ISSN 0973-8975
_ 1. Mech.Cont.& Math. Sci., Vol.-5, No.-1, July (2010) Pages 545-550

A FIXED POINT THEOREM IN GENERALIZED METRIC
SPACES

By
' 'M. K. Bose and ’R. Tiwari
'Department of Mathematics, University of North Bengal, Siliguri, West Bengal-

734013, India. E-mail: manojkumarbose@yahoo.com
*Department of Mathematics, St. Joseph's College, Darjecling, West Bengal-
; 734104, India. E-mail: tiwarirupesh]@yahoo.co.in

Abstract
 In this article we prove a fixed point theorem in generalized metric spaces.
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1. Imtroduction

Branciari [1] introduced the idea of generalized metric spaces as follows.

Definition 1.1 A generalized metric on a nonempty set X is a nonnegative real
. valued function d on XxX such that for x,yeXand for all distinct points

£ ne X, each of them different from x and y,

d(x, y) = 0ifand only ifx = y,
d(x, y) = d(y, x),
d(x,y) sd(x, ¢ ) +d(E . n) +d@m,y)

If 4 is a generalized metric on X, then (X,d) is called a generalized metric space.
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Clearly any metric space is a generalized metric space, but the converse is not

true [1], [2]. A Cauchy sequence and a complete generalized metric space are

defined in the usual way.

If (X,d) is a complete generalized metric space and F: X —>X s a
contraction, i.e. d(Fx, Fy)<ad(x,y), 0<a <1 for all x,y X, then F has a unique
fixed point. This is Banach's fixed point theorem in generalized metric spaces
[1]..

2. Theorem

Here we prove the following fixed point theorem in generalized metric spaces.

Theorem 2.1.

Let (X,d) be a complete generalized metric space and F:X — X  satisfy the

condition
d(Fx.Fy}Sa[d(Fx,:)+d(x.y)+d(y,Fy)] (1)
for all x,y X, where 0 <a < % Then F has a unique fixed point.

Proof: Let x.X., If x is not a fixed point of F we write x; = Fx. In general, we

write x,= Fx ., if x5 is not a fixed point of F. Then

d(x,,x,) = d(Fx, Fx,) Sa[d(Fx,x) +d(x,5)+d(x, F5)] [by (D]
= a[2d(x, %) +d(x,x;)]

= d(x,,%,) Srd(x,X),

where

re
1-a
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Similarly we get

d(x,,x,) Srd(x,,x,)
Sridixx)-

In general, for any positive integer #, we have
d(xul "-u-bl) S rd('xn-uli In)
srid(x,x).
It then follows that x, = x, for all distinct positive integers n,m. We now prove

that for all positive integers n

k-3 2§-3
d(x,. X, ) < D rd(x,, M)i{iZa’d{x,,,.::H,}+a“"d{xn.xm)], k=2,3K. (2)
=l =l

2k
A%, Xgi260) S Z rld[-r,.-x,,ﬂ}, k=0,12,... 3)

We prove (2) and (3) by mathematical induction. We have

d(x,, %) <d(x,x,,)+d(x,.X,.)+d(x,;.%,.,)
S(+nd(x,,x,, ) +d(Fx,,  Fx,.;)
S(+r)d(x,,x, ) +ad(x,,,%,.,)+d(x,,, %,5)+d(X,.5,%,,.)] [by (D]
S(+nd(x,,x,,,) +ar(+r3)d(x,, x,, )+ ad(x,,,,X,.3)
< Q4+, % )+ a1+, % )+ a’[d(x”' B )+ A s )]
+A(X,2:%,3)
s(+rd(x,,x,,,)+ar(+r)d(x,,x,,,) +aX1+r)d(x,, x,,,)
+a%d(x,,%,.,)
< (1+r)d(x,,x,, ) +(a+a*)2d(x,, x,,,) +a*d(x,,x,,,) [sincer<I1].
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Thus (2) is true for k=2. Let us now suppose that for some positive integer kq,

(2) is true for all positive integers k with 2sk<ko. Then
a‘(x., nzmz) sd[xnixnd}"'d( u+l!xn¢1}+3(xn1!x;+u.+:‘l)

<(1+r)d(x,, .uJ+[E”"’"u+="‘-u)+2zfa‘d{x.mx..a}]
e %)
<(1+0)d(x,. %)+ [ ir‘d{x”’ﬂ!)”iﬂlf’ d(x,,%,,) ]
m“*{d(;m, X,2)+d(x, ,,xmj+d{ i)
SQ+rdG x4 H 3 rac, 'x-“)*‘zzi a'rid(x, "'m) ]
W“""{Hr’)d(x.,xmna“' d(%,,%, M)

’i: r‘d(x_,x_ﬂ}-l-!it a'rid(x,,x,,)

S +r)d(x,,x,,)+ m“'lrﬂ +?’}d(-"ng-‘m) +a’™ {d(x,, Xput)
+ d(x"i .-‘.,‘;) T d(x.ﬂixxun)} '

-r'ls_::a r'd(x,,x,,,) +'2z§za‘r’d'{'x, )
2 22 ¥
S(+nd(x,x, )+ +a@™ ' r(14r3)d(x,, %)
“‘an. U +-f’-’)d(.t. ] xlu} *’a,&d(;l 2 xﬂ’l)

2 ‘d(x.,
<(1+r)d(x,,x,.,)+ l;:r’d(x,x )+ Em o) ]
2a™d(x, x_,,)+2u “d(x,,x,.,)+ad(x,,x,.;)

-1
= & r ‘d(-'xm X ¥ Ziﬂ'-d{x_,xm )+a g (%5 X0 _)'
=0 > i=0
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Thus (2) is true for ky+1. Hence it is true for all £.

For k=0, (3) is obviously true. Let us suppose that for some nonnegative integer

ko (3) is true for all nonnegative integers k with 0<k <k,.. Then
d(xn! xn+zt.+3} = d(‘xn"xu-l-l ) + d(xnﬂ ] I_;_uz) + d(‘xm-i! xn+2g,+:|.)

2%
S(+r)d(x,,x,,, )+ i rd(X, 5i%,.)

. =0
S(+r)d(x,,x,.,) +rzz-"ld(x..-xn+|)
=2 f r‘d(x,, i+l )'

i)

So (3) is true for ky+1 and hence it is true for all k. Now

d(x,%09) Sald(x,,x,)+d(x, %) +d(x,,,,%,,,)]
<ar™'(1+r)d(x,x)+ ald(x, ,,x,,)+d(x, ,,x,)+d(x,,x,,,)]
Sar™ (14+r)d(x,x, )+ a*r** (1+r3d(x, x,) + a®d(x,_,,x,)
< 2ar™'d(x,x)+2a’r" d(x,x) + a*d(x, ,,x,)
< 2ar™ +a*r"* +L +a")d(x,x)+a"d(x,x,)
S2nud(x,x)+a"d(x,x,) [4=max(a,r)<1].

Thus d(x,,x,,,)—>0 asn— =. From (2) we get

2k-3 k-2

A, %) < 7Y Pd(xx)+2" Y dd(xx)+a?d(x, x,,,)
i=0 i=0

< -l—rld(x,.q)%d{x,xl)+of'“d{xn,xml), k=23,4,..
—r —
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Therefore d(x,,x,,,,)—0as n— for k=1,2,3,.... Again for k=0,1,2,....

(3,0 % ) sgfd(x..._._x,,,.) [by ()]

< r'i r'd(x,x,)

=0
r"

5 1-r

d(x,Tx)

and 5o d(x,,X,.,;) >0 asn—>e. Thus it follows that {x,} is a Cauchy
sequence and so for some x, € X, limx, =x,. Now

d(x,, Fx,) S d(x,,x,)+d(x,,x,,)+d(x,,,, Fx,)
sd(xg,x,) +d(x,,%,,) +ald(x,,x,,) +d(x,,x,) +d(x,, Fx,)]

= (-a)d(x,, Fx,) sd(x,,x, ) +d(x,.x,,) +a[d(x,,x,,,) +d(x,,x,)] > 0 asn—w,
So Fx, =x, i.c.x, is a fixed point of F. The uniqueness of the fixed point follows
from the inequality (1).
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