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Abstract

In this article, we would like to introduce some new types of p—convex function,
which we named quasi- p-convex function and P- p—convex function. With the help of
these new notions we would also state the well-known Hermite-Hadamard dual
inequalities which we call Hermite—-Hadamard dual inequality for quasi- p-convex
function and P-p-convex function, respectively. In this way various new results
related to Hermite-Hadamard inequalities would be obtained and some would be
captured as special cases by varying different values of p.

Keywords: Hermite-Hadamard dual inequality, p-convex function, quasi-convex
function, P-convex function.

I. Introduction:

The branch of Mathematical Inequality is attracting researchers day by day due
to its many applications. During a detailed analysis, we found that the basic theory of
convex function holds a very powerful solution to the problems faced by researchers.
This field of mathematics is given considerable attention in the literature and provides
an important contrivance in the growth of various branches of research. Convexity has
its applications in various fields of professional and daily life like industrial,
pharmaceutical research, arts, management sciences, architecture and many more. In
literature, the Hermite-Hadamard dual inequalities are one of the most important
applications of convexity which have several different applications, due to which it is
a general need that one should study them, especially those involving p—convex
functions. For further study related to the topic, we refer the reader following articles
[1 = 11], [VII = 1X] and [XI — XV].

Before we proceed further it is worth mentioning here, we would use I as a real
interval in this article.

We shall start with some useful definitions and results:

Theorem 1.8. Let f: 1 — R be a convex function. Then
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F(2) <5 12 FOay < L0 -y

This result is known as Hermite—-Hadamard dual inequality for convex
function. For concave function f, both inequalities would be in reverse order.

We recall here the definition of p —convex function from [II]:

Definition 1.2. A function f:1 c (0, o) — R is said to be p —convex, if

f(Iex? + (1 = yP17P) < tf () + (1 = OOF (),
Vx, yelandte [0, 1].

Remark 1.3. If we choose p = 1 and p = —1 in Definition 1.2., we get the definitions
of ordinary convex function [I\V] and harmonically convex function [V11], respectively.

Here, we are going to introduce some new types of p —convex function, which
we call as quasi—p —convex function and P — p —convex functions respectively.
Definition 1.4. Let p € R\ {0}. We say that f:1 c (0, ©) — [0, ) is a
quasi—p —convex function, if

f (Iex? + (1 = )yP]7p) < max{f (x), FO},

Vx, yelandte [0, 1].

Remark 1.5. If we choose p = 1 and p = —1 in Definition 1.4., we get the definitions
of quasi-convex function [X] and harmonically quasi-convex function [XV],
respectively.

Definition 1.6. Let p € R\ {0}. We say that f:1 c (0, ) — [0, o) is a P —
p —convex function, if

f(Iex? + (1 = )yP172) < fGO) + F ),
Vx, yelandte [0, 1].

Remark 1.7. If we choose p = 1 and p = —1 in Definition 1.6., we get the definitions
of P —convex function and harmonically—P —convex function [V], respectively.

This article is organized into four sections, In the next section, we are going to
state and prove the result related to Hermite—Hadamard dual inequality for
guasi—p —convex function. The third section is devoted to state and prove the result
related to Hermite—Hadamard dual inequality for P — p —convex function. These
results would contain some new inequalities and some of them would be stated in [V]
and [IX] as special cases and the last section gives us a conclusion with some remarks
and future ideas.
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1. Hermite—Hadamard Dual Inequality for Quasi—p —Convex Function:

Now we are going to state and prove the result related to Hermite—Hadamard
dual inequality for quasi—p —convex function.

Theorem 2.1. Let f:1 — R\ {0} be quasi—p —convex function. Then following
inequalities hold:

aP +pP 1/
f([ : ] ,,) S [} f»)dy < max{f(a), F(b)}. (2.1)

2
Proof. As f is quasi—p —convex function, we have,
f (Ita? + (1 - ©)bP1'/7) < max{f(a), (D)}, v telo, 1]

Integrating this inequality over t € [0, 1], we get:
1 1
j f (Ita? + (1 - ©)pP1'/7) dt < f (max{f (a), f(b)}) dt
0 0

which gives us

P [? fy)dy < max{(f(a), f(b)} 2.2)

bP—aP

which proves the right side inequality. To prove the left side inequality we have,

f(Itx? + (1 = Oy?1/2) <max{f (), )}V te[o, 1].

Putt = %We get,

2

xP +yP 1/
fﬂ—lﬁp>Smwvaxf@»

By replacing x = [taP + (1 — t)bp]l/l’ andy = [th? + (1 — t)ap]l/P we get,

2

f ([“”*b”]%) < max {f ([ta? + (1 = ObP1'7), f ([P + (1 — )a?] /7 )},

If both f ([tap +(1- t)bp]l/P) and f ([tbp + (1 - t)ap]l/P) have same integrals
then by integrating this inequality w.r.t. t over the interval [0, 1], we get,

aP+pP 1/
f<[ w27 v) <=7 f(»)dy. (2.3)

By combining (2.2) and (2.3), we get our required result.

Corollary 2.2. In Theorem 2.1, one can see the following interesting results:
(1) If one takes p = 1, then one has the following Hermite—Hadamard dual inequality
for Quasi convex function:
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b 1 (P
£(557) =5 | 1)y < maxtr@, o))

(2) If one takes p = —1, then one has the following Hermite—Hadamard dual
inequality for Harmonically quasi convex function:

2ab b (P
f(E) <5 | FOdy < maxtf@, £}

I11.  Hermite—Hadamard Dual Inequality for P — p —Convex Function:

Now we are going to state and prove the result related to Hermite—Hadamard
dual inequality for P — p —convex function.

Theorem 3.1. Let f:1 — R\ {0} be a P —p —convex function. Then following
inequalities hold:

ly ([“”;b"]%’) < imly L8 dy < f(@ + F(b). (3.1)
Proof. As f is P — p —convex function, we have,
f(Ita? + (1= b1 ) < f(@) + f(b), v teo, 1].
Integrating this inequality over t € [0, 1], we get:
Jolf (lta? + (1 - t)bp]l/P) dt < fol(f(a) + F(b)) dt
which gives us

=2 [ f»)dy < f(a) + f(b) (3.2)

which proves the right side inequality. To prove the left side inequality we have,

fFIex? + (1= 0yP1P) < fOO+ £, vV telo, 1.

Putt = %We get,

f (["”%”] 1/”> < fG)+FO).

By replacing x = [ta? + (1 — t)bp]l/P andy = [tb? + (1 — t)ap]l/p we get,

1
f <[ap = /p> < f([ea? + @ = 0p1 /o) 4 £ (Ieb? + (1= Da?) o)

2

by integrating this inequality w.r.t. t over the interval [0, 1], we get,

aP+pP 1/
1 <[ 2 v) <[ f(»)dy. (3.3)
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By combining (2.2) and (2.3), we get our required result.

Remark 3.2. Following well-known results will be obtained by putting different values
of p.

(1) In Theorem 3.1, if we take p = 1, then we get Hermite—Hadamard dual inequality
for P —convex function [V].

(2) In Theorem 3.1, if we take p = —1, then we get Hermite—Hadamard dual
inequality for Harmonically—P —convex function [IX].

IV. Conclusion.

Hermite—Hadamard dual inequality is one of the most celebrated inequalities.
We can find its various generalizations and variants in the literature. We have given its
generalization by introducing a new generalized notion of quasi—p —convex function
and P — p —convex function. This new class of functions contains many important
classes such as quasi-convex, harmonically quasi-convex, P —convex and
harmonically —P —convex functions, respectively. In sections 2 and 3, we have stated
and proved two different results related to Hermite—Hadamard dual inequality. These
results capture various new results and already obtained results stated in articles [V]
and [IX].

V. Remarks and Future ldeas.

(1) We can also state all the inequalities given in this article in the reverse
direction for concave function by using simple relation f is concave iff —f is convex.

(2) One may also work on Fejer inequality by introducing weights in Hermite—
Hadamard dual inequality.

(3) One may do similar work by using various classes of functions.
(4) One may try to state all results stated in this article in the discrete case.

(5) By using different techniques one may also work to estimate the left and right bound
of both results stated in this article.
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