹 ⊗ 𝐹× +  ∧2 𝐹× 

𝜕 (⟨𝑎; 𝑏]2) ↦ (
𝑏

𝑎
⊗ (1 − 𝑎) +

𝑏

1−𝑎
⊗𝑎) + (

𝑏

1−𝑎
∧
𝑏

𝑎
) 

by introducing maps 𝜏0,𝜀
2  and 𝜏1,𝜀

2 . Also, he gives maps 𝜏0,𝜀
3 , 𝜏1,𝜀

3  and 𝜏2,𝜀
3   to connect 

the Grassmannian subcomplex (2) to the first order tangent complex of weight 3 .i.e. 

𝑇ℬ3(𝐹)
 𝜕𝜀    
→  𝑇ℬ2(𝐹)⊗ 𝐹× ⨁𝐹 ⊗ℬ2(𝐹)

 𝜕𝜀    
→  𝐹 ⊗  ∧2 𝐹× +  ∧3 𝐹 

Where 

  𝜕𝜀(⟨𝑎; 𝑏]3) ↦ (⟨𝑎; 𝑏]2⊗𝑎 +
𝑏

𝑎
⊗ [𝑎]2) , and 

𝜕𝜀(⟨𝑎; 𝑏]2⊗ 𝑐 + 𝑥 ⊗ [𝑦]2)

↦ (−
𝑏

1 − 𝑎
⊗ 𝑎 ∧ 𝑐 −

𝑏

𝑎
⊗ (1 − 𝑎) ∧ 𝑐 + 𝑥 ⊗ (1 − 𝑦) ∧ 𝑦)

+ (
𝑏

1 − 𝑎
∧
𝑏

𝑎
∧ 𝑥) 

He also gives proof of the commutativity of resulting diagrams (see §4 𝑎𝑛𝑑 §5 of 

[XI]. What we are going to do in this work is searching for suitable morphisms 

between the tangent complex and Grassmannian complex with projective differential 

map 𝑑′. For this purpose, we introduce maps 𝜋0,𝜀
2  and 𝜋1,𝜀

2  for weights 2 and𝜋0,𝜀
3 , 𝜋1,𝜀

3  

and 𝜋2,𝜀
3  for weight 3. After that, we give proof of the commutativity of the resulting 

diagrams. There should be no confusion about the maps 𝑑 and  𝑑′ because both these 

maps occur in the Grassmannian complex and are totally different from each other. 

That’s why our work is different from that of the work in [XI] and [XII]. 
 

ll.    Preliminaries:  

Grassmannian Sub Complexes 

For any set 𝑋, let 𝐶𝑚(𝑋)  be a free abelian group generated by the elements 

(𝑥0, … , 𝑥𝑚) 𝜖 𝑋
𝑚+1  . Then we have a simplicial complex  ( 𝐶𝑚(𝑋), 𝑑) , where 

𝑑: (𝑥0, … , 𝑥𝑚) ↦∑(−1)𝑚(𝑥1, … , 𝑥 𝑖, … , 𝑥𝑚)

𝑚

𝑖=0

 

For any group 𝐺 acting on  𝑋, we call elements of the quotient set 𝐺 𝑋𝑚⁄  

configurations of the elements of  𝑋. Let 𝐶𝑚(𝑛)  be a free abelian group generated by 

the configurations of m-vectors 

Of an 𝑛-dimensional vector space𝑉𝑛. The configuration (𝑥𝑖|𝑥1, … , 𝑥 ̂𝑖 , … , 𝑥𝑚) is 

Called a projective configuration of 𝑚 −  1 vector projected from 𝑥𝑖. Define a 

projective differential map 𝑑′   as 
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  𝑑: 𝐶(𝑚+1)(𝑛 + 1) → 𝐶𝑚(𝑛) 

𝑑′: (𝑥0, … , 𝑥𝑚) ↦∑(−1)𝑚(𝑥𝑖|𝑥1, … , 𝑥 ̂𝑖, … , 𝑥𝑚)

𝑚

𝑖=0

 

Using the above two differential maps we can form the following Complexes known 

as Grassmannian complexes 

… 
𝑑
→ 𝐶𝑛+3(𝑛)

𝑑
→𝐶𝑛+2(𝑛)

𝑑
→ 𝐶𝑛+1(𝑛) 

 

… 
𝑑′

→ 𝐶𝑛+3(𝑛 + 2)
𝑑′

→𝐶𝑛+2(𝑛 + 1)
𝑑′

→ 𝐶𝑛+1(𝑛) 

Cathelineau’s Complex 

In [II] Cathelineau introduces another version of Goncharov and Bloch groups by 

using the infinitesimal procedure. He defines the infinitesimal vector spaces as 

𝛽1(𝐹) = 𝐹 

Where 𝑭 is any field of characteristic 0. Also 

𝛽2(𝐹) =
𝐹[𝐹⦁⦁]

𝑟2(𝐹)
 

Where  𝐹⦁⦁ = F − {0,1} and 𝒓𝟐(𝑭) is the subspace of 𝐹[𝐹] generated by the 

following 

 

[𝑎] − [𝑏] + 𝑎 [
𝑏

𝑎
] + (1 − 𝑎) [

1−𝑏

1−𝑎
]   

  

And there is a map 𝛿2: 𝐹[𝐹
⦁⦁] ⟶ 𝐹×⊗𝐹×defined as 

[𝑎] ↦ 𝑎 ⊗ 𝑎 + (1 − 𝑎) ⊗ (1 − 𝑎) 

Such that 𝑟2(𝐹) ⊆ ker𝜕2. From the above setup, we have a complex 

𝛿: 𝛽2(𝐹) ⟶ 𝐹×⊗𝐹× 

Called infinitesimal complex of weight 2, where 𝜕 is induced by 𝛿2. Further, 

Infinitesimal complex for weight 3 can be defined as 

𝛽3(𝐹) =
𝐹[𝐹⦁⦁]

𝑟3(𝐹)
 

where 𝑟3(𝐹) is the kernel of the map 
 

𝛿3: 𝐹[𝐹
⦁⦁] ⟶ 𝛽2(𝐹)⊗ 𝐹×⨁ 𝐹 ⊗ℬ2(𝐹) 

[𝑎] ↦ ⟨𝑎⟩2⊗𝑎 + (1 − 𝑎) ⊗ [𝑎]2 

 

where ⟨𝒂⟩𝟐 is a class of [𝒂] in 𝛽2(𝐹), we can form a complex for the map 𝛿  as 
 

𝛽3(𝐹)
    𝛿       
→   𝛽2(𝐹)⊗ 𝐹×⨁( 𝐹 ⊗ℬ2(𝐹))

    𝛿       
→   𝐹 ⊗ ∧3 𝐹× 
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Where 

𝛿: ⟨𝑎⟩3 ↦ ⟨𝑎⟩2⊗𝑎 + (1 − 𝑎)⊗ [𝑎]2 

and 

𝛿: ⟨𝑎⟩3⊗ 𝑏 + 𝑥 ⊗ [𝑦]2
↦ −(𝑎 ⊗ 𝑎 ∧ 𝑏 + (1 − 𝑎)⊗ (1 − 𝑎) ∧ 𝑏) + 𝑥 ⊗ (1 − 𝑦) ∧ 𝑦 

where ⟨𝑎⟩3 is a class of [𝑎] in 𝛽3(𝐹). 

Tangent complex: 

The first order tangent group for weight 2 can be denoted by Tℬ2(F) (see [X] , [XI] ) 

and defined as a ℤ −module generated by the elements of the form 

 ⟨𝑎; 𝑏]2 ∈  ℤ[F[𝜀]2] (see [11])  

and quotient by the expression 

 ⟨𝑎; 𝑎′] − ⟨𝑏; 𝑏′] + ⟨(
𝑏

𝑎
) ; (

𝑏

𝑎
)
′

] − ⟨(
1−𝑏

1−𝑎
) ; (

1−𝑏

1−𝑎
) ′] + ⟨(

𝑎(1−𝑏)

𝑏(1−𝑎)
) ; (

𝑎(1−𝑏)

𝑏(1−𝑎)
) ′], 𝑎, 𝑏 ≠ 0 

Where 

 ⟨𝑎; 𝑎′] = [𝑎 + 𝑎′𝜀] − [𝑎] , (
𝑏

𝑎
)
′
=
𝑎𝑏′−𝑎′𝑏

𝑎2
 , (

1−𝑏

1−𝑎
)
′
=
𝑎′(1−𝑏)−𝑏′(1−𝑎)

(1−𝑎)2
 

  and    

    (
𝑎(1−𝑏)

𝑏(1−𝑎)
)
′
=
𝑎′(1−𝑏)𝑏−𝑏′(1−𝑎)𝑎

(𝑏(1−𝑎))2
  

Using this group we can form the following complex 

𝜕 ∶ 𝑇ℬ2(𝐹) ↦  𝐹 ⊗ 𝐹× +  ∧2 𝐹× 

  𝜕 (⟨𝑎; 𝑏]2) ↦ (
𝑏

𝑎
⊗ (1 − 𝑎) +

𝑏

1−𝑎
⊗𝑎) + (

𝑏

1−𝑎
∧
𝑏

𝑎
)                   (1.2) 

called Cathelineau’s or tangential complex. 

The group 𝑇ℬ3(𝐹) is defined in [XI] and [XII] as a tangent group of weight 3. In the 

same paper, this group is used to obtain the cathelineau complex 

𝑇ℬ3(𝐹)
𝜕𝜀     
→  𝑇ℬ2(𝐹)⊗ 𝐹× ⨁𝐹 ⊗ ℬ2(𝐹)

 𝜕𝜀    
→  𝐹 ⊗  ∧2 𝐹× +  ∧3 𝐹 

where  𝜕𝜀(⟨𝑎; 𝑏]3) ↦ (⟨𝑎; 𝑏]2⊗𝑎 +
𝑏

𝑎
⊗ [𝑎]2)                     (1.3)                   

and 

𝜕𝜀(⟨𝑎; 𝑏]2⊗ 𝑐 + 𝑥 ⊗ [𝑦]2) ↦ (−
𝑏

1−𝑎
⊗𝑎 ∧ 𝑐 −

𝑏

𝑎
⊗ (1 − 𝑎) ∧ 𝑐 + 𝑥 ⊗ (1 − 𝑦) ∧ 𝑦) +

         (
𝑏

1−𝑎
∧
𝑏

𝑎
∧ 𝑥)            (1.4) 
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Tangential configurations: 

Let 𝐹 be any field, then we can define the 𝜈𝑡ℎ truncated polynomial ring as 

F[𝜀]𝜈 =
𝐹[𝜀]

𝜀𝜈
 

Also, define 𝐴𝐹[𝜀]𝜈
𝑛  be an n-dimensional affine space over the truncated polynomial 

ring F[𝜀]𝜈.  

We take = (𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑛) ∈ 𝐴𝐹
𝑛\{(0,0, … . ,0)} , 𝑙𝜀 = (𝑎1,𝜀, 𝑎2,𝜀, 𝑎3,𝜀 , … , 𝑎𝑛,𝜀) ∈

𝐴𝐹
𝑛 and in a similar way we can take 

 𝑙𝜀𝜈−1 = (𝑎1,𝜀𝜈−1 , 𝑎2,𝜀𝜈−1 , 𝑎3,𝜀𝜈−1 , … , 𝑎𝑛,𝜀𝜈−1) ∈ 𝐴𝐹
𝑛 ,  

then one can write  𝑙∗ = 𝑙 + 𝑙𝜀𝜀 + 𝑙𝜀2𝜀
2 +⋯+ 𝑙,𝜀𝜈−1𝜀

𝜈−1 ∈ 𝐴𝐹[𝜀]𝜈
𝑛  (see [IX]). Then 

we can define a differential map 𝑑 for the free abelian groups 𝐶𝑚( 𝐴𝐹[𝜀]𝜈
𝑛 ) generated 

by the configurations of m-vectors in n-dimensional affine space over F[𝜀]𝜈  

𝑑: 𝐶𝑚+1(𝐴𝐹[𝜀]𝜈
𝑛 ) → 𝐶(𝑚)(𝐴𝐹[𝜀]𝜈

𝑛 )  ,(𝑙0
∗ , … , 𝑙𝑚

∗ ) ↦ ∑ (−1)𝑚(𝑙0
∗ , … , 𝑙 𝑖

∗, … , 𝑙𝑚
∗ )𝑚

𝑖=0  

We also find another map 𝑑′ called projective differential map as 

𝑑′: 𝐶𝑚+1(𝐴𝐹[𝜀]𝜈
𝑛 ) → 𝐶(𝑚)(𝐴𝐹[𝜀]𝜈

𝑛−1 )   

(𝑙0
∗ , … , 𝑙𝑚

∗ ) ↦ ∑ (−1)𝑚(𝑙𝑖
∗|𝑙0
∗ , … , 𝑙̂𝑖

∗, … , 𝑙𝑚
∗ )𝑚

𝑖=0                (1.5) 

Determinants over tangential configurations: 

We denote the 2 × 2 determinant by ∆(𝑙𝑖
∗, 𝑙𝑗

∗) ∈ F[𝜀]2 with 𝑙𝑖 ∈ 𝐴𝐹[𝜀]2
2 . Then  

∆(𝑙𝑖
∗, 𝑙𝑗

∗) = ∆(𝑙𝑖
∗, 𝑙𝑗

∗)𝜀0 + ∆(𝑙𝑖
∗, 𝑙𝑗

∗)𝜀1 

where  

 ∆(𝑙𝑖
∗, 𝑙𝑗

∗)𝜀0 = ∆(𝑙𝑖, 𝑙𝑗)  ; ∆(𝑙𝑖
∗, 𝑙𝑗

∗)𝜀1 = ∆(𝑙𝑖 , 𝑙𝑗,𝜀)  +∆(𝑙𝑖,𝜀 , 𝑙𝑗)   

In our main result we use a short notation for determinants as ∆(𝑙𝑖
∗, 𝑙𝑗

∗) = (𝑙𝑖
∗𝑙𝑗
∗)  

that is we ignore delta and commas. 

Cross-ratio: 

Let (𝑙0
∗ , 𝑙1

∗, 𝑙2
∗ , 𝑙3

∗) ∈ 𝐴𝐹[𝜀]2
2  be the configuration of four points, then the cross-ratio over 

the truncated polynomial ring 𝐹[𝜀]2 can be defined as 

𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3) =
∆(𝑙𝑜,𝑙3)∆(𝑙1,𝑙2)

∆(𝑙𝑜,𝑙2)∆(𝑙1,𝑙3)
  𝑟𝜀(𝑙0

∗ , 𝑙1
∗, 𝑙2
∗ , 𝑙3

∗) =
{∆(𝑙0

∗,𝑙3
∗)∆(𝑙1

∗,𝑙2
∗)}𝜀

∆(𝑙𝑜,𝑙2)∆(𝑙1,𝑙3)
−

 𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3)
{∆(𝑙0

∗,𝑙2
∗)∆(𝑙1

∗,𝑙3
∗)}𝜀

∆(𝑙𝑜,𝑙2)∆(𝑙1,𝑙3)
 

See [11] and [9] for more details. It is clear that the cross-ratio is well defined as it 

depends neither upon the length of vectors nor upon the volume formed by these 

vectors. 
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III.   Results and Discussions 
 

Our main result in this paper is to propose morphisms between the 

Grassmannian sub-complex of projective differential map 𝑑′  and the tangent 

complex. First of all, we discuss such types of morphisms for weight 2. 

Since the tangent or Cathelineau’s complex for weight 2 is 

𝜕 ∶ 𝑇ℬ2(𝐹) ↦  𝐹 ⊗ 𝐹× +  ∧2 𝐹× 

Take the Grassmannian sub-complex of projective differential map 𝑑′ as 

𝑑′: 𝐶4(𝐴𝐹[𝜀]2
2 ) → 𝐶3(𝐴𝐹[𝜀]2

1 ) 

Here we propose morphisms 𝜋0,𝜀
2  and 𝜋1,𝜀

2  to connect the above two complexes. Then 

we have the diagram   (3.1a). 

where             

 𝜕𝜀 (⟨𝑎; 𝑏]2) ↦ (
𝑏

𝑎
⊗ (1 − 𝑎) +

𝑏

1−𝑎
⊗𝑎) + (

𝑏

1−𝑎
∧
𝑏

𝑎
)                       (2.1) 

𝜋0,𝜀
2 (𝑙0

∗ , 𝑙1
∗, 𝑙2

∗) = ∑ (−1)𝑖 {
𝐷(𝑙𝑖

∗)𝜀

𝑙𝑖
⊗

𝑙𝑖+1

𝑙𝑖+2
+

(𝑙𝑖
∗)

(𝑙𝑖+1
∗)
∧
(𝑙𝑖+1

∗)

(𝑙𝑖+2
∗)
}2

𝑖=0  , 𝑖   𝑚𝑜𝑑   3       (2.2) 

 𝜋1,𝜀
2 (𝑙0

∗ , 𝑙1
∗, 𝑙2
∗ , 𝑙3

∗) = ⟨𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3), 𝑟𝜀(𝑙0
∗ , 𝑙1

∗, 𝑙2
∗ , 𝑙3

∗)]                      (2.3) 

It is very simple to verify that 𝜋0,𝜀
2  and 𝜋1,𝜀

2  are both well-defined because both these 

maps neither depend upon the length of the vectors nor upon the volume form of 

these vectors.  So we directly come to verify the following results. 

Theorem 3.i.a.   The following diagram 

 

 is commutative. i.e. 

𝜋0,𝜀
2  𝜊 𝑑′ =  𝜕𝜀𝜊 𝜋1,𝜀

2  

Proof:  Take the left-hand side and use the definition of 𝑑′, we get 

𝜋0,𝜀
2  𝜊 𝑑′(𝑙0

∗ , 𝑙1
∗, 𝑙2
∗ , 𝑙3

∗) =            (2.4) 

   𝜋0,𝜀
2 (𝑙0

∗|𝑙1
∗, 𝑙2

∗ , 𝑙3
∗)−𝜋0,𝜀

2 (𝑙1
∗|𝑙0
∗ , 𝑙2

∗ , 𝑙3
∗)+𝜋0,𝜀

2 (𝑙2
∗|𝑙0
∗ , 𝑙1

∗, 𝑙3
∗) − 𝜋0,𝜀

2 (𝑙3
∗|𝑙0
∗ , 𝑙1

∗, 𝑙2
∗)       

Now using (2.2) on each term. The last term will become 
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𝜋0,𝜀
2 (𝑙3

∗|𝑙0
∗ , 𝑙1

∗, 𝑙2
∗) =

𝐷(𝑙0
∗𝑙3

∗)𝜀
(𝑙0, 𝑙3)

⊗
(𝑙2, 𝑙3)

(𝑙1, 𝑙3)
−
𝐷(𝑙1

∗𝑙3
∗)𝜀

(𝑙1, 𝑙3)
⊗
(𝑙0, 𝑙3)

(𝑙2, 𝑙3)
+
𝐷(𝑙2

∗𝑙3
∗)𝜀

(𝑙2, 𝑙3)

⊗
(𝑙1, 𝑙3)

(𝑙0, 𝑙3)
+
(𝑙0

∗𝑙3
∗)

(𝑙1
∗𝑙3

∗)
∧
(𝑙1

∗𝑙3
∗)

(𝑙2
∗𝑙3

∗)
−
(𝑙1

∗𝑙3
∗)

(𝑙2
∗𝑙3

∗)
∧
(𝑙2

∗𝑙3
∗)

(𝑙0
∗𝑙3

∗)
+
(𝑙2

∗𝑙3
∗)

(𝑙0
∗𝑙3

∗)

∧
(𝑙0

∗𝑙3
∗)

(𝑙1
∗𝑙3

∗)
 

Similarly, we can easily calculate the value of the remaining three terms. Substitution 

of these values in (2.4) we get 

𝜋0,𝜀
2  𝜊 𝑑′(𝑙0

∗ , 𝑙1
∗, 𝑙2

∗ , 𝑙3
∗) =

𝐷(𝑙0
∗𝑙1

∗)𝜀

(𝑙0,𝑙1)
⊗

(𝑙0,𝑙3)

(𝑙0,𝑙2)
−
𝐷(𝑙0

∗𝑙2
∗)𝜀

(𝑙0,𝑙2)
⊗

(𝑙0,𝑙1)

(𝑙0,𝑙3)
+
𝐷(𝑙0

∗𝑙3
∗)𝜀

(𝑙0,𝑙3)
⊗

(𝑙0,𝑙2)

(𝑙0,𝑙1)
−

𝐷(𝑙0
∗𝑙1

∗)𝜀

(𝑙0,𝑙1)
⊗

(𝑙1,𝑙3)

(𝑙1,𝑙2)
+
𝐷(𝑙1

∗𝑙2
∗)𝜀

(𝑙1,𝑙2)
⊗

(𝑙0,𝑙1)

(𝑙1,𝑙3)
−
𝐷(𝑙1

∗𝑙3
∗)𝜀

(𝑙1,𝑙3)
⊗

(𝑙1,𝑙2)

(𝑙0,𝑙1)
+
𝐷(𝑙0

∗𝑙2
∗)𝜀

(𝑙0,𝑙2)
⊗

(𝑙2,𝑙3)

(𝑙1,𝑙2)
−
𝐷(𝑙1

∗𝑙2
∗)𝜀

(𝑙1,𝑙2)
⊗

(𝑙0,𝑙2)

(𝑙2,𝑙3)
 

+
𝐷(𝑙2

∗𝑙3
∗)𝜀

(𝑙2, 𝑙3)
⊗
(𝑙1, 𝑙2)

(𝑙0, 𝑙2)
−
𝐷(𝑙0

∗𝑙3
∗)𝜀

(𝑙0, 𝑙3)
⊗
(𝑙2, 𝑙3)

(𝑙1, 𝑙3)
+
𝐷(𝑙1

∗𝑙3
∗)𝜀

(𝑙1, 𝑙3)
⊗
(𝑙0, 𝑙3)

(𝑙2, 𝑙3)
−
𝐷(𝑙2

∗𝑙3
∗)𝜀

(𝑙2, 𝑙3)

⊗
(𝑙1, 𝑙3)

(𝑙0, 𝑙3)
−
(𝑙0

∗𝑙3
∗)

(𝑙1
∗𝑙3

∗)
∧
(𝑙1

∗𝑙3
∗)

(𝑙2
∗𝑙3

∗)
+
(𝑙1

∗𝑙3
∗)

(𝑙2
∗𝑙3

∗)
∧
(𝑙2

∗𝑙3
∗)

(𝑙0
∗𝑙3

∗)
−
(𝑙2

∗𝑙3
∗)

(𝑙0
∗𝑙3

∗)

∧
(𝑙0

∗𝑙3
∗)

(𝑙1
∗𝑙3

∗)
+
(𝑙0

∗𝑙2
∗)

(𝑙1
∗𝑙2

∗)
∧
(𝑙1

∗𝑙2
∗)

(𝑙2
∗𝑙3

∗)
−
(𝑙1

∗𝑙2
∗)

(𝑙2
∗𝑙3

∗)
∧
(𝑙2

∗𝑙3
∗)

(𝑙0
∗𝑙2

∗)
+
(𝑙2

∗𝑙3
∗)

(𝑙0
∗𝑙2

∗)

∧
(𝑙0

∗𝑙2
∗)

(𝑙1
∗𝑙2

∗)
+
(𝑙0

∗𝑙1
∗)

(𝑙0
∗𝑙2

∗)
∧
(𝑙0

∗𝑙2
∗)

(𝑙0
∗𝑙3

∗)
−
(𝑙0

∗𝑙2
∗)

(𝑙0
∗𝑙3

∗)
∧
(𝑙0

∗𝑙3
∗)

(𝑙0
∗𝑙1

∗)
+
(𝑙0

∗𝑙3
∗)

(𝑙0
∗𝑙1

∗)

∧
(𝑙0

∗𝑙1
∗)

(𝑙0
∗𝑙2

∗)
−
(𝑙0

∗𝑙1
∗)

(𝑙1
∗𝑙2

∗)
∧
(𝑙1

∗𝑙2
∗)

(𝑙1
∗𝑙3

∗)
+
(𝑙1

∗𝑙2
∗)

(𝑙1
∗𝑙3

∗)
∧
(𝑙1

∗𝑙3
∗)

(𝑙0
∗𝑙1

∗)
−
(𝑙1

∗𝑙3
∗)

(𝑙0
∗𝑙1

∗)

∧
(𝑙0

∗𝑙1
∗)

(𝑙1
∗𝑙2

∗)
 

Now we come to calculate  𝜕𝜀𝜊 𝜋1,𝜀
2  . Here we use (2.1) and (2.3) 

𝜕𝜀𝜊 𝜋1,𝜀
2 (𝑙0

∗ , 𝑙1
∗, 𝑙2
∗ , 𝑙3

∗) = 𝜕𝜀{⟨𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3), 𝑟𝜀(𝑙0
∗ , 𝑙1

∗, 𝑙2
∗ , 𝑙3

∗)]}   

= (
𝑟𝜀(𝑙0

∗ , 𝑙1
∗, 𝑙2
∗ , 𝑙3

∗)

𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3)
⊗ (1 − 𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3)) +

𝑟𝜀(𝑙0
∗ , 𝑙1
∗, 𝑙2
∗ , 𝑙3

∗)

1 − 𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3)
⊗ 𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3))

+ (
𝑟𝜀(𝑙0

∗ , 𝑙1
∗, 𝑙2
∗ , 𝑙3

∗)

1 − 𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3)
∧
𝑟𝜀(𝑙0

∗ , 𝑙1
∗, 𝑙2
∗ , 𝑙3

∗)

𝑟(𝑙𝑜, 𝑙1, 𝑙2, 𝑙3)
) 

The values of  
𝑟𝜀(𝑙0

∗ ,𝑙1
∗ ,𝑙2
∗ ,𝑙3
∗)

𝑟(𝑙𝑜,𝑙1,𝑙2,𝑙3)
 and 

𝑟𝜀(𝑙0
∗ ,𝑙1
∗ ,𝑙2
∗ ,𝑙3
∗)

1−𝑟(𝑙𝑜,𝑙1,𝑙2,𝑙3)
  are given in [XI] and [XII], therefore we 

can write above as  
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 {
𝐷(𝑙0

∗𝑙3
∗)𝜀

(𝑙0, 𝑙3)
+
𝐷(𝑙1

∗𝑙2
∗)𝜀

(𝑙1, 𝑙2)
−
𝐷(𝑙0

∗𝑙2
∗)𝜀

(𝑙0, 𝑙2)
−
𝐷(𝑙1

∗𝑙3
∗)𝜀

(𝑙1, 𝑙3)
}⊗

∆(𝑙𝑜, 𝑙1)∆(𝑙2, 𝑙3)

∆(𝑙𝑜, 𝑙2)∆(𝑙1, 𝑙3)

+ {
𝐷(𝑙0

∗𝑙2
∗)𝜀

(𝑙0, 𝑙2)
+
𝐷(𝑙1

∗𝑙3
∗)𝜀

(𝑙1, 𝑙3)
−
𝐷(𝑙0

∗𝑙1
∗)𝜀

(𝑙0, 𝑙1)
−
𝐷(𝑙2

∗𝑙3
∗)𝜀

(𝑙2, 𝑙3)
}

⊗
∆(𝑙𝑜, 𝑙3)∆(𝑙1, 𝑙2)

∆(𝑙𝑜, 𝑙2)∆(𝑙1, 𝑙3)

+ {
𝐷(𝑙0

∗𝑙2
∗)𝜀

(𝑙0, 𝑙2)
+
𝐷(𝑙1

∗𝑙3
∗)𝜀

(𝑙1, 𝑙3)
−
𝐷(𝑙0

∗𝑙1
∗)𝜀

(𝑙0, 𝑙1)
−
𝐷(𝑙2

∗𝑙3
∗)𝜀

(𝑙2, 𝑙3)
}

∧  {
𝐷(𝑙0

∗𝑙3
∗)𝜀

(𝑙0, 𝑙3)
+
𝐷(𝑙1

∗𝑙2
∗)𝜀

(𝑙1, 𝑙2)
−
𝐷(𝑙0

∗𝑙2
∗)𝜀

(𝑙0, 𝑙2)
−
𝐷(𝑙1

∗𝑙3
∗)𝜀

(𝑙1, 𝑙3)
} 

Expansion of this expression will give a value identical to that of  𝜋0,𝜀
2  

𝜊 𝑑′(𝑙0
∗ , 𝑙1

∗, 𝑙2
∗ , 𝑙3

∗). 

We have discussed about tangent complex or weight 3 in section (2.3). Here we will 

give suitable morphisms to connect this complex to the Grassmannian subcomplex 

with projective differential map 𝑑′. Consider the diagram (3.1b) ,where 

 𝜋0,𝜀
3 (𝑙0

∗ , … , 𝑙3
∗) = ∑ (−1)𝑖  {

(𝑙𝑖
∗)𝜀

(𝑙𝑖)
⊗

(𝑙𝑖+1)

(𝑙𝑖+2)
∧
(𝑙𝑖+3)

(𝑙𝑖+2)
+∧𝑗=0

𝑗≠𝑖

3 (𝑙𝑗
∗)

(𝑙𝑗)
}3

𝑖=0  , 𝑖   𝑚𝑜𝑑   4      (2.5) 

𝜋1,𝜀
3 (𝑙0

∗ , … , 𝑙4
∗) = −

1

3
∑ (−1)𝑖4
𝑖=0 {⟨𝑟(𝑙𝑜, . . . 𝑙𝑖

∗… , 𝑙4), 𝑟𝜀(𝑙𝑜, . . . 𝑙𝑖
∗… , 𝑙4)] ⊗

∏ (𝑖, 𝑗) +4
𝑖≠𝑗
𝑗=0

                                      ∏ (𝑖, 𝑗) ⊗4
𝑖≠𝑗
𝑗=0

[𝑟(𝑙𝑜, . . . 𝑙𝑖
∗… , 𝑙4)]}                                               (2.6) 

           𝜋2,𝜀
3 (𝑙0

∗ , … , 𝑙5
∗)= 

2

45
𝐴𝑙𝑡6⟨𝑟(𝑙𝑜, . . . 𝑙𝑖

∗… , 𝑙4), 𝑟𝜀(𝑙𝑜, . . . 𝑙𝑖
∗… , 𝑙4)]3                  (2.7) 

Where (𝑖, 𝑗) = ∆(𝑙𝑖, 𝑙𝑗) and ∆(𝑙𝑖
∗, 𝑙𝑗

∗) = (𝑖∗, 𝑗∗) 

The map  𝜕𝜀  is already defined in (1.3) and (1.4) and 𝑑′ is defined in (1.5). 

Theorem 3.1.2. The right square of the below diagram  

 
is commutative. i.e. 

𝜋0,𝜀
3  𝜊 𝑑′(𝑙0

∗ , … , 𝑙4
∗) =   𝜕𝜀𝜊 𝜋1,𝜀

3  (𝑙0
∗ , … , 𝑙4

∗) 



 

 

 

J. Mech. Cont. & Math. Sci., Vol.-16, No.-7, July (2021)  pp 146-157 

Sadaqat Hussain et al 

 

 

154 

 

Proof: First of all we split the map 𝜋0,𝜀
3  into two parts as 𝜋0,𝜀

3 = 𝜋1+𝜋2 .The left-

hand side can be written as         

 𝜋0,𝜀
3 𝜊 𝑑′(𝑙0

∗ , … , 𝑙4
∗) = 𝜋1𝜊 𝑑′(𝑙0

∗ , … , 𝑙4
∗) + 𝜋2𝜊 𝑑′(𝑙0

∗ , … , 𝑙4
∗)        

The first part can be written as 

𝜋1𝜊 𝑑′(𝑙0
∗ , … , 𝑙4

∗)  =   𝜋1(𝑙0
∗|𝑙1
∗, 𝑙2
∗ , 𝑙3

∗ , 𝑙4
∗) − 𝜋1(𝑙1

∗|𝑙0
∗ , 𝑙2
∗ , 𝑙3

∗ , 𝑙4
∗) +

𝜋1(𝑙2
∗|𝑙0
∗ , 𝑙1

∗, 𝑙3
∗ , 𝑙4

∗) − 𝜋1(𝑙3
∗|𝑙0
∗ , 𝑙1

∗, 𝑙2
∗ , 𝑙4

∗) + 𝜋1(, 𝑙4
∗|𝑙0
∗ , 𝑙1

∗, 𝑙2
∗ , 𝑙3

∗)                            (2.8) 

The above expression has five summands and the expansion of each summand 

through the map 𝜋0,𝜀
3  gives us four terms of the form  

(𝑖∗,𝑗∗)𝜀

(𝑖,𝑗)
⊗

𝑥

𝑦
∧
𝑢

𝑣
. Using the 

property ∧
𝑢

𝑣
= 𝑥 ∧ 𝑢 − 𝑥 ∧ 𝑣 , 𝑥 ∧ 𝑢𝑣 = 𝑥 ∧ 𝑢 + 𝑥 ∧ 𝑣 and 𝑥 ∧ 𝑥 = 0 we get 12 

terms of the form
(𝑖∗,𝑗∗)𝜀

(𝑖,𝑗)
⊗𝑢 ∧ 𝑣. Doing the same for all summands we obtain a total 

of 60 terms. We combine the terms with a common factor
(𝑖∗,𝑗∗)𝜀

(𝑖,𝑗)
⊗. For example the 

term with a common factor 
(0,4)𝜀

(0,4)
⊗ will be 

(0∗, 4∗)𝜀
(0,4)

⊗ {(14) ∧ (34) + (01) ∧ (03) − (14) ∧ (24) + (24) ∧ (34) − (01)

∧ (02) − (02) ∧ (03)}  

This complete the calculation of 𝜋1𝜊 𝑑′(𝑙0
∗ , … , 𝑙4

∗). We define the second part as 

𝜋2𝜊 𝑑′(𝑙0
∗ , … , 𝑙4

∗) = 𝐴𝑙𝑡5̃  {∑ (−1)𝑖3
𝑖=0 ⋀

(𝑙𝑗
∗)

(𝑙𝑗)

3
𝑗=0
𝑖≠𝑗

}                                        

Where 𝐴𝑙𝑡5̃  is the alternation sum. First, we expand the inner sum 

Now we compute the right-hand side 𝜕𝜀𝜊 𝜋1,𝜀
3  (𝑙0

∗ , … , 𝑙4
∗). Using (2.6) we can write 

  𝜕𝜀𝜊 𝜋1,𝜀
3  (𝑙0

∗ , … , 𝑙4
∗) = 𝜕𝜀 {−

1

3
∑ (−1)𝑖4
𝑖=0 {⟨𝑟(𝑙𝑜 , . . . 𝑙𝑖

∗… , 𝑙4), 𝑟𝜀(𝑙𝑜 , . . . 𝑙𝑖
∗… , 𝑙4)] ⊗

∏ (𝑖, 𝑗) +    ∏ (𝑖, 𝑗) ⊗4
𝑖≠𝑗
𝑗=0

4
𝑖≠𝑗
𝑗=0

[𝑟(𝑙𝑜, . . . 𝑙𝑖
∗… , 𝑙4)]}}              (2.9)  

We split the map 𝜕𝜀 into two parts as 𝜕𝜀 = 𝜕
1 + 𝜕2. The first part 𝜕1𝜊 𝜋1,𝜀

3  (𝑙0
∗ , … , 𝑙4

∗) 

will be 

=−
1

3
∑ (−1)𝑖4
𝑖=0 (−

𝑟𝜀(𝑙𝑜,...𝑙𝑖
∗…,𝑙4)

1−𝑟(𝑙𝑜,…𝑙 𝑖…,𝑙4)
⊗𝑟(𝑙𝑜, … 𝑙 𝑖 … , 𝑙4) ∧ ∏ (𝑖, 𝑗)4

𝑖≠𝑗
𝑗=0

−
𝑟𝜀(𝑙𝑜,...𝑙𝑖

∗…,𝑙4)

𝑟(𝑙𝑜,…𝑙 𝑖…,𝑙4)
⊗ (1 −

𝑟(𝑙𝑜, … 𝑙 𝑖 … , 𝑙4)) ∧ ∏ (𝑖, 𝑗)4
𝑖≠𝑗
𝑗=0

+∏ (𝑖, 𝑗)4
𝑖≠𝑗
𝑗=0

⊗ (1 − 𝑟(𝑙𝑜, … 𝑙 𝑖 … , 𝑙4)) ∧ 𝑟(𝑙𝑜, … 𝑙 𝑖 … , 𝑙4))     (2.10) 

And the second part 𝜕1𝜊 𝜋1,𝜀
3  (𝑙0

∗ , … , 𝑙4
∗) is 
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= −
1

3
∑ (−1)𝑖4
𝑖=0 {

𝑟𝜀(𝑙𝑜,...𝑙𝑖
∗…,𝑙4)

1−𝑟(𝑙𝑜,…𝑙𝑖…,𝑙4)
∧
𝑟𝜀(𝑙𝑜,...𝑙𝑖

∗…,𝑙4)

𝑟(𝑙𝑜,…𝑙𝑖…,𝑙4)
∧ ∏ (𝑖, 𝑗)4

𝑖≠𝑗
𝑗=0

}     (2.11) 

The values of  
𝑟𝜀(𝑙𝑜,...𝑙𝑖

∗…,𝑙4)

1−𝑟(𝑙𝑜,…𝑙𝑖…,𝑙4)
 and 

𝑟𝜀(𝑙𝑜,...𝑙𝑖
∗…,𝑙4)

𝑟(𝑙𝑜,…𝑙𝑖…,𝑙4)
 are given in [11]. Using these values we 

expand the sums (1.10) and (1.11) for  𝑖 = 0,… ,4. After the expansion of (1.10) we 

combine the terms with a common factor 
(𝑖∗,𝑗∗)𝜀

(𝑖,𝑗)
⊗…. . For example the terms with a 

common factor 
(0∗,4∗)𝜀

(0,4)
⊗ will be 

(0∗, 4∗)𝜀
(0,4)

⊗ {(14) ∧ (34) + (01) ∧ (03) − (14) ∧ (24) + (24) ∧ (34) − (01)

∧ (02) − (02) ∧ (03)}  

And so on. Similarly, the expansion of (2.11) for 𝑖 = 0,… ,4 gives us the terms of the 

form 
(𝑖∗,𝑗∗)𝜀

(𝑖,𝑗)
∧ 𝑥 ∧ 𝑦. After combining the expanded forms of (3.10) and (3.11) we get 

the final value of 𝜕𝜀𝜊 𝜋1,𝜀
3  (𝑙0

∗ , … , 𝑙4
∗) which is identical with that of the value of 

  𝜋0,𝜀
3 𝜊 𝑑′(𝑙0

∗ , … , 𝑙4
∗). 

Theorem 3.i.b. The left square of the below diagram  

 

 is commutative.  i.e. 

𝜋1,𝜀
3  𝜊 𝑑′(𝑙0

∗ , … , 𝑙4
∗) =   𝜕𝜀𝜊 𝜋2,𝜀

3  (𝑙0
∗ , … , 𝑙4

∗) 

Proof:  Since there are no significant changes in the map of 𝜋2,𝜀
3  and this map is 

defined in [XV] so we are referring to Theorem 3.11 of [XV] for the proof. 

 

lV.     Conclusion 

 This work shows that we can relate Grassmannian Complex to the first order 

tangent complex for the projective map " 𝑑′ ". 
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