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Mean square amplitudes of vibration and associated Debye temperatures some hcp metals
Endla Purushotham

Department of Physics, School of Sciences, SR University, Ananthasgar, Warangal– 506 371 ,
India.

E-mail : psm45456@gmail.com
Abstract

The directional Mean square amplitudes of vibration <u>, Debye–Waller factors (B) and 
associated Debye temperatures ( of three hexagonal beryllium(Be), scandium(Sc) and
ruthenium(Ru) have been obtained from X-ray integrated intensities. The integrated intensities
have been measured with a Philips 3020 powder diffractometer fitted with a proportional counter using 
filtered CuK radiation at room temperature and have been corrected for thermal diffuse scattering. Within 
the limits of experimental errors, the anisotropy observed in these parameters. The experimental values of 
directional Debye temperature have been compared with corresponding values obtained from theoretical 
calculations. Vacancy formation energies of Be, Sc and Ru have been estimated using a relation connecting it 
with the X-ray Debye temperature. 
Keywords:

Mean square amplitudes of vibration, Debye temperature, hcp element and

vacancy formation energy.

1 Introduction

Influenceof Tool Revolving on Mechanical Properties of some metals and alloy had been d

eveloped as next generation engineering production

[1,2] and with some thermal and mechanical properties and engineering applications [3,4].

There is considerable theoretical and experimental work on the determination of mean

square amplitudes of vibration and Debye temperatures of hexagonal close packed (hcp)

metals. Mean square amplitudes of vibration and directional Debye temperatures of hcp

rare earth metals were reported by Gopi Krishna et al [5]. Singh and Varshini [6] made

theoretical calculation of directional X-ray Debye temperatures of several hcp metals. They

made a comparison of their calculated results with experimental results. There are no X-ray
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data on the amplitudes of vibration and Debye temperature of Be, Sc and Ru. The purpose
of this communication is to report the results of an X-ray investigation to determine the

mean square amplitudes of vibration and associated Debye temperatures of Be, Sc and Ru.

2  Experimental details

The metal samples were obtained from a commercial source and were available in the form

of small ingots. Fine filings were obtained from the ingots with the help of a jeweller’s file.

1

The filing was carried out slowly. The filings were passed through a 325 mesh screen. X-

ray measurements were made with a Philips 3020 diffractometer fitted with a proportional

counter using CuK radiation. The X-ray tube was operated at 40 kV and 25mA. All

measurements were made at room temoerature. The extra reflections in the diffraction

patterns indicate the presence of some impurities. These slow scans were obtained at a

scanning speed of 0.5 per minute for the purpose of measurement of intensities. The

number of reflections recorded ranged from 15 to 20. The procedure for sample

preparation, instrumental conditions for recording intensities and details of various

corrections applied are given in earlier papers [1,6].

3 Analysis of Data

Be, Sc and Ru belong to hexagonal close packed structure. The integrated intensity of

Bragg reflection from a hexagonal cell may be written as follows [7-9]

I 0 = CI cexp{-(4πsinθ/λ) 2[<u װ
2 > cos 2ψ + <u 2> sin 2ψ]}, (1)

c is a constant, I c is the calculated intensity. <u װ
2 > and <u 2> refer to the components of the

vibrational amplitude projected onto the hexagonal axis and the basal plane respectively. ψ

is the angle between the diffraction vector and the hexagonal axis and λ the wavelength.

The calculated intensity I c is given by

I c= L pJF 2 , (2)

Lp is the Lorentz-Polarization factor, J the multiplicity factor and F the structure factor.

The structure factors are given by

F 2
hkl = 4f 2for h + 2k = 3n, l = even

F 2
hkl = 3f 2for h+2k = 3n ± 1, l = odd , (3)
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F 2
hkl = f 2for h+2k = 3n ± 1, l = even,

f is the atomic scattering factor. The structure factors are calculated from the atomic

scattering factors given by Cromer and Waber [10]. These are corrected for anomalous

2

dispersion [11]. <u װ
2 > and <u 2> are obtained from a least squares analysis of the

logarithmic form of Eq. (1). From these, the directional Debye-Waller factors B and B װ

were obtained from the equations

B = 8π 2 < u 2 >, B 8=װ π 2 < u װ
2(4)

The mean Debye-Waller factor B is given by

B = (2B + B װ ) / 3)5(

The directional Debye temperatures θ , θ and mean Debye temperature θװ Mwere obtained

from B , B andװ B, respectively using the Debye-Waller theory [9] relation,

B = ( 6h 2 /M k B M ) W(X)

B = ( 6h 2 /M k B ) W(X) (6)

B װ = ( 6h 2 /M k B װ ) W(X)

h is the Planck’s constant, k Bthe Boltzmann constant, M the atomic weight and θ M the

Debye temperature. The function W(X) is given by

W(X) = [ (X)/X + (1/4) ], (7)

X= θ M /T, T is the temperature of the crystal and (X) is the Debye function. The values of

W(X) for a wide range of X can be obtained from standard tables [12].

4 Results and discussion

The values of the mean square amplitudes of vibration, Debye-Waller factor and the

Debye temperature of Be, Sc and Ru obtained in the present study are given in Table 1. The

c/a values are also given in Table 1 and they are greater than the ideal value of 1.63 for hcp

elements. Keeping the limits of error in view, it is seen that the anisotropy in the values of
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the amplitude of vibration is slight As a consequance, the directional Debye-Waller factors

3

and Debye temperatures also exhibit only a slight anisotropy. This is in conformity with

the observation made by Sirdeshmukh et al [5] in several hexagonal metals. They observed

that the anisotropy is significant only in those cases where the c/a ratio differs significantly

from the ideal value 1.63. The directional Debye temperature obtained in the present work

are of the same order as those obtained from theoretical calculation using elastic constant

data by Singh and Varshni [6]. Values of Debye temperature obtained from specific heat

data ( D) and elastic constant data ( E) [13] are given for comparison. The values of M

obtained in the present work for Be, Sc and Ru agree well with those obtained from

specific heat data and elastic constant data. It may, however, be mentioned that exact

agreement is not expected between the values of M and D , E (13).

The values of vacancy formation energies are useful in understanding the diffusion

mechanism in pure metals as the vacancy mechanism is the dominant mechanism for

diffusion in most pure metals. As such, an attempt has been made to estimate the values of

the energy of vacancy formation (E f) for Be, Sc and Ru.

Glyde [14] derived the following relation between the energy of vacancy formation

(E f) and the Debye temperature ( ) of a solid;

E f = A(k/ħ) 2M 2a2 (8)

a is the interatomic spacing, A a constant shown to be equal to 1.17 x 10 -2
, M the atomic

weight and h and k are the Plank’s and the Boltzmann’s constants respectively. Glyde [14]

recommended the use of X-ray based values for use in Eq. (8). The validity of Eq.(8) was

verified for a number of fcc,bcc and hcp metals [15-17]. Therefore, the X-ray Debye

temperatures obtained in the present work have been used to estimate vacancy formation

energies for Be, Sc and Ru. The estimate vacancy formation energies for Be, Sc and Ru

are given in table 1. The experimental values of E fare not available for comparison.

5 Conclusion
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4

The results on the X-ray determination of directional amplitudes of vibration, Debye-

Waller factor and Debye temperature of Be, Sc and Ru have been reported the results on

Be, Sc and Ru are reported for first time. Within the limits of experimental errors, the

anisotropy observed in these parameters is negligible. Values of M for Be, Sc and Ru

agree well with Dand E obtained from spesific heats and elastic constants respectively.

The values

Table 1. Values of Mean square amplitude of vibration, Debye-Waller factor,
Para-
meter c/a <u 2>

(Å)
<u 2 >

(Å)
B
(Å)

B
(Å) (K) (K)

M

(K)
D

(K)
f

(eV)

Be 1.57 0.0074 0.0059 0.58 0.47 894 1029(8) 984 988 0.96

Sc
1.60 0.0089 0.0087 0.70 0.69 336 339 338 345 1.52

Ru 1.58 0.0021 0.0019 0.17 0.15 468 492 484 494 3.62

Debye temperature and vacancy formation energy (E f) of Be, Sc and Ru

References

[1] V.Ashok Kumar,P.Sammaiah, P.Elsever Science DirectMaterialsToday:Proceedings, 

(2017)1-7. DOI:10.1016/j.matpr.2018.08.059

[2] P.SrikanthRao, D.Manoj Kumar, J.Gopikrishna, N. Elsevier Science Direct Materials To
day, Vol.5, issue.1 (1), (2018) 1264-1270.

[3] Ch.Shiva Krishna, ManojKumar, J.International Journal of Materials Science,Vol.12, iss
ue.4, (2017) 627-633.

[4] P. SatishKumar, CH.S.R.Sastry, Ch.Devaraju, A. Materials Today Proceedings Elsevier,
Vol.4, issue.2, (2017) 330-335. DOI:10.1016/j.matpr.2017.01.029

[5] .Sirdeshmukh D B, .Sirdeshmukh L and Subhadra K G, Micro- and Macro- Properties of Solids

(Springer Series in Materials Science)  (2006)

[6] Singh D and Varshni Y P, Acta cryst .  A38  854 (1982)

[7] Blackman M, Acta Cryst .(Denmark) 9  734 (1956)

[8] Lipson H, International Tables for X-ray crystallography, 2  (Kynoch Press, Birminghm)  (1959).

[9] James R W, The optical principles of the Diffraction of X- rays (Bell and Sons,

London) (1967)

[10] Cromer D T and Waber J T, Acta Crystallogr (Denmark), 18 104 (1965)

5



9/14/2020 Docol©c reviewed: Physics Department, Kakatiya University, Warangal – 506 009, India

file://santanu-sir/Share File Santanu Computer/Paper for September 2020/docoloc/jmcms-2009047 Mean square amplitudes of vibration (Purush… 7/7

[11] Cromer D T and Liberman D L, J.Chem. Phys . 53  1891 (1970)

[12] Benson G Cand Gill E K, Tables of Integral Functions related to Debye- Waller factors (National

Research Concial of Canada, Ottawa)  ( 1966)

[13] Gschneidner K A Jr., Solid state Physics (USA)  16  275 (1964)

[14] Glyde H R, J.Phys and Chem Solids (G.B) , 28  2061 (1967)

[15] Tewary V K, J.Phys. F (GB) 3 704 (1973)

[16] Shankar Narayana M and Gopi Krishna N, Phys. Stat. Sol. (a) 202 (14) 2731 (2005)

[17] Gopi Krishna N et al, Phys.Stat.Sol. (a) 89 K37 (1985)

6


