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Abstract

The transportation problems (TPs) are a fundamental case-study topic in
operations research, particularly in the field of linear programming (LP). The TPs
are solved in full resolution by using two types of methods: initial basic feasible
solution (IBFS) and optimal methods. In this paper, we suggest a novel IBFS method
for enhanced reduction in the transportation cost associated with the TPs. The new
method searches for the range in columns of the transportation table only, and selects
the maximum range to carry out allocations, and is therefore referred to as the
maximum range column method (MRCM). The performance of the proposed MRCM
has been compared against three traditional methods: North-West-Corner (NWCM),
Least cost (LCM) and Vogel’s approximation (VAM) on a comprehensive database of
140 transportation problems from the literature. The optimal solutions of the 140
problems obtained by using the TORA software with the modified distribution
(MODI) method have been taken as reference from a previous benchmark study. The
IBFSs obtained by the proposed method against NWCM, LCM and VAM are mostly
optimal, and in some cases closer to the optimal solutions as compared to the other
methods. Exhaustive performance has been discussed based on absolute and relative
error distributions, and percentage optimality and nonoptimality for the benchmark
problems. It is demonstrated that the proposed MRCM is a far better IBFS method for
efficiently solving the TPs as compared to the other discussed methods, and can be
promoted in place of the traditional methods based on its performance.

Keywords : Transportation problem, optimal solution, MODI method, TORA
software, Minimum cost, Initial basic feasible solution, Maximum range.
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I. Introduction

Many problems in mathematical, applied and engineering sciences demand
the determination of an unknown gquantity subject to certain restrictions, and the
objective is to get the best answer under the specified restrictions. Such problems are
often referred to as optimization problems, and the unknown quantity to be
determined is known as the value of an objective function under stated constraints
(1], [XIV], [XXIV], [XXVIII].

In transportation problems (TPs), which are a special section in linear programming,
such constraints are usually the non-negativity restrictions on the decision variables
along with the supply and demand capacities. The objective function is the
transportation cost, to determine the minimum transportation cost under similar
conditions so that the constraints are met [XXIV], [XXVII], [XXVIII], [XIX].

There are two stages in solving a TP when the transportation table listing the number
of sources, number of destinations, the supply capacities of sources, the demand of
the destinations, and the transportation costs per unit of product is given. The first
stage attempts to find initial approximations to the required minimum cost by using
IBFS methods. Traditionally, the most basic, ancient and widely used IBFS methods
in the literature are the north-west-corner method (NWCM), least cost method (LCM)
and Vogel’s approximation method (VAM). Of these, mostly the VAM is considered
better [XXIV]. Several attempts have also been made by researchers to efficiently
solve the TPs with less effort and time, but with more accuracy. Besides, many
methods that were proposed were tested for the optimality and the claimed
performance as well. For example, [I], [IV], [V], [VI], [VI], [VI], [1X], [X], [X1],
[XH] [XV], [XVI], [XVH], [XX], [XX1], [XX1], [XXTTT, XXV, XV

To compare the performance of the ancient methods [XXIV] and the new methods, a
set of standard transportation problems, i.e. a database of 140 transportation problems
[XVI11] was used in [XI] to provide ready and worked-out optimal solutions.

In this research work, we propose a new IBFS method, referred to as the maximum
range column method (MRCM) for obtaining the minimum transportation cost in
TPS. The proposed method has been tested against the traditional NWCM, LCM and
VAM on a benchmark test database of 140 balanced and unbalanced TPs [XVIII].
The optimal solutions [XI] are used to discuss the error analysis and accuracy of the
results by proposed and the three traditional methods. The proposed MRCM method
is found to be an efficient and more accurate alternative to the traditional IBFS
methods.

Il. Material and Methods

For a known number of sources and destinations, the cost table of
transportation problems together with the supply and demand capacities of the
sources and destinations is usually defined in form of the transportation array. For
example, for a transportation problem with three sources: A, B, C and four
destinations D, E, F, G with supply and demand capacities of S1-S3 and D1-D4,
respectively is represented in Table 1, where the C;;, i=A,B,C and j=D,E,F,G are the

13341 17341

costs required per unit transportation of goods from a source “i” to a destination “j”.
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The objective is to find the optimal values for the decision variables X’s which
represent total units of products to be transported from sources to destinations such
that the total transportation cost is minimized subject to the supply, demand and non-
negativity constraints. The total transportation cost is defined as the sum of the
products of per-unit costs together with the optimal values of decision variables for
all interior cells in the transportation table.

Table 1: Example transportation problem array with 3 sources and 4 destinations

S1
X2 | Cep | Xs | Cge | Xs | Cor | X11 | Cgo S2
X3 | Cep | X6 | Cce | Xo | Ccr | X12 | Cco S3
Balanced if
D1 D2 D3 D4 Total supply
= Total demand

The Proposed Maximum Range Column Method (MRCM)

Given a transportation problem, and its transportation array is defined as per the
example form described in Table 1, the proposed MRCM uses the following seven
simple steps.

Step 1. Balance the model, if required.

Step 2. Determine the range cost for each column by taking the difference between
the largest cost and lowest cost.

Step 3. Select the column with maximum range. If a tie occurs, choose any
row/column with the lowest range.

Step 4. Allocate min(s,d) to the cell having minimum unit transportation cost in the
selected column or row.

Step 5. Note that no further consideration is required for the row or column which is
satisfied. If a row or column is satisfied at a time, delete only one and assign zero to
the remaining row or column.

Step 6. Continue the process until all rows and columns are satisfied.

Step 7. Calculate total transportation cost for the feasible allocations using the
original transportation array.

The proposed MRCM can be used to quickly and more accurately to determine the
IBFS to transportation problems as compared to the traditional IBFS methods: North-
West-Corner method (NWCM), Least cost method (LCM) and Vogel’s
approximation method (VAM) [XXIV], [XXVI], [XIX], [XI]. The algorithms of
these can be found in [XI]. Moreover, [XI] also contains the algorithm of the optimal
MODI method and its implementation details with TORA software. The NWCM uses
a simple fixed direction search strategy, due to which it does not attain the smallest
cost or closer to the optimum cost. The LCM proceeds in the variable direction of the
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lowest costs within the cells, and onwards, so mostly it gives better results than
NWCM. Sometimes LCM also gives better results than the VAM, which is not the
case always. The VAM considers the penalty of the two smallest numbers across each
row and column and usually attains better results than NWCM and LCM, but we will
show in the next section that the proposed MRCM is better than the VAM through
several examples. Generally, the MRCM finds the range for each column only which
is a quicker search strategy as compared to searching for the two smallest numbers in
each row and each column to determine penalties row-wise and column-wise in
VAM. Consequently, the MRCM implementation can be done quickly as compared
to the VAM with more accuracy.

I11. Detailed Working of the Proposed MRCM

To understand the working of the proposed MRCM to attain an IBFS to
transportation problems which either optimal or very close to the optimal solution, we
discuss its detailed application on Examples 1-4 here. The application details step-by-
step of the proposed MRCM on Example 1 are summarized in Table 2. For Examples
2-3, the given transportation and the final allocation tables by the proposed MRCM
method are given in Tables 4-5, respectively. Besides, in Tables 2-5, the minimum
cost obtained by NWCM, LCM, VAM and optimal MODI is also quoted for
reference for Examples 1-3. It can be seen that the proposed MRCM in Examples 1-3
attains the same IBFS as attained by the VAM but with lesser cost, since the proposed
MRCM uses only column ranges, whereas the VAM uses penalties for rows as well
as columns. Moreover, the results by MRCM in Examples 1,3 are optimal, whereas in
Example 2 closer to optimal. However, the proposed MRCM takes an edge over the
VAM method in most of the problems, as to be highlighted in the exhaustive
application in the next section. In Table 6, the original transportation array for
Example 4 along with the final allocation tables on the same by NWCM, LCM, VAM
and the proposed MRCM is presented, whereas the optimal MODI cost is also
mentioned for reference. It is evident from Example-4 via Table 6, that the proposed
MRCM proves to be best of all as it attains an IBFS same as the optimal solution with
lesser time and computation cost as compared to other methods. In the next section,
we give a more extended application of the proposed MRCM and its thorough
comparison with the NWCM, LCM and VAM for 140 test transportation problems
from [XVIII] keeping the corresponding MODI optimal solutions from [XI] as
reference.
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Table 2: MRCM working on Example-1

(a). Given transportation array. )
(b). Assigned 120 to (2,Y) due to

maximum column range and lowest cost.
Deleting Y.

(d). Assigned 140 to (1,X) due to

(c). Assigned 40 to (2,X) due to | maximum column range and lowest cost.
maximum column range and lowest cost. | Deleting *X’.

Deleting <2°.

(f). Assigned 90 to (3,Z). Deleting ‘3’,
(e). Assigned 60 to (1,Z). Deleting ‘1. ‘Z.

(h). Total minimum transportation cost by
MRCM
ZMRcM
=16 (140) + 12(60)
+14(40) 8(120) + 16( 90) = 5920
Note. Znwem = 6600, Zicm = 6460
ZVAM = 5920, ZMODI =5920

(9). Final allocation table by MRCM
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Table 3: MRCM allocation in Example-2

(a). Given transportation array

(b). Final allocation by MRCM

(C)- Zurem = 6(35) + 1(35) + 2(50) + 8(5) + 10(50) + 7(40) = 1165
Note. Znwem = 1265, Zicm = 1165, Zvam = 1165, Zmopl = 1160

Table 4: MRCM allocation in Example-3

(a). Given transportation array

(b). Final allocation by MRCM

(C). Zmrem = 2(12) + 4(2) + 3(8) + 1(15) + 4(7) + 5(1) = 104
Note. Znwem = 131, Ziem = 105, Zvam = 104, Zyopr = 104

Table 5: Example-4 with allocations by NWCM, LCM, VAM and proposed MRCM

Destination
D E F G | Supply
= A 20 22 17 4 120
é B 24 37 9 7 70
= C 32 37 20 15 30
Demand | 60 40 30 110 240

(a). Original transportation array
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D E F G Supply D E F G Supply

20 22 [17] 20 20 (] [#] 120

60 40 20 10 110

[ 4]
B 24 3719 ﬂso 70 B 2 3710 7] 70
o
50

120 A

10 40 30
4l
c 32 37 20 50 c 32 37 20 13 50
10 40
Demand 60 40 30 110 240 Demand 60 40 30 110 240
(b). IBFS allocation by NWCM (c). IBFS allocation by LCM
D E F G Supply Row Penalty D E F G Supply
A ﬂ 2 i 4 120 (13 a3 - - bl 4
0 . NENEEE 3 120
g | 2 o 37 ﬂgg 7 4 @ o on 60 40 20
24 37 9 7
32| 37 20 13 B 70
C JSO J J 30 3 G & 1n 30 20
Demand 60 40 50 110 240 32 37 20 15 .
) (15) ®) (3) C 50 30
(O] - (6] (3)
® - an ® Demand 60 40 50 110 240
© ® a2 15 day 1y
(12) - (11) (11)
(d). Final allocation with details by -1 (an
VAM

(e). Final allocation details by MRCM

NWCM LCM VAM MODI MRCM
3860 3670 3520 3460 3460

(f). Minimum costs obtained by IBFS methods: NWCM, LCM, VAM and MRCM and the
optimal MODI with proposed MRCM being optimal here

IV. Results and Discussion

To demonstrate the efficiency of the proposed MRCM over the traditional
IBFS methods: NWCM, LCM and VAM, we use a set of 140 transportation problems
as given in [XVIII] as a benchmark set of tests TPs. The problem set [XV1I1] contains
103 balanced TPs, 25 unbalanced TP and remaining 12 from some research papers
mentioned therein [111], [V], [X], [XI], [XHI], [XVH], [XIX], [XX], [XXI], [XXV],
[XXVII]. For a ready reference, the optimal solutions of the 140 test problems are
taken from a recent study [XI], where the IBFSs attained through NWCM, LCM and
VAM were used to get the optimal solutions using the MODI method through TORA
software for all 140 problems in [XVIII]. Here, we use the optimal solutions from
[X1] to compare the error distributions between the IBFSs obtained by the proposed
MRCM and the three traditional methods: NWCM, LCM and VAM. The IBFSs
attained by the proposed MRCM method for test transportation problems 1-140
[XVIII] are summarized in Table 6. In most of the problems, the proposed MRCM
directly finds the optimal solutions. The percentage comparison of the used methods:
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NWCM, LCM, VAM and proposed MRCM as to whether being able to obtain
optimal solution directly or not are shown in Fig. 1. It can be seen that the proposed
MRCM attain directly the optimal solution for 102 test problems out of 140, whereas
the optimality count for the NWCM, LCM and VAM are 6, 26 and 62, respectively.
The absolute errors between the IBFSs obtained by used methods and the optimal
MODI solutions in cases where the methods have not been optimal are shown in Fig.
2 on a logarithmic scale. For the problems 1-72, 104-125, 129-130, 132-136 and 140
the proposed MRCM was optimal, whereas in the remaining problems absolute errors
in the IBFSs by MRCM are almost smaller than all other methods including VAM. In
the stated 102 problems where the MRCM was found to be optimal, there as many
instances where the VAM could not be optimal. The relative errors for all test
problems 1-140 are shown in the original scale in Fig. 3, and it is easily visible that
the proposed MRCM method exhibits smaller relative errors as compared to the
traditional methods NWCM, LCM and VAM. While the cost and time effectiveness
of the proposed MRCM is also established in section Ill, the proposed MRCM is a
way forward to get an efficient and more accurate IBFS to the transportation
problems as compared to the traditional methods.

Table 6: Proposed MRCM IBFS of test Problems 1-140 from [XI], [XVIII]
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100%
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50% M not optimal
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20%
10%
0%

NWCM MRCM

Figure 1. Optimal and non-optimal % comparison of IBF solution methods versus
MODI optimal solutions
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Figure 2. Absolute errors in logarithmic scale between IBFSs and MODI for non-
optimal T.Ps
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Figure 3. Relative errors between IBFSs and MODI for test problems 1-140

V. Conclusion

In this study, a new IBFS method has been presented for a more accurate and
quick approximation of the optimal solution of the transportation problems as
compared to the widely known traditional IBFS methods: NWCM, LCM and VAM.
The proposed method has been referred as MRCM (maximum range column method)
as it uses the maximum of the ranges in for columns only and allocates to the smallest
cost corresponding to the maximum range column. The search strategy of the
proposed MRCM is quicker than the VAM since in the VAM the penalties are
computed for both rows and columns in the transportation array. The example
working of the proposed MRCM has been explained on four example transportation
problems. Besides, a comprehensive set of results have been established in this study
for the proposed MRCM and traditional NWCM, LCM and VAM on 140 test
transportation problems from the literature. The comprehensive results demonstrate
the efficiency of the proposed MRCM over the discussed methods in terms of finding
the optimal or nearly optimal solution more quickly and accurately. The results in
terms of optimality and non-optimality percentage, absolute error distributions in case
of non-optimal solutions in logarithm scale, and relative error distributions for all
problems in original scales have been used to show that the proposed MRCM is better
than NWCM, LCM and VAM, and may be used to get more accurate and reliable
IBFS to transportation problems as compared to the traditional NWCM, LCM and
VAM.
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