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Abstract
Suppose assume that complex numbers such that a#0,a,8,y as well as
ddefine ponD=C{0} as well as o(w, zw;a)=w6(ﬁw+a%+y),z eE, Where

E ={z|2|<1}. The conditions are satisfactory for analytic function p,p(z) #0 Cauchy’s
Riemann equations are satisfied for the functions

41 4y ()% OininE suchthatf(q, (2).2q) (2). 241 (2):2) < J(p(2).20 (2):z < Ha)z. 24 (2) =41 (2) < p(2) < ()2
Here observe that qqand qo the most excellent subordinate and best leading. The

applications are applied of those results are equivalent; ¢ =~like aswell as p ~valn et

ask as well as results to generalize and number of known results. By using a method
based upon the Briot-Bouquet differential subordination, we prove several
subordination results involving starlike and convex functions of complex order. Some
special cases and consequences of the main subordination results are also indicated
[1]. The main object of the present sequel to the aforementioned works is to apply a
method based upon the Briot-Bouquet differential subordination in order to derive
several subordination results involving starlike and convex functions of complex
order([ll],[1ll]. We also indicate some interesting special cases and consequences of
our main subordination results.

Keywords: convex function; Star like function ¢ - like function, Differential
subordination, Differential super ordination.

I. Introduction

A denotes a new class of the functions of the notation is ) = 0
z)=z+ akz
k=2

satisfies the analytic and univalent of the disk U ={z €C:|z <1}..If f and g function of
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analytic at U[II],[III], we defined as f is subordinate to g, i.e., f(z)<g(z). We use
Schwarz function w(z), which is an analytic function of U with
w(z)=0and |w(z) <1,Vz €U. Suchthatf(z)=g(w(z))z €U, suchthat f(z) = f(w(z))z U).
Additionally, the meaning g is univalent in U or Equivalence.
f(z) < g(z) ©f(0)=g(0) as well as f(U) Cg(U). We defined as the functions f(z) as well as

[(IVLIV] 9(@)isg(z)= L4+ 5 brzk - We apply convolution theorem
k=2

(frg)z)=z+ 3 agzk =(g*f)z).
k=2

The parameters of complex numbers are aq,a2,...,aq as well as B1, B2, B3, -, Bs- Here
(Bjdoes not belongs 20=1{0,-1,-2,...},i=1,2,3,... We developed the hyper geometric
function generalization of F if [III],[VI]

Fs (a1, 02,...,aq as well as B4, B2, B3, .., Bs: 2)

. (ak-1)...(ag)k ZK
=2 k=0 (g1, k1. .(Bk-1 K

Z_(qgs< s+1g,sENg=NU{O}LN={12, .}z €U.

o (k-1 ..(xq )k
Let,  hgs(1Bf() = () * (o i 2)i2) = 7 + Sio oyt gk,

as well as by means of the Hadmard product, the operator of the definition
[VII],[VII].

qsl((ocl’ﬂl)f U - U by [qsl((ocpﬁﬂf(z) = f(2) * hqs(xq,B1,2);

1945 (0 BOF(@) = (L= DF () * hgs(o1,B1,2) +
* hqs(oclnglrz),

q SA((ocl,,Bl)f(z) =1, Sl([;ns’ll’l(ocl, B1)f(z) The mechanist of I;’fs'll((ocl, B1) was
introduced by El-Ashwah and Aouf.

15 (<, Bf (2)
= DJ*((«<4, B1)f (2) was studied by Selvaraj and karthikeyan.

W(Z f(2)

II. Preliminares
The Proofs of main results and lemmas are used follows.[X],[ XII],[ XII].

Definition 1 The set of functions
p as well as on injective , analytic then E\B(p) ,whereB(p) = {{ € JE :
log,.; p(2) = ©},as well as 3p’({) # 0 for { € IE\B(p).

Lemma 1

If Eand

0 are Equivalent and @be and abalytic ina domain D containing q(E), with p(w) #
0,whenw € q(E).Here q is an univalent. Q,(z) = zq'(z),h(z) = 6{a(2)} +

Q1(z)and expect that either
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(i)h is conver, or (ii)Q,is starlike. In addition, assume that (iii)iﬁ% >0,z€

E.If p is ananlytic inE, with p(0) = q(0),p(E) € Dand 6{p(2)} + zp' (2)p(p(2) <
0{q(z)},then p < q as well as q is the best dominant.

Lemma 2 Suppose E and

0 are Equivalent and @be and abalytic ina domain D contains q(E). Q,(z) =
zq'(2),h(z) = 6{a(2)} + Q,(2)as well as expect that (i) Q,is starlike in E as well
as (ii) ﬂii((g((zz)))) > 0,z€ E.If p e TH[(0),1] n Q,with p(E) c Dand 0[p(2)] +

zp'(z2)p[p(2)]is univalent in E and 8[q(2)] + zq' (2)plq(2)] < 8[p(2)] +
zp'(z2)p[p(2)] then q < p as well as q is the best subordinan [XIII], [XIV].

III. Main Theorems

Theorem 1 Let q,q(z) # 0, The function of E is univalent 3 (i)[1 +
2q"'(z) | (6-1)zq'(2) o 2q"'(z) | (6-1)zq'(2) | B(6+1)q(2)

" pres |1 > 0 as well as (ii) [1 + o + pre + - +
yd/a] > 0.If p is the analytic function, then p(z) # 0, z € E is satisfies the degree of
difference subordination @[ p(2), zp'(2); zp'(2) < ¢lq(2),zq'(2);z]. Where
a, B,y as well as § is complex information, Here
p(2) < q(2)as wellas q is the best dominant. [X],[XV].

Proof: The parameters

6 as wellas @ are define 6(w) = (Bw + y)wias well as p(w) = aw
apparently, the satisfies of analytic function of the parameters of

0 as wellas @ in the domain

6-1

D = C{0}as well as @(w) # 0,w € D. We use the differential subordination
function Q; = za'(2)p(q(2)) = azq'(2)(q(z)°71, as well as h(z) = 0(q(2)) +
Q:1(2) = 0(q(2), 2q'(2); 2).

2Q' 1 (2) _ zq''(z) | (6-1)zq'(2)

We carry out the calculation of =1+———+ as well as
Q:1(2) q'(2) a(2)

[XVI][XVII],[XVII].

zh'(z) _ zq"'(z) | (6-1)zq'(2) | B(6+1)q(2)

s
=1+ + + y;the conditions are applicable for (i)

Q:1(2) q'(2) qa(2)
as well as (ii) we search out of Q; is star like in E as well as

iR(Zzh—’(ZZ; > 0,z € E.The conditions are applicable (i), (ii)Outlookof ¢[ p(z) +
1

zp'(2) o(p(@) < 0(q(@) +2q'(2) 9[ q(2).
Theorem 2 Let the analytic function is univalent at

E,3 the conditions are (i)R[1 + 24 () 4 (@-1)zq (z)
q(2) q(2)

S5
0 as well as (iDRETD + Ly > 0.1f p € H[(q(0), 1] n Q, with p(z) # 0,z €
E, to fulfill the differential super
ordinationp[ q(z) + zq'(2);z < (p(p(z)), zp'(2); z, here a, B,y as well as § are

complex information with o= 0, @[p(2), zp'(2); z] is univalent in E as well as ¢
is q(z) < p(z) as well as q is good subordinant. [XIX], [XX],[XXI].

1>
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Proof : The parameters of the function 8 as wellas @ to satisfies 8(w) =
(Bw + y)wias well as
pw) = aw’™?
in the domain

,since the parameters of the functionf as wellas @Pare analytic

D = C{0} aswell as p(w) # 0,w €
D.We assuming that the functionQ, as well as h go
afterQ; = zq'(2)9(q(2)) = azq'(2)(q(z)°1 it means that [XIX],[XXII].

h(z) = H(q (z)) + Q1(2) = 0(q(2),2zq' (2); ). The fulfill calculation of 29,/(z) _

Q1(2)
2q"'(2) | (6-1)zq'(2) b'@) _ B+1)q(2) i
1+ s prees as well ao(p @) = + y6/a. The conditions are

applicable for [ XXIII],[ XXIV].

6'(q(2)
©(q(2))

0[q(2) +2q'(2) p(q(2)) < 6(p(2)) + 20" (2) ¢[ P(2).
IV.  Applications to Univalent Functions

(F*9)(2)
()2’

(i) as well as (ii) that Q, is star like in E as well as R >0,z € E.

Newly we define p(z) = the follows the Theorem 1 as well as the

result [XX],[XXI],[XXV].

Theorem 4 We assume that g, g(z) # 0,tosatisfy[E the conditions (i) as well as (ii) of
the Theorem 1. Suppose

f € A as well as the functions of analytic parameters ¢ ,¥ with U0)z) *

(f+¥)(2)
0, z € E satisfies the differential
superordination[ XX VI],[XXVII].¢(q(2)), zq'(2); 2) <
)@ _(Fo)@\ | ] _

Clirwe? ((f*‘l’)(Z)) 2] = h(2),
Where a, B,y as well as § are complex information with
a # 0, here his inE as well as ¢ is given by then

F*p)(2)
12 < e
Remark 1 The exact values of a,f,y as well as § are complex information in
Theorem 1 as well as Theorem 3[XXVIII],[ XXIX] as well as by assuming that the
cases of the functions ¢ as well asW follows the Theorem 3, knows that results
them are as follows:

(1) Totakey =1 —f,6 = 1 to get hold of, Lemma 1 of [XII].

(ii) On replacingy = 1 as well as § = 0 in Theorem1, to get hold of, Corollary
3.2 of [XXI].

(ii1) To take « = § = 1 as well asy = 0 in Theoreml, to get hold of, 3.4 of
[22]

(iv) Totakea = § =2, =0aswellasy = 1inTheoremk 1,to get hold of,
Corollary 3.3 of [ XXI] .

,as well as q is the best subordinant.
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v) To take S =0aswellasy =6 =1inTheorem1, to get hold of ,
Corollary 3.4 of [ XXI]

(vi) To takea =1, =6 =0aswellas § = —1 in Theorem 1, Based on the
Result of the Authors Ravichandran as well as Darus [XV].

(vil) Totakea =y =1,8=0aswell asd = 1/Ain Theorem 1, to get hold of
Lemma 1 of [XIII].

(viii)  To take

02)=Ypoinz™, ¥Y(2) =Yp12",B=a,y=1— aaswellas§ =1in
Theorem 3, to get hold of the Theorem 3of [XII].

(ix) To take @(z) = Ypoqnz", W(2) =Yn=12", = l,aswellasy =6 =0
in Theorem 3, to get hold of, Theorem 4.3 of [ XXII].

(x) To take @(z) = Yooy nz™, W(2) =Y0-12", y =L =1,y =0 as well as
6 = —1 in Theorem3, to get hold of , Theorem 4.5 of [ XXII].

Remark 2 From the selections of the same as in Remark 1 , as well as Theorem 2 ,4
to get hold of the matching results meant for superordination follows that :

(1) To take § = 1 in Theorem?2,to get hold of, Lemma 2.1 of [XVII].
(ii) To take y = & = 0 The theorem 2, to get hold of, Lemma 2.4 of [XVII].
(ii1) To,take

p2)=Ypinz™, Y(2)=Yp_1z2",a=By=1— Baswellas§ =1
the Theorem 4, to get hold of, Theorem 2.2 of [XVII].
(iv)  To take @(z) =Yp—inz"™, ¥(2) =Yp-1z",fF=1aswellasy=86§=0
in the Theorem 4, to get hold of, Theorem 2.5 of [ XVII].

V. Applications to Multivalent Functions

We assuming that A(P)symbolize the form of the functions are f(z) = zP +
Yo jap + zPt (P € {1,2,3,...,}), to satisfies the analytic as well as p —
121'@)
P f(z) °
Theorem 5 We assume that g, q(z) # 0, to satisfy E the conditions (i) as well as (ii)
of the Theorem 2.

Valent in E. We characterize the function in Theorem 1, is P(z) =

Suppose

1zf'(2)
P f(z)
#0,z€ E, to satisfies the differential

f € A as well as the functions of analytic parameters ¢ ,¥ with €

)2
H[q(0),1]n Q, by means of )

superordination as the function exist i.e.,

!

) ,z] < (p(q(z)), 2q'(2); z) Where a, B,y as well as § are

[1 zf'(2) (1 zf'(2)
P f(2) "7 \P f(2)
complex information with @ # 0, here h is inE as well as ¢ is given by then
1zf'(2)
P f(2)

_1zf'®@
P& = 3750

< q(z),as well as q is the best subordinant. we define and writing
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Theorem 6 We assume that g, q(z) # 0, to satisfy E the conditions (i) as well as (ii)
of the Theorem 2.

Suppose
f € A as well as the functions of analytic parameters ¢ ,¥ with %%S) €
H[q(0),1] n Q, by means of LO@ 0,z€ E, to satisfies the differential

(F=¥)(2)
superordination as the function exist i.e.,

' 1zf’ 12f'(2)\
(4(@)),24'(2);2) < (P[;fo(g),Z(;Zi(g)) ;z] = h(z),Where

a, B,y as well as § are complex information with
a # 0, here his inE as well as ¢ is given by then
1zf'(2)
P f(2)
Remark 3 We define and exciting consequences for P — valent functions by
selecting parameters of the functions values «, 5,y as well as § are complex
interesting valued in Theorem 5.Example for § = P,y = 0as well as § =

0 in Theorem 5, to get hold of the Theorem 1 of [XXV]. Also to selection of the
Theorem 6, to get hold of corresponding result for super ordination.

< q(z),as well as q is the best subordinant.

VI.  Applications to ¢ — Like Functions

On inscriptiongz—))((zzi = P(z),in Theorem 1 to get hold of the result.
Theorem 7We assume that g, q(z) # 0, to satisfy E the conditions (i) as well as (ii)

of the Theorem 2.

z2(fx9)'(2)
e ((f*9)(2)
2+9) (@ (20 @ Y . .
2o o) 'Z] =< 9(q(2),24'(2);2) . we
observe that parameters of the functions values «, 8,y as well as § are complex
numbers witha # 0, ¢ is an analytic function

Suppose g € A3 # 0,z €E, satisfies the differential subordination of the

univalent function is [

In domain containing (f * g)( ), 9(0) = 0,¢'(0) = 1 as well as p(w) # 0 is

z(f+9)' (2) . . _ z(fxg)' (@)
DI < q(2), as welll as q is the best dominant. Here p(z) = 2 (Fea) @)
H[q(0),1] n with 299 @, o satisfies the differential superordination.

o ((f+g)(2)

. 2F+0) (@) ( 2+ (@)
¢(q(2),2q'(2);2) < ¢ [cp((f*g)(Z)) & (<p((f*g)(2)))

numbers (f * g)(E ), ¢(0) = 0,¢'(0) = 1 as well as ¢(w) # 0 subsequently
z(f+9)' (2)
o((f*9)(2))
Remark 4 Assuming that y = 0 as well as § = 0 in Theorem 7, get hold of that the

Theorem 2.1 of [ XIX] as well as by the equivalent selection in Theorem 8, to get hold
of Theorem 2.5 of [XIX].

li

,Z] = h(z), to the complex

q(2) < as well as q is the best subordinant.
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Remark 5 Suppose selection of
g(z) =Y y-1z" in Theorem7 as well as Theorem8, after that for
. 2(fx9)'(2 _ zf' (@
J €A having that (2. 562y = @
Theorem?7 as well as Theorems8, by gives the different complex parameters values of
a, B,y as well as §. By doing so, we obtain the results of ( [IV], [XII],[XXIV]).

.To unsing of the applications Of

(1) Y1z = g(2) rewriting of a = B,y =1 — B as well as § = 1 Theorem
7, to get hold of the Theorem 3 of[ XIII].

(11) Y1z =g(2) rewritinga =y =1, =0aswellas § = 1/1 The
Theorem 7, to get hold of the Theorem 4 of [XIII].

VII. Results and Discussion

In the present paper we examined a few classes of scientific capacities; we
acquire the quantity of adequate conditions and standardized systematic capacities in
the unit plate. Likewise we give a few utilization of the First — Order Differential
Subordination just as Super appointment for Generalized Positive Analytic capacities.
Anyway utilization of Star-like capacities just as Univalent capacities is significant
job of Differential subjection, super ordination of Analytic capacities.

Conclusion

We remark that several subclasses of analytic univalent functions can
be derived using the operator a,f,y as well as § to developed a new Results and
Theorems. Mainly we define to work out Star like function as well as ¢ — like
functions. Also we introducing some applications as well as fractional derivatives
operators.

References

I.  Ch. Pommerenke, Univalent Functions, Vanderhoeck and Ruprecht,
GAotingen, 1975.

II. H. M. Srivastava, A. A. Attiya, Some applications of di®erential
subordination, Appl. Math. Letters, 20, 2007, 1142-1147.

I1I. J. L. Li, S. Owa, Sufficient conditions for starlikeness, Indian J. Pure
appl.Math., 33(3), 2002, 313-318.

IV. K. S. Padmanabhan, On Suzcient conditions for starlikeness, Indian J.pure
appl. Math., 32(4), 2001, 543-550.Di®erential subordination and
superordination theorems . . . 157

V. L. Brickman, ¢ — like functions. I, Bull. Amer. Math.Soc., 79,1973, 555-
558.

VL. M. S. Robertson, Certain classes of starlike functions, Michigan
Math.J.,32, 1985, 135-140.

Copyright reserved © J. Mech. Cont.& Math. Sci.
D. Madhusudana Reddy et al

54



VIL

VIIL

IX.

XI.

XII.

XIIL

XIV.

XV.

XVL

XVIL

XVIIL

XIX.

XX.

XXI.

J. Mech. Cont.& Math. Sci., Vol.-15, No.-3, March (2020) pp 48-56
M. Ali Rosihan , V. Ravichandran, M. Hussain Khan, K. G. Subramanian,
Differential Sandwich Theorems for Certain Analytic Functions, Far East J.
Math. Sci. 15(1), 2004, 87-94.

M. Obradovic, N. Tuneski, On the Starlike Criteria defined by Silverman,
ZeszytyNauk. Politech. Rzeszowskiej. Mat., 181(24), 2000, 59-64.

M. Obradovic, S. B. Joshi, 1. Jovanovic, On Certain suxcient Conditions
for Starlikeness and Convexity, Indian J. pure appl. Math., 29(3), 1998,

271-275.

N. E. Cho, J.Kim, On a sufficient Condition and as Angular Estimation for
@ — likefunctions , Taiwan. J. Math., 2(4), 1998, 397-403.

N. Tuneski, On the quotient of the representations of convexity and
starlikeness, Math. Nachr., 248-249(1), 2003, 200-203.

N. Tuneski, On a criteria for starlikeness of analytic functions, Integral
Transforms and Special Functions, 14(3), 2003, 263-270.

N. Tuneski, On certain sufficient conditions for starlikeness,
Internat.J.Math. & Math. Sci., 23(8), 2000, 521-527.

N. Tuneski, On Some Simple Sufficient Conditions for Univalence,
MathematicaBohemica, 126(1), 2001, 229-236.

St. Ruscheweyh, 4 subordination theorem for A-like functions, J. London
Math. Soc., 2(13), 1976, 275-280.

S. S. Miller, P.T. Mocanu, Differential Superordinations: Theory and
Applications, Series on monographs and textbooks in pure and applied
mathematics ( No. 225 ), Marcel Dekker, New York and Basel, 2000.

S. S. Miller, P. T. Mocanu, Di®erential subordination and Univalent
functions, Michigan Math. J. 28, 1981, 157-171.

T. N. Shanmugam, S. Sivasgbramanian, M. Darus, Subordination and
Superordination Results for A-like Functions, J. Inequal. Pure and Appl.
Math., 8, 2007, 1, 1-6.158 S. Singh, S. Gupta, S. Singh

T. Bulboaca, Classes of First-order Differential  Superordinations,
Demostratio Math., 35 (2), 2002, 287-292.

T. Bulboaca, T.Tuneski, New Criteria for starlikeness and Strongly
Starlikeness, Mathematica( Cluj

V. Ravichandran, Certain applications of rst order di®erential
subordination, Far East J. Math. Sci., 12(1), 2004, 41-51.

Copyright reserved © J. Mech. Cont.& Math. Sci.
D. Madhusudana Reddy et al

55



XXII.

XXIII.

XXIV.

XXV.

XXVL

J. Mech. Cont.& Math. Sci., Vol.-15, No.-3, March (2020) pp 48-56

V. Ravichandran, N. Magesh, R. Rajalakshmi, On Certain Applications of
Di®erential Subordinations for A-like Functions, Tamkang J. Math.,36(2),
2005, 137-142.

V. Ravichandran, C. Selvaraj, R. Rajalaksmi, Suxcient Conditions for
Starlike Functions of Order ®, J. Inequal. Pure and Appl. Math. 3(5), 2002,
81, 1-6.

V. Ravichandran, M. Darus, On a criteria for starlikeness, International
Math. J., 4(2), 2003, 119-125.

V. Singh, N. Tuneski, On a Criteria for Starlikeness and Convexity of
Analytic Functions, ActaMathematicaScientia, 24, 2004, 597-602.

V. Singh, On some criteria for univalence and starlikeness, Indian J.Pure.
Appl. Math. 34(4), 2003, 569-577.

Copyright reserved © J. Mech. Cont.& Math. Sci.
D. Madhusudana Reddy et al

56



