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Abstract

For a neutral element n € L,[Ill] have introduced the concept of n-
distributive lattices which is a generalization of both 0-distributive and 1-distributive
lattices. For a central element n of a nearlattice S, we have discussed n-distribitive
nearlattices which is a generalization of bothO-distributive semilattices and n-
distributive lattices. For an element n of nearlattice S, a convex subnearlattice ofS
containing n is called an n-ideal ofS. In this paper, we have given some properties of
n-distributivenearlattices. Finally, we have included a generalization of prime
Separation Theorem in terms of annihilator n-ideal.

Keywords: Central element, O-distributive lattice,n-distributive lattice, n-
annihilator, annihilator n-ideal, prime n-ideal, n-distributive nearlattice.

1. Introduction

J.C. Varlet has given the concept of O-distributive and 1-distributive lattices.
A lattice L with 0 is called O-distributive if for all a,b,c €L, aAb=0=aAc
imply a A (b V ¢) = 0. Similarly, a lattice L with 1 is called 1-distributive if for all
a,b,ceL,avb=1=aVc imply aV (b Ac)=1. Of course, every distributive
lattice with 0 and 1 is both O-distributive andl-distributive. A pseudo complemented
lattice L can be characterized by the fact that for each a € L, the set of all elements
which are disjoint with element a forms a principal ideal. But a 0-distributive lattice L
says that for each a € L, the set of all elements which are disjoint with a is simply an
ideal not necessarily a principal ideal. Hence, every pseudocomplemented lattice is 0-
distributive. For detailed literature on O-distributive lattice we refer the readers to
consult [IV] and [I].
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In this paper, we generalize the concept of O-distributive lattice and n-distributive
lattice and give the notion of n-distributive nearlattice where n is a central element of
this nearlattice.

A nearlatticeS is a meet semilattice with the property that, any two elements
possessing a common upper bound, have a supremum. Nearlattice S is distributive if
for all x,y,z€ S,x A(yVz)=(xAy)V (xVz)provided y V z exists. For detailed
literature on nearlattices, we refer the reader to consult [V] and [VIII]. An element n
of a nearlattice S is called medial if m(x,n,y) = (x Ay)V (x An) V (y An) exists
in S for all x,y € S.A nearlatticeS is called a medial nearlattice if m(x, y, z) exists for
allx,y,z €S.

An element s of a nearlattice S is called standard if forall t,x,y € StA[(x Ay) V
(xAs)] = (@ AxAY)V (tAx As). The element s is called neutral if (i) s is standard
and (ii) forall x,y,z € S, sA[(xAy)V(XAZ)] =(AXAY)V(SAXAZ).

In a distributive nearlattice, every element is neutral and hence standard. An element
n in a nearlattice Siscalled sesquimedial if for all x,y,z € S, ([(x An)V (y An)] A
[(yAnD)V(ZzAN)])V(EAY)V(yAz)existsin S.

An element n of a nearlattice S is called a upper element if x vV n exists for all x € S.
Every upper element is of course a sesquimedial element. An element n is called a
central element of S if it is neutral, upper and complemented in each interval
containing it.

Let S be a nearlattice and n € S. Any convex subnearlattice of S containing n is
called an n-ideal of S. For two n-ideals I and J of a nearlattice S, [V] has given a
description of I V J while the set theoretic intersection is the infimum. Hence, the set
of all n-ideals of a nearlattice S is a lattice which is denoted by I,,(S). {n}andS are
the smallest and largest elements of I,,(S).

An n-ideal generated by a finite number of elements a4, a,, -+, a,, is called a finitely
generated n-ideal and it is denoted by < a4, a,, -, a,, >,. The set of all finitely
generated n-ideals is denoted by F,(S). Clearly, < ay,ay,*,aym >p=<a; >,V <
a, >,V--v< a,, >,. An n-ideal generated by a single element a is called a
principal n-ideal denoted by < a >,. The set of principal n-ideals is denoted by

By (8).
Let S be a nearlattice and n € S.Forany a € S,

<a>,={y€Stann<y=WAa)Vv(yAn)}
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={yeS:y=(yAa)V(yAn)V (aAn)}whenevern is standard element in S.
If n is an upper element in a nearlattice S, then < a >,= [a An,a V n].

We know that when n is standard and medial, the set of all principal n-ideals B, (S) is
a meet semilattice and < a >,N< b >,=<m(a,n,b) >, foralla,b € S. Also,
when n is neutral and sesquimedial, then B, (S) is a nearlattice. By[V] if S is medial
nearlattice and n is a neutral elementof S, then B, (S) is also a medial nearlattice.

For a distributive nearlatticeS with an upper element n, B, (S) is a distributive
nearlattice with the smallest element {n}.

A proper convex subnearlatticeM of a nearlattice S is called a maximal convex
subnearlattice if for any convex subnearlattice Q@ with Q 2 M implies eitherQ =
Mor Q@ = S. A proper convex subnearlatticeM of a medial nearlattice S is called a
prime convex subnearlattice if for any t € M,m(a,t,b) € M implies either a €
M or b € M. For a medial elementn, an n-ideal P of a nearlattice S is a prime n-
ideal if P#S and m(x,n,y) €P (x,y €S) implies either x EP or y € P.
Equivalently, P is prime if and only if < a >,,n< b >, < P implies either < a >, <
Por< b >,C P.

Let n be a central element of a nearlatticeS. For a € S, we define {a}'" =

{x € S:m(x,n,a) = n}, known as an n-annihilator of {a}. Also for A € S, we define
Atn = {x € S:m(x,n,a) = nforall a € A} . Atnis always a convex subnearlattice
containing n. If S is a distributive nearlattice, then it is easy to check {a}*» and Atn
are n-ideals. Moreover,A*" =N,c, { {a}'"}. If A is an n-ideal, then A~ is called an
annihilatorn-ideal which is obviously the pseudocomplement of A4 in I,,(S).
Therefore, for a distributive nearlattice S with central element n, I,,(S) is
pseudocomplemented.

AnearlatticeS with central element n, iscalled an n-distributive nearlattice if for all
a,b,c€S, <a>,N<b>,={n}and < a >,N< ¢ >,= {n}imply < a >,N [<
b >,V< ¢ >,] = {n}. Equivalently, S iscalled n-distributive nearlattice if a A b <
n<aVband aAc<n<aVcimplyaA(bvc)<n<aV(bAc).

II. Main results

To obtain the main results of this paper we need to prove the following
lemmas.

Lemma (2.1):Every convex subnearlattice not containing n is contained in a
maximal convex subnearlattice not containing n.
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Proof:Let F be a convex subnearlattice such that n & F. Let F be the set of all
convex subnearlattice containingF but not containing n. Fis non-empty as F € F.
Let C be a chain inF and M =U (X|X € C). Letx,y € M. Thenx € X and y € Y for
some X,Y € C. Since C is a chain, so either X € Yor Y € X. Suppose X € Y.Then
x,y€Y. Hence x Ay,xVy € M. Thus M is a subnearlattice of a nearlattice
containing F. Also it is convex as each X € C is convex. Clearly n € M. Hence M is
a maximal element of C. Therefore, by Zorn’s Lemma, F has a maximal element, say
Qwith F € Q.

Lemma (2.2):Let S be a nearlattice with a central element n. A convex
subnearlattice M not containing n is maximal if and only if for all a € M there exists
b € M such that m(a,n, b) = n.

Proof:Suppose M is a maximal convex subnearlattice and n € M. Also let a &€ M.
Suppose for all beM, m(anb)#n Set M={yeLl:yAn<(aVvh)<
(anb)vn <yvn}. Obviously, M; is convex subnearlattice as n is central.
Moreover, n & M, .For otherwises n An < (aVb)An < (aAb)Vn<nVn implies
m(a,n, b) = n which gives a contradiction to the assumption. For b € M, bAn <
(avb)An<(aAb)vn<bVn implies b € M; and so M c M;. Also, aAn <
(avb)An<(aAb)Vn<aVnimplies a € M; but a € Mso M c M;. Therefore,
we have a contradiction to the maximality of M and so there exists some b € M such
that m(a, n, b) = n. Conversely, if M is not maximal and n € M, then by Lemma
(2.1), M properly contained in a maximal convex subnearlattice N not containing n.
Then for any element a € N— M there exists an element b € M such that
m(a,n, b) = n. Thus, by contvexity a,b € N and aAb<n<aVb imply n € N
which is a contradiction. Hence,M must be maximal.

Following two lemmas are due to [VII]

Lemma(2.3): A proper subset I of a join semilattice S is a maximal ideal if and only
if § —1 is a minimal prime up set (filter).

Lemma (2.4):Let I be an ideal of a join semilatticeS with 1. Then there exists a
maximal ideal containing I.

Theorem (2.5):For a medial element n, any prime ideal P containing n of a
nearlattice S is a prime n-ideal.

Proof:Since every ideal P is a convex subnearlattice, so any ideal P containing n is
an n-ideal. To show the primeness, let m(a,n,b) € P. Then aAb <
m(a,n,b)implies a A b € P. Since P is prime ideal so either a € P or b € P.HenceP
is a prime n-ideal.

Following lemma is due to[ VI]
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Lemma (2.6):Every ideal disjoint from a filter F is contained in a maximal ideal
disjoint from F.

Theorem(2.7):Let S be a nearlattice with a center element n . If the intersection of
all prime n-ideals of S is {n}, then S is n-distributive.

Proof:Let < a>,n<b>,={n}and < a >,N< ¢ >,= {n}. Let P be any prime
n-ideal. If a € P, then <a >,CS P and so <a>,N[<b>,v<c>,]<SP. If
a&P,then<b>,, <c>,CP asP is prime n-ideal. Hence < b >,v< ¢ >, C P.
Therefore, < a >,N[< b >,V< ¢ >,] € P. That is, in either case, <a >,N|[<
b>,v<c>,] €P for all prime n-ideals P. Therefore, < a >,N[<b >,V<
¢ >,] = {n} and so S is n-distributive.

Lemma (2.8):Let S be a nearlattice with a central element n. Then p € {x}*n if and
onlyifpAx<n<pvx.

Proof:p € {x}'n if and only if m(p,n,x) = nifand only if (p Ax) V(p An) V (x A
n)=(@EVx)A(Vn)A(xVn)=n,asniscentral. This implies thatp Ax < n <
pVx.

Lemma (2.9): Let S be a nearlatticewith a central element n. Then p € {x}'» if and
onlyif pvn € {xvn}nin[n)and p An € {x An}*"in (n].

Proof:Let pe{x}'n . Then pAx<n<pvx and so (pVn)A(xvn)=
Ax)Vn=nand (pAN)V(xAn)=(pVx)An=n as n is central element.
Thus pvn € {x Vn}t in [n) and p An € {x An}" in (n]. Conversely, let pV n €
{xvn} in [n) and pAn € {x An}"in (n]. Then since n is central element, so
(pvn)A(xvn)=nand (p Ax)Vn =n. This implies p Ax < n. Also, (p An)V
(x An) =n implies (pVx)An=nandson<pVx. Hence pAx<n<pVzx.
Therefore, by Lemma (2.8), p € {x}1n.

Now, we give somecharacterizations of n-distributive nearlattices.

Theorem (2.10): For a nearlatticeS with a central element n, the following
conditions are equivalent:

(1) S is n-distributive

(ii) For everya € S, {a}*n is an n-ideal

(ili)  Forany A € S, A'n is an n-ideal

@iv) L, (S)is pseudocomplemented.

W) L,(S) is O-distributive

(vi) Every maximal convex subnearlattice not containing n is prime.

Copyright reserved © J. Mech. Cont.& Math. Sci.
Shiuly Akhter et al

86



J. Mech. Cont.& Math. Sci., Vol.-15, No.-5, May (2020) pp 82-89

Proof: (i)=(ii). Let x,y € {a}*». Then aAx <n<aVxand aAy<n<aVvy.
Since S is distributive, so aA(xVy)<n<aV(xAy). Then aA(xVy)<n<
avV(@Vvy)andaA(xAy)<n<aV(xAy)implyx Ay, xVy € {a}'" [by

Lemma (2.8)].Since m(x,n,a) = n, son € {a}'n.

Again, let x,y € {a}'mandx <t <y.ThenaAx<n<aVxandaAy<n<
aVysoaAt<n<aVtwhichimplies that t € {a}*". Hence {a}'" is an n-ideal.

(ii)=(iii). Since {a}'n is an n-ideal and A" =N ¢4 {{a} "}, so A'n is an n-ideal.

(iii) =(iv) is trivial as for any n-ideal A € I,,(S), A*" is the pseudocomplment of A
in 1,,(S).

(iv) =(v) is also trivial because every pseudocomlemented lattice is O-distributive.

(v) =(vi). Suppose F is maximal convex subnearlattice not containing n. Since

F = (F]n[F)andn € F, so eithern ¢ (F] orn & [F). Hence by the maximality
ofF, either F is an ideal or a filter. Let x € F and y € F. Then by Lemma (2.2), there
exist a € F and b € F such that m(x,n,a) = n = m(y,n, b).This implies x A a <
n<xVaandyAb<n<yVvbh. Hence xAaAb<n yAaAb<n and
xvVavb=n yvavb>=n andsoaAb,avb€eF.Then<xVvn>,Nn<aA
b>,=[nxvn]lnfaAbAn,(aAb)Vn]

= [n, (x Aa Ab)Vn] = [nn] = {n}asn is central.

Similarly, < y Vn >,N< a A b >,= {n}. Since I,(S) 0-distributive, so < a A

b >,N (< xVn>,v<yVn>,)={n}This implies [n,(a AbA (x Vy))Vn] =
{n}. HenceaAbA(xVy) <n. Dually, < x An>,n< aVv
b>,={n}and <y An>,n< aVb >,= {n}.Without loss of generality, suppose F
is filter. If x Vy € F,thena Ab A (x Vy) < nimplies n € F which is a
contradiction. Hence x V y & F. Therefore, F is prime filter.Similarly, if F is an ideal,
then it is a prime ideal

(vi)=(@). LetaAb<n<aVbandaAc<n<aVc providledaVbandaVc
exist. We need to show that a A(bVc) <n <aV (bAc). If not, without loss of
generality, let a A (b V c) & n. Consider F = [a A (b V ¢)], when b V ¢ exists. So
n & F. Then by Lemma 1, there exists maximal convex subnearlatticeM 2 F and
n € M. But a convex subnearlattice containing a filter is itself a filter. Then by (vi),
M is a filter. Now,a E MandbVc€EM
implyaAb €M oraAc €M as M is prime. This implies n € M which is a
contradiction. Hence a A (bV ¢) < n < aV (b Ac). Therefore, S is n-distributive.
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Corollary(2.11): In an n-distributive nearlattice every filter not containing n is
contained in a prime filter.

Proof:This is trivial by Lemma (2.1) and Theorem (2.10).

Theorem (2.12):Let S be an n-distributive nearlattice. If A # {n}and A =N {I €
I,(S):1 # {n}}, thenA'n = {x € S: {x}*n = {n}}.

Proof:Let x € A, Then m(x,n,a) = n for all x € A. Since A # {n}so {x}*n #
{n}. Hence x € R.H.S.S0 A" € R.H.S.Conversely, let x € R.H.S. Since S is n-
distributive so {x}*" is an n-ideal and so {x}'" # {n}. Then A € {x}*" and so
A*n 2 {x}tnin Therefore, Atn = {x € S: {x}'» # {n}}.

Theorem (2.13): Let S be a nearlattice with a central element n. Then S isn-
distributive if and only if for a convex subnearlatticeF disjoint with {x}*n(x € S),
there exists a prime convex subnearlattice P 2 F and disjoint with{x}*".

Proof:Let S be n-distributive and F be a convex subnearlattice disjoint from {x}+».
Then by Zorn’s Lemma, there exists a maximal convex subnearlatticeP disjoint from
{x}n. Since P = (P] N [P) so either (P] N {x}*» = ¢or [P) N {x}'n = ¢. Thus by
the maximality of P, it is either an ideal or a filter. Without loss of generality, let P be
a filter. We claim that x € P. If not P V [x) D P. Then by the maximality of P,
(Pvx))n{x}r # ¢Lett € (PV[x))N{x}'n. Thent > p Ax for somep €
Pandt Ax <n<tVx.Thusp Ax < tAs <n hencem(pV n,n,x)=nwhich
implies p Vn € {x}'». But p Vn € P as P is a filter. This gives a contradiction to the
fact that P N {x}*n = ¢. Therefore x € P.Let z & P, then(P V [2)) N {x}*n # ¢.Let
ye(PVvI[z)n{x}n. ThenyAx <n<yVxandy = p; Az forsomep; € P so
p1AxAz<yAx <n. Hence m(z,n, (p; Ax)Vn) =nwhere (p; Ax) Vn € P as
P is a filter. Then by Lemma (2.2), P is a maximal filter not containingn. Therefore,
by Theorem (2.10), P is Prime.

Conversely, let <x>,N<y>,={n}and <x >,N< z>,={n}. We need to
prove that <x >,N(<y>,v<z>,;)={n}. That is, xA(yVz) < n.Then
[yVz)n {x}'n = ¢. Otherwise t € [y V z) N {x}*n implies t Ax <n <tVx and
t = yVzThese imply x A(yVz) <tAx <nis a contradiction. So there exists a
prime filter P containing [y V z) disjoint with {x}*» . Since z € {x}'" so y,z & P.
Hence yVz & P as P is aprime filter. This implies P ? [y V z] is a contradiction.
Dually by taking xV(yAz)En, we would have another contradiction.
Therefore,x A (yVz) <n<xV (yAz) andso S is n-distributive.
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III. Conclusion

In this paper, we generalize the concept of O-distributive lattice and n-
distributive lattice where n is a neutral element of this lattice and give the notion of
n-distributive nearlattice where n is a central element of this nearlattice. We also
include several nice characterizations of n-distributive nearlattices and prove some

interesting results onn-distributive nearlattices.
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