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Abstract 

In this paper, heat and mass transfer for liquid evaporation along a vertical 

plate covered with a thin porous layer has been investigated. The continuity, 

momentum, energy and mass balance equations, which are coupled nonlinear 

partial differential equations are reduced to a set of two nonlinear ordinary 

differential equations and solved analytically and numerically by using the shooting 

technique in MATLAB. The effect of various parameters like the Froude number, 

the porosity, the Darcy number, the Prandtl number, the Lewis number and the 

driving parameters on the temperature and concentration profiles are presented 

and discussed. It is viewed that the heat transfer performance is enhanced by the 

presence of a porous layer. The local Nusselt number and the local Sherwood 

numbers are computed and analyzed both numerically and graphically. 

Keywords: Similarity solution, evaporation, vertical plate, liquid film, porous 

layer  

I.   Introduction 

Effective latent heat transfer mechanisms are widely utilized in industrial 

fields such as chemical distillation, air conditioning, cooling towers, drying, and 

desalination which is liquid film evaporation. With the liquid film exposed to a 

forced gas stream, the physical scheme consists of a thin liquid film flowing down 

along a heated plate. Because part of the liquid evaporates into the gas stream, liquid 

film evaporation possesses a high heat transfer coefficient, low feed rates and other 

inherent advantages. However, the transport phenomena involve the coupled heat 
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and mass transfer at the liquid film–gas interface because the theoretical analysis of 

the liquid film evaporation problem is inherently complicated.  

The problem based on simplified 1-D and 2-D mathematical models are usually 

examined in previous research. [II], [VII], [VIII],[IX] was used the 1-D model to 

develop the governing conservation of mass, mass species, momentum and energy 

by the conservation laws to the control volumes of the liquid film and moist air. The 

heat and mass transfer characteristics in a wet surface heat exchanger are analyzed 

by MaClaine-Cross and Bank [VIII], [IX]. The experimental data are 20% smaller 

than their results. A 1-D design methodology for a counter-current falling film 

evaporative cooler is illustrated by Wassel and Mills [II]. The narrow flow passages 

were found to be more effective than conventional designs for the thermal 

performance of the evaporative condenser. Perez-Blanco and Bird [VII] were 

formulated a 1-D model of heat and mass transfer in the evaporative cooling process 

that takes place in a single-tube exchanger. In advance, 2-D model composition 

focused on heat and mass transfer in the gas stream, with the liquid film considered 

to be at rest and with a very thin constant thickness. For the gas stream, the 

vaporizing liquid film is treated as the boundary condition [III], [XV] and the 

temperature distributions across the film are assumed to be linear [XVI], [XVII].  

There are many types of research with more rigorous treatments of the equations 

governing the liquid film and liquid-gas interface that have been published. The 

evaporative cooling of liquid film through interfacial heat and mass transfer in a 

vertical channel was studied by Yan and Lin [XIX]. The numerical solution for 

convective heat and mass transfer along with an inclined heated plate with film 

evaporation which presented by Yan and Soong [XIX]. The cooling characteristics 

of a wet surface heat exchanger with a liquid film evaporating into a countercurrent 

moist airflow which is numerically analyzed by Tsay [XXI]. Neglected inertia in 

the momentum equation and the normal convection term in the heat equation for 

liquid film flow, thus the liquid film flow is simplified to a 1-D momentum equation 

and 1-D (or 2-D) heat equation which is studied the above [XVIII], [XX], [XXI]. 

Recently Mezaache and Daguenet [V] was studied the complete two-dimensional 

boundary layer model for the evaporating liquid and gas flows along with an 

inclined plate. Recently, J.-S. Leu et al. [XI] studied the effect of the porous layer 

on heat and mass transfer. Their parametric analyses focused on features such as 

gas inlet conditions and the structural properties of the porous material on the 

performance of liquid film evaporation. The free convection boundary layer flow of 

a Darcy–Brinkman fluid induced by a horizontal surface embedded in a fluid-

saturated porous layer is explained by Rees and Vafai [V] for the studies of heat and 

mass transfer for liquid film flow in a porous medium. The fluid flow and heat 

transfer interfacial conditions between a porous medium and a fluid layer which is 

detailed analyzed by Alazmi and Vafai [IV]. The coupled heat and mass transfer in 

a stagnation point flow of air through a heated porous bed with thin liquid film 

evaporation were studied by Zhao [XVIII]. Also, Zhao [XVIII] assumed the liquid 

layer was very thin and stationary, and the airstream was idealized as the stagnation 

point flow pattern to achieve the analytical solution. Khader and Megahed [XII] are 

presented a numerical technique which is the implicit finite difference method to 

the search for the numerical solutions for the given equations. Their technique 
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reduces the problem to a system of algebraic equations. Recently, M. 

Hasanuzzaman and A. Miyara[XIII] have been studied a possible similarity solution 

of unsteady natural convection laminar boundary layer flow of viscous 

incompressible fluid caused by a heated(or cooled) axisymmetric slender body of 

finite axial length immersed vertically in a viscous incompressible fluid. 

The purpose of the present study is, therefore, to find a possible similarity solution 

of heat and mass transfer for liquid evaporation along a vertical plate covered with 

a thin porous layer. We are attempted to investigate the effects of several involved 

parameters on the temperature and concentration fields. The numerical results 

including the velocity and temperature fields are to be presented graphically for 

different selected values of the established dimensionless parameters. The local skin 

friction, local Nusselt number and the local Sherwood numbers are computed 

numerically and graphically as well as analyzed. 

II.    Governing Equations 

Figure 1 shows the physical model and the coordinates.  

 

Figure 1: Physical model and coordinates system 

Region of liquid film 

The order of magnitude analysis showed that the inertia terms in the momentum 

equation can be neglected as compared with the diffusion term which is under the 

assumption of the thin liquid film. The transverse direction is much greater than in 

the longitudinal gradients of velocity and temperature. The continuity, momentum 

and energy boundary layer equations by including the non-Darcian models of 

boundary viscous and inertia effects are as follows: 

 
𝜕𝑢𝑙

𝜕𝑥
+

𝜕𝑣𝑙

𝜕𝑦
= 0                                                                                                    (1) 

  0 = 𝜌𝑙𝑔 +
𝜇𝑙

𝜀

𝜕2𝑢𝑙

𝜕𝑦2 −
𝜇𝑙

𝐾
𝑢𝑙 −

𝜌𝑙𝐶

√𝐾
𝑢𝑙

2                                                                 (2) 

  𝑢𝑙
𝜕𝑇𝑙

𝜕𝑥
= 𝛼𝑒

𝜕2𝑇𝑙

𝜕𝑦2                                                                                                  (3) 
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where the subscript “l” represents the variables of the liquid stream. 𝜀 is the porosity, 

𝜇𝑙 is the dynamic viscosity, K is the permeability of the porous medium, C is the 

flow inertia parameter [XIV], 𝜌𝑙 is density and    𝛼𝑒 is the effective thermal 

diffusivity. 

Region of the gas stream 

The following two-dimensional laminar continuity, momentum, energy as well as 

concentration equations can be written as 

  
𝜕𝑢𝑔

𝜕𝑥
+

𝜕𝑣𝑔

𝜕𝑦
= 0                                                                                                     (4) 

  𝑢𝑔
𝜕𝑢𝑔

𝜕𝑥
+ 𝑣𝑔

𝜕𝑢𝑔

𝜕𝑦
= 𝜈𝑔

𝜕2𝑢𝑔

𝜕𝑦2                                                                                (5) 

  𝑢𝑔
𝜕𝑇𝑔

𝜕𝑥
+ 𝑣𝑔

𝜕𝑇𝑔

𝜕𝑦
= 𝛼𝑔

𝜕2𝑇𝑔

𝜕𝑦2                                                                                 (6) 

  𝑢𝑔
𝜕𝜔

𝜕𝑥
+ 𝑣𝑔

𝜕𝜔

𝜕𝑦
= 𝐷

𝜕2𝜔

𝜕𝑦2                                                                                     (7) 

where the subscript “g” represents the variables of the gas stream. 𝜔 is the mass 

concentration, 𝜌 is the density, 𝜈 is kinematic viscosity, 𝛼𝑔 is the thermal diffusivity 

and D is the mass diffusivity of the gas. 

Boundary Conditions 

The appropriate boundary conditions for the present problem are: 

at wall  𝑦 = 0,  

   𝑢𝑙 = 0, 𝑣𝑙 = 0 , 𝑇𝑙 = 𝑇𝑤                                                                                  (8)  

at free stream  𝑦 = ∞,                            

  𝑢𝑔 = 𝑢∞,      𝑇𝑔 = 𝑇∞,   𝜔 = 𝜔∞                                                                    (9)  

at interface 𝑦 = 𝑑,                                       

   𝑢𝑖 = 𝑢𝑙,𝑖 = 𝑢𝑔,𝑖 ,   𝑇𝑖 = 𝑇𝑙,𝑖 = 𝑇𝑔,𝑖                                                                 (10) 

  𝑣𝑔,𝑖 = −
𝐷

1−𝜔𝑖
(

𝜕𝜔

𝜕𝑦
)

𝑖
                                                                                        (11) 

  (𝜇𝑙
𝜕𝑢

𝜕𝑦
)

𝑙,𝑖
= (𝜇𝑔

𝜕𝑢

𝜕𝑦
)

𝑔,𝑖
= 𝜏𝑖                                                                          (12) 

  𝜔 = 𝜔𝑖                                                                                                               (13) 

  𝑞𝑡
′′ = −𝛼𝑒 (

𝜕𝑇𝑙

𝜕𝑦
)

𝑖
 and 𝑞𝑡

′′ = 𝑞𝑔
′′ + 𝑞𝑙

′′ = −𝛼𝑔 (
𝜕𝑇𝑔

𝜕𝑦
)

𝑖
+ 𝑚𝑣

′′ℎ𝑓𝑔            (14) 

The continuity of shear stress and energy balance at the gas-liquid interface is 

expressed by eqs. (12) and (14). From the wall the total heat flux  𝑞𝑡
′′ can be 

transferred to two modes: one is the sensible heat flux via a gas temperature gradient 

𝑞𝑔
′′ , the other is the latent heat flux via the liquid film vaporization 𝑞𝑙

′′. 
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The interfacial evaporating mass flux during the calculated procedure is given by 

  𝑚𝑣
′′ = 𝜌𝑔𝑣𝑔,𝑖 = −

𝜌𝑔𝐷

1−𝜔𝑖
(

𝜕𝜔

𝜕𝑦
)

𝑖
                                                                     (15) 

And the mass concentration 𝜔𝑖 is expressed as 

  𝜔𝑖 =
𝑀𝜈

𝑀𝑔

𝑝𝜈,𝑖

𝑝𝑔
                                                                                                   (16) 

where 𝑝𝜈,𝑖 is the partial pressure of the saturated vapor at the gas-liquid interface. 

S. Ergyn [20] can be evaluated the inlet mass flow rate of the liquid film. 

  𝑚𝑙,𝑖𝑛 =
𝜌𝑙𝑔

3𝜈𝑙
𝑑3𝜀3                                                                                         (17) 

Similarity Transforms  

In this paper, we used the relation between stream functions and velocity 

components for the liquid film and the gas boundary layer which are defined, 

respectively, by 

  𝑢𝑙 =
𝜕𝜓𝑙

𝜕𝑦
,   𝑣𝑙 = −

𝜕𝜓𝑙

𝜕𝑥
                                                                               (18) 

  𝑢𝑔 =
𝜕𝜓𝑔

𝜕𝑦
,   𝑣𝑔 = −

𝜕𝜓𝑔

𝜕𝑥
                                                                            (19) 

are introduced. Eq. (3) is automatically satisfied. We introduce the independent 

variables 𝜂𝑙 and 𝜂𝑔, the dimensionless stream functions 𝐹𝑙(𝜂𝑙) and 𝐹𝑔(𝜂𝑔), the 

dimensionless temperatures 𝜃𝑙(𝜂𝑙) and  𝜃𝑔(𝜂𝑔), and the normalized concentration 

𝜙(𝜂𝑔) as  

  𝜂𝑙 = 𝑦 (
𝑢∞

𝜈𝑙𝑥
)

1

2
,          𝜂𝑔 = (𝑦 − 𝑑) (

𝑢∞

𝜈𝑔𝑥
)

1

2
                                             (20) 

   𝐹𝑙(𝜂𝑙) =
𝜓𝑙

(𝜈𝑙𝑢∞𝑥)
1
2

 ,        𝐹𝑔(𝜂𝑔) =
𝜓𝑔

(𝜈𝑔𝑢∞𝑥)
1
2

                                          (21) 

  𝜃𝑙(𝜂𝑙) =
𝑇𝑖−𝑇𝑙

𝑇𝑖−𝑇𝑤
  ,        𝜃𝑔(𝜂𝑔) =

𝑇𝑔∞−𝑇𝑔

𝑇𝑔∞−𝑇𝑖
 ,        𝜙(𝜂𝑔) =

𝜔−𝜔∞

𝜔𝑖−𝜔∞
          (22) 

Using Eqs. (8)- (22), the mathematical problems defined in equs. (1)-(7) are then 

transferred into the following set of ordinary differential equations: 

Region of the liquid film: 

  0 =
1

𝐹𝑟
2 +

1

𝜀
𝐹𝑙

′′′ −
1

𝐷𝑎
𝐹𝑙

′ −
Г

𝐷𝑎
𝐹𝑙

′2
                                                               (23) 

  𝜃𝑙
′′ +

1

2
Prl𝜂𝑙𝐹𝑙

′𝜃𝑙
′ = 0                                                                                  (24) 

Region of the gas stream: 

  𝐹𝑔
′′′ +

1

2
𝐹𝑔𝐹𝑔

′′ = 0                                                                                         (25) 
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  𝜃𝑔
′′ +

1

2
𝑃𝑟𝑔𝐹𝑔𝜃𝑔

′ = 0                                                                                        (26) 

  𝜙′′ +
1

2
𝐿𝑒𝐹𝑔𝜙′ = 0                                                                                         (27) 

Subject to the boundary conditions:  

  𝐹𝑙
′ = 0, 𝐹𝑙 = 0, 𝜃𝑙 = 1   at 𝜂𝑙 = 0                                                              (28) 

  𝐹𝑔
′ = 1,      𝜃𝑔 = 0, 𝜙 = 0   at 𝜂𝑔 → ∞                                                       (29) 

The liquid film thickness d corresponds to 𝜂𝑙𝑖 which must be a constant for enabling 

the similarity transformation. Consequently, the compatibility conditions (10)- (14) 

are transferred as  

at   𝜂𝑙 = 𝜂𝑙𝑖 , or ηg = 0 : 

  (𝐹𝑙
′)𝑖 = (𝐹𝑔

′)
𝑖
                                                                                                   (30) 

  (𝜃𝑙)𝑖 = 0                                                                                                           (31) 

  (𝜃𝑔)
𝑖

= 1                                                                                                          (32) 

  (𝐹𝑔)
𝑖

=
2

𝑃𝑟𝑔𝐿𝑒

𝜔𝑖−𝜔∞

1−𝜔𝑖
𝜙𝑖

′                                                                                 (33) 

(𝐹𝑔
′′)

𝑖
= 𝑅(𝐹𝑙

′′)𝑖                                                                                             (34)    

   𝜙 = 1                                                                                                               (35) 

  (𝜃𝑙
′)𝑖 =

𝑃𝑟𝑙

𝑃𝑟𝑔
(

𝜈𝑔

𝜈𝑙
)

1

2
[

𝑇𝑖−𝑇𝑔∞

𝑇𝜔−𝑇𝑖
(𝜃𝑔

′ )
𝑖

+
𝐻

𝐿𝑒

𝜔𝑖−𝜔∞

(1−𝜔𝑖)(𝑇𝜔−𝑇𝑖)
(𝜙′)𝑖]                    (36) 

where, 𝐹𝑟 =
𝑢∞

√𝑔𝑥
 is the Froude number, 𝐷𝑎 =

𝐾𝑢∞

𝜈𝑙𝑥
 is the Darcy number, Г =

𝐶√𝐾𝑢∞

𝜈𝑙
 

is the dimensionless inertia coefficient of non-Darcy flow, 𝑃𝑟𝑙 =
𝜈𝑙

𝛼𝑒
 is the Prandtl 

number in the liquid region, 𝑃𝑟𝑔 =
𝜈𝑔

𝛼𝑔
 is the Prandtl number in gas stream region 

and 𝐿𝑒 =
𝛼𝑔

𝐷
 is the Lewis number. 

Flow Parameters 

The physical quantities of interest are the local Nusselt number 𝑁𝑢𝑥  and the local 

Sherwood number 𝑆ℎ𝑥which are given by: 

  𝑁𝑢𝑥 = −𝑅𝑒𝑥

−
1

2𝜃′(0),      𝑆ℎ𝑥 = −𝑅𝑒𝑥

−
1

2𝜙′(0)                                          (37) 

where 𝑅𝑒𝑥 =
𝜈𝑙

𝑥 𝑢∞
 is the local Reynolds number. 

III.    Simulation Results and Discussions 

By using the shooting technique in MATLAB, the set of ordinary 

differential equations (23)- (27) with the boundary conditions (28)- (36) are solved 

numerically. Here the temperature and concentration are determined as a function 

of coordinate η. To get the solution of differential equations (23)- (27) with the 

boundary conditions (28)- (36), we have adopted a numerical technique based on 
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MATLAB. In this simulation, we got some non-dimensional numbers such as the 

Darcy number Da, Froude number Fr, Prandtl number Pr and Lewis number Le. 

We tried to show the effect of these above parameters on temperature and 

concentration are plotted in figures (2)- (8). To observe the effect of Darcy number 

Da, the other parameters are constants. Similarly, we observed the effect of the 

parameters Fr, Pr, Le by taking the rest parameters are constants, respectively. 

Figure 2 demonstrates the effect of the Froude number Fr on the temperature 

profiles. It is stated from Fig.2 that with an increase in the Froude number the 

temperature increases Due to the gravitational effect, with an increase of the 

gravitational force enhancing the temperature. 

 

 

 

 

 

 

 

 

Figure 2: Temperature profiles for different values of Froude number Fr with 

fixed values 𝑃𝑟𝑙 = 10, 𝐷𝑎 = 0.05, 𝜀 = 0.8, Г = 0.5 

 

 

 

 

 

 

 

 

 

Figure 3: Temperature profiles for different values of porosity 𝜀 with fixed values 

𝑃𝑟𝑙 = 10, 𝐷𝑎 = 0.05, 𝐹𝑟 = 0.1, Г = 0.5 
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From Fig. 3, illustrate the effect of the porosity 𝜀 on the temperature profiles. From 

Fig. 3, the results show that the temperature increases along the surface within an 

increase of the porosity. This is due to fact that porosity produces a resistive type of 

force which causes enhancing the temperature. The effect of the dimensionless 

inertia coefficient of porous medium Г on the dimensionless temperature is shown 

in Fig. 4. From Fig. 4, it is observed that temperature is increased for the increasing 

value of dimensionless inertia coefficient of porous medium Г. 

The effect of the Darcy number Da against 𝜂𝑙  on the temperature, the field is shown 

in Figure 5. From Fig. 5, it is revealed that with an increase in the Darcy number 

the temperature decreases along 𝜂𝑙. The variation of the dimensionless temperature 

against 𝜂𝑙 for various values of the Prandtl number 𝑃𝑟𝑙 are displayed in Fig.6. Fig. 

6 shown that the temperature decreases with the increase of the Prandtl number 

𝑃𝑟𝑙  . This is because that fluid with a large Prandtl number possesses high heat 

capacity, and hence augment the heat transfer. 

 

 

 

 

 

 

 

 

 

Figure 4:   Temperature profiles for different values of dimensionless inertia 

coefficient of porous medium Г with fixed values 

 𝑃𝑟𝑙 = 10, 𝐷𝑎 = 0.05, 𝐹𝑟 = 0.1, 𝜀 = 0.8 
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Figure 5: Temperature profiles for different values of Darcy number Da with 

fixed values 𝑃𝑟𝑙 = 10, 𝐹𝑟 = 0.1, 𝜀 = 0.8, Г = 0.5 

 

Figure 6: Temperature profiles for different values of Prandtl number 𝑃𝑟𝑙 with 

fixed values  𝐷𝑎 = 0.05, 𝐹𝑟 = 0.1, 𝜀 = 0.8, Г = 0.5 
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Figure 7: Temperature profiles for different values of Prandtl number 𝑃𝑟𝑔 

For the gas stream region, Fig. 7 demonstrates the effect of the Prandtl number 𝑃𝑟𝑔 

on the dimensionless temperature against 𝜂𝑔. It is observed that the temperature 

decreases with the increase of the Prandtl number 𝑃𝑟𝑔. This is because in the gas 

stream region a fluid with a large Prandtl number possesses a large heat capacity 

and hence augments the heat transfer. 

Also, the variation of the dimensionless temperature against 𝜂𝑔 for various values 

of the Lewis number Le are displayed in Fig. 8. It is observed that the temperature 

decreases with the increase of the Lewis number Le. This is because with decreases 

the mass diffusivity the concentration decreases along 𝜂𝑔. 

Figure 9 illustrates the effect of Prandtl number 𝑃𝑟𝑙 on the local Nusselt number 

𝑁𝑢𝑥 along with the local Reynolds number 𝑅𝑒𝑥. The Prandtl number 𝑃𝑟𝑙 =
𝜈𝑙

𝛼𝑒
 

represents the relative extent of the temperature field. The local Nusselt number 

increases with an increase in the Prandtl number along with the local Reynold 

number. This because for increasing the Prandtl numbers larger heat transfer rates 

are achieved. The Lewis number 𝐿𝑒 =
𝛼𝑔

𝐷
 , is a dimensionless number defined as 

the ratio of thermal diffusivity to mass diffusivity. With an increase in the Lewis 

number the local Sherwood number decrease along with the local Reynolds number. 

This is because for increasing the Lewis number smaller mass flow rate is achieved 

which is shown in Fig. 10. 

 

Le=10 

https://en.wikipedia.org/wiki/Dimensionless_number
https://en.wikipedia.org/wiki/Thermal_diffusivity
https://en.wikipedia.org/wiki/Mass_diffusivity
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Figure 8: Concentration profiles for different values of Prandtl number Le 

 

 

 

 

 

 

 

 

 

 

Figure 9: Variation of local Nusselt number 𝑁𝑢𝑥 with 𝑅𝑒𝑥  for various Prandtl 

number 𝑃𝑟𝑙 
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Figure 10: Variation of local Sherwood number 𝑆ℎ𝑥 with 𝑅𝑒𝑥 for various Lewis 

number 𝐿𝑒 

IV.  Conclusions 

In this paper, the analytical and numerical solutions of the considered 

problems have been obtained by using the similarity solution technique in 

MATLAB. Similarity transformations were used to convert the partial differential 

equations describing the problem into a system of ordinary differential equations. 

In the liquid film region, an increase of the gravitational force enhancing the 

temperature. Also, a fluid with a large Prandtl number possesses high heat capacity, 

and hence augment the heat transfer. The temperature increases with an increase of 

the porosity parameter. This is because the porosity produces a resistive type of 

force which causes an enhancing the temperature. Whereas in the gas stream region, 

large Prandtl fluids possess lower thermal diffusivity and smaller Prandtl fluids have 

higher thermal diffusivity. The concentration decreases with an increase in the 

Lewis number. This is because with decrease diffusivity the concentration decrease. 

Moreover, the Prandtl number in the liquid region increases the larger heat transfer 

rate is achieved and the Lewis number increase the smaller mass transfer rate is 

achieved. 
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