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Abstract

In this paper, we will present the existence of necessary and sufficient
conditions for linear systems of the first order delay deferential inequalities and
equations to have oscillatory, eventually negative solutions and has ultimately
positive solutions. Also, some illustrative examples of each case are given.
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I. Introduction

Systems of DDEs now occupy a place of central importance in all areas of
science and particularly in the biological sciences (e.g., population dynamics and
epidemiology). Interest in such systems often arises when more realistic distributed
assumptions replace traditional pointwise modelling assumptions, for example, when
the birth rate of predators is affected by prior levels of predators or prey rather than
by only the current levels in a predator-prey model. The manner in which the
properties of systems of delay differential equations differ from those of systems of
ordinary differential equations has been and remains an active area of research; and
for typical examples of such studies for a description of several common models.In
(1978), KITAMURA and KUSANO, studied the two-dimensional differential system
with deviating argument. In (1987), Gopalsamy, found sufficient conditions that
achieves particular oscillation, eventually negative and eventually positive of system
DDES and system delay differential inequalities. In (2000), Cahlon and Schmidt,
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have given necessary and sufficient conditions for the asymptotic stability of the zero
solution of the system of linear with two constant delay differential equations.

In this paper, we found sufficient conditions, in general, satisfies oscillation,
eventually negative and eventually positive of system DDES and system delay
differential inequalities. Also take examples of matrices.

I1. Existence of the Solution of Linear System of the First Order Delay
Differential Inequalities

Consider the following system first order delay differential inequalities:

dy; (t

LO 30 a0+ Zhypyyy(t—1) S 0i=12,. ..(a)

dy; (t

D 3y + B pyyy(t- 1) 2 0i=12,. ...(b)
and the DDE:

dy;(t

D 3y O+ B pyyy(t- 1) = 0i=12,. ..

wherea;;, p;; and tarerealconstants.
Wegive suficient conditions under which:

(@) Inequality has eventually negative solutions.
(b) Inequality has eventually positive solutions.

(c) Equation has oscillatory solutions only.

Remark (1):
[dy1] [a11 . Q@1n
dt a1t .. aznm [Y1]
P+ P+
dyn ' Yn
L dt
Pir - pl“l [Y1(t—T11) v Yn(t—T1n)
bzt Pinflyi(t—1p) .. yn(t—tm)|<g .. (1)
_pn:1 pnnJ lYn(t_Tnl) Yn(t_Tnn)J
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Remark (2):

[dy1]  [a11 . QA1p
dt az .. am|[”2
+ P+
dYn Yn
L dt :
P11 pl“ Y1(t—T11) o Yn(t—7T1n)
P2t P20y (t—1p1) .. yn(t—1m)| > o 2)
_pn1 pnnJ |~Yn(t Tnl) Yn(t - Tnn)J
Remark (3):
[dy1 aj; .. Ay
dt a1 .. azm 1
+ P+
dy“ Yn
'p11 131n Yl(t—Tn) o Yn(t—T1n)
bzt ... P2n yi(t—131) .. yn(t—120)]| =0 (3)
_Pn1 J lYn(t Tnl) Yn(t - Tnn)J
111 Main Theorems and Results
If the assumptions
ajj, pjand ty;;i, j = 1,2, ..., n are real constants 4
such that:
0] a;;, pjjandr;; are positive constants; i = 1,2, ...,n

(ii) 7 20;,j=12,..,n

~[min G }][fg}gn (an S g |)}
(5)

are hold. Then, the system (1) has eventually negative boundedsolutionson[0, «).

f;lll_l’ln{fu}] [mll’l <p11 Zjn=1|pji |> > €

j#i

We will prove that the existence of an eventually positive solution leadsto a
contradiction with condition. Let us then suppose this systemhas eventually positive
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bounded solution u(t) = {u(t), u,(t), ..., u, (t)}on [0,). There exists t; > 0, such
that:

u(t) >0,fort>t*i=12,..,n (6)
and
du; (0 “
BT —a;;u;(t) — Z ay () — pywi(t — 1) —
"
i1 Py uj(t — 1) (7

j#i
It follows from the bounded and eventually positive solutionsuy, u; ..., u, converges
ast——oo. We let:

ltimiifiii(t) =¢=0i=12,..,n (8)

We claim that ¢; = 0,i = 1,2, ..., n; and if not, then the non-oscillation ofuq, u; ..., u,
and the eventually positive of uq,uy, ..., u,shows that the convergences in inequality
(6) is monotonic in t eventually and hence there exists t, > t; + t (t = max(t;; i,j =

1,2,...,n)), such that:

9)

u;(t) < c +¢fort>t, }
u(t)>c—¢ i=12,...,n

Wheregis any arbitrary positive number. We have from inequality:
d
T Qitiui(®) < — X au(0) + Xk Zjn=1|aij | uj (1) — Xisg piiwi(t — i) +
j#i

2is1 2?=}|Pij lu(t—15), t >t +1 (10)

J#I1

< —Yis1jaile —e) — Zjn=1|aij | (ci + 8)} -Xin {pii (ci—¢)—

j#i

j=1j#inpij(ci+¢) (11)
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(e fer e
|\an—2|a” |/|c1+slz au+Z|a]1 |

j=1 j=1
]il ]#21

n n [ n n —l

—Z Pii _Z|p]’i| Cite Z Pii +Z|pji| ‘—

i=1 =1 []'= i=1 |
ji i

qXi=1 6+ Qe (12)

n
< —mz c; + Me
i=1

=

where:
m = min; g, (aii - Zjn=1|aji |);M = Yis1 & +Zjn=1|a]'i | (13)
ji ji
and
q = minj<, (pii - Zjn=1|pji |)' Q=2XL1pi +2jn:1|pji | (14)
j#i j#i

The assumption (5) implies that m,q > 0. Now if };{_; ¢; > 0, then choosing & small
enough then one can show that there exist positive numbers m, q, such that:

SEL ) S —m—gqfort>t; +1 (15)

This leads to:
(Zl 1ui(0) < —m(t—ty) + XL ui(ty) —qt—t, — 1) + XLy u(t, — 1),
fort>t, +1 (16)

Implying that Y7 ; u;(t)may become negative for large enough t; but this is
impossible.Thus, we have ' ¢; = 0 and hencec; = 0,i = 1,2, ..., n.Hence:

lim,_, uj(t) =0,i=12,..,n an

and the convergence in (17) is monotonic in t eventually due to the nonoscillatory
nature of u(t) = {uy (t), uy(¢t), ..., u, (t)}. It follows from (10) that:

-470 -



Copyright reserved © J.Mech.Cont.& Math. Sci., Vol.-14, No.2, March-April (2019) pp 466-481

%(Z?:l ui (1) < — Xy a; wi(t) — Zjn=1|aji ui () = 2iey pis it — 1) —

ji
Zjn=1|pji |ui(t - Tji) (18)
j#i
whichis upon using:
tii = Tji ->t— Tii <t-— Tji 4 ui(t - Tii) > ui(t - Tji),i,j = 1,2, | (19)

leads to:

;—t Qiziw®) = -X¥, <aii_ Zjnzllaji |> u; (t) — g (pii_zl'n:1|pji |> u;(t—

j#i j#i

Tii, t>t241 (20)
<-—mYLiu() —qXii ult—1),t >t +1 (21)
<-mYtqu(t) —qXi—iu(t—o) (22)

where:

m = minj g, (aii - Zjnzllaji |)'q = miny <, (pii - Zjn:llpji |>:0 =

j#i j#i
min{tyq, 22, ) Ton } (23)

Note that 6 > 0 is due to (5) and we have used the eventual monotonic convergence
of u;(t — 1) to zeroas t - oo(i = 1,2, ..., n) in the derivation of (22) from (21).

Now, if we let:
y(®) =X ui(0); fort > t; +1
Then, we have from (22):

20 < —my(®) - qy(t—o)ifort > t; + 1 (24)

andy is any positive solution of the scalar delay differential inequality (24) in which
the constantsm, q and o satisfy:

eqo > e ™M° (25)
as a consequence of (5) and inequality(23).

It is well known that the scalar delay differential inequality (24) cannot have the
eventually positive solution (Ladas and Stavroulakis[9]) when (25) holds.This
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contradiction shows that system(1)has ultimately negative bounded solutionsand this
completes the proof.

Assume that (4) and (5) hold. Then the system of inequalities (2) has eventually
positive bounded solutions. The conclusion follows from the result of the above
theorem (3.1) since an eventually negative bounded solution of system (2) is an
eventually positive bounded solution of system (1).

Assume that (4) and (5) hold. Then all bounded solutions of system (3) are
oscillatory. The assertion is a consequence of the fact that system (3) cannot havenon-
oscillatory bounded solutions, which are eventually positive or eventually negative.

IV. Applications

Here, we introduce some applied examples to investigate sufficient conditions that
satisfies oscillation, eventually negative and eventually positive of system DDES and
system delay differential inequalities.

Example(1):
Consider the system:
dy, (1)
2 T 7Y+ 9y1 (6= 1) = 2y;(0) — ya(t = 2) — y3(t) + 2y3(t = 3)
<0
dy, (t)
T —4yi(t—4) +9y,(0) + 6y2(t = 6) + 3y3() = 3y3(t - 1)
<0

dys(t) 3

VO + 4y (t—2) + 4y, (0 — 2y, (t = 7) + 6y3(D) + Tys(t - 8)

<0
where the system have positive solution:
y1(t) = e 2"y, (t) = e fandy;(t) = e
7 =2 -1 9 -1 2 1 2 3
a=[2 9 3],p=[—4 6 —3],r=[4 6 1]

-3 4 6 4 =2 7 2 7 8
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n

m = min | a; _Z|aji| |
=1
j#i
= 1“5111;13(311 -(lag1 |+ lag1 [,azz — (lagz | + lagz ), as3
— (lagz | + [az3 |))

=min(7-(2+3),9-2+4),6-(1+3))

= %1%(2’3'2) =2

[ e )
q= fgllgnn| Dii _Z|pji | |
]:
W)
= gilgg(pn =(lp21 | + P31 l,p22 — (P12 | + Ip32 1), P33
= (Ip13 | + Ip23 |))
= min(9 - (4+4),6 - (1+2),7 - (2+3))

= 1rrS1j1é13(1,3,2) =1

o = min{tyy, 12,133}
=min{1,6,8} =1
eqo > e M°
e>e?
2.718>0.135
and hence the condition is hold.
Example(2):
Consider the system:

dy1(t)
dt

+ 7y1(0) + 9y (t— 1) — 2y, (1) —y,(t—2) —y3(0) + 2y3(t — 3)

>0
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dy(zi( ) + 2y1 (1) — 4y, (t—4) + 9y, () + 6y,(t — 6) + 3y3(t) —3y3(t— 1)

=0

dys(t)
T 3y1 (D) + 4y (t — 2) + 4y, (1) — 2y, (t — 7) + 6y3(t) + 7y3(t — 8)
>0
where the system have negative solution:

y1(t) = —e %, y,(t) = — et andyz(t) = —e™

7 =2 -1 9 -1 2 1 2 3
a=|2 9 3,p=|-4 6 -=3[t=]4 6 1

-3 4 6 4 =2 7 2 7 8

L PRV
]¢1
= fglﬁn (311 (laz1 |+ lazg ,azz — (lagz | + [asz ), as3
— (lagz | + [az3 D)

in(7-(2+3),9-2+4,6~(1+3)

m
1<i

(p11 =(lp21 | + Ip31 ,p2z — (Up1z2 | + Ips2 D, P33
= (Ip13 | + |p23 |))

mn
13

= min(9 - (4+4),6~(1+2),7 - (2+3))
= nsll<n(132)—1

6 = min{tyq, T2, T33}

=min{1,6,8} =1
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eqo > e ™M°
e>e?
2.718>0.135

and hence the condition is hold.

Example(3):

Consider the system:

dy, (t)

T S5y1(D) + 4y (t—2) —y () + y2(t— 1) — 2y3(t) — 2y3(t—4)

<0

dy, (t)

It +y1(0) = 3y;(t = 3) + 4y, () + 6y,(t — 6) + 6y3(1) —y3(t — 6)

<0

dyz(t)
dt

+ 7y1(0) + 6y, (t— 7) + 2y, (0) — 4y, (t — 1) + 3y3(t) + 9y3(t — 10)
<0

where the system have negative solution:
y1() = —e 75y, () = —e *and y;3(t) = —e™

5 -1 -2 4 1 -2
az[l 4 6],p=[—3 6 —1],T=[

7 2 3 6 -4 9

= Ul
[N

o O &
—

— (lagz | + [az3 D)

r%<n(5—(1+7)4—(1+2)3—(2+6))
=rg%( 31,-5)=-5
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1<i<n

= min | Pii — |p]1
"

1
(p11 =(Ip21 | +Ips1 l,p22 — Up12 | + Ip32 1), P33

mi in
13
= (Ip13 | + Ip23 |))

= rr<1_i£13(4—(3+6),6—(1+4),9—(2+1))

(=5,1,6) = —

et
o = min{ty9, 722, 733}
= min{2,5,9} =2
eqo > e M°
e(=5)(2) > e (D@
—27.1828 > 22026.46

and hence the condition is hold.
Example(4):
Consider the system:

y;( ) + 5y1(0) + 4y (t = 2) =y (D) + yo(t — 1) — 2y3(t) — 2y3(t—4)

>0

d
yfi( L4110 = 31 3) 4 4720 + 612t~ 6) + 6y2() ~ ya(t— 6)

=0

dy;( ) + 7y, (£) + 6y (t — 7) + 2y, () — 4y, (t — 1) + 3y5(t) + 9y (t — 10)

=0

where the system have positive solution:

y1(0) = e % y, () = e 2 andyz(t) = e™*
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5 -1 -2 4 1 -2 2 1 4
a=1|1 4 6 ,p=|-3 6 -—-1[,t=|3 5 6
7 2 3 6 -4 9 7 1 10

m = min | a; — z:|a]1
/

1<i<n

= min (a;; - (|a az1 |, a, — (la a a
1S<3( 11— (laz1 | +1aszq1 [,azz — (lagz |+ lasz ), ass

— (lagz | + laz3 |))

= m_ir13(5—(1+7),4—(1+2),3—(2+6))

=r%%( 31,-5)=-—
: \
q= 1rgllsnnlpu—lejil|
=1
=)

(p11 =(lp21 | + P31 l,p22 — (P12 | + Ip32 1), P33
= (Ip13 | + Ip23 |))

= min (4~ (3+6),6— (1+4),9~(2+1))

(-5,1,6) = —

ey

o = min{ty1, 122,33}

= min{2,5,9} = 2
—mo

eqo > e

e(=5)(2) > e DD
—27.1828 > 22026.46

Therefore, the condition is not hold.

Example(5):

Consider the system
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dy, (V) n

It +2y1(t—§)+y2(t—2n)—0
dy, (t) n

dt +yl(t—ﬂ:)+2y2(t—§)—0

where the system have oscillatory solution:

y1 () = sin(t)andy, (t) = cos(t)

0 0 2 1 ; 2n
a:[o 0’p:[1 2]’T:[i ]

N3

n

m = min | a; — E a;;
1<i< ii | ]1|
j=1
j#i

= min(aq{q -|a a;, —|a
min (ar; - a1 |azs — larz )

= min (0,0,0) = 0

m
1s<

q= 1n%lSI;l1 kpii - .§1|pji |/
]:

j#i

= min (p11 ~Ip21 [, P22 — IP12 1)

1<<3
= min(z—(1),2 - (1)
= 1[%1;13(1,1) =1

o = min{ty1, 122}
M my T
c= mln{z,z} =3
eqoc > e M°
n

e—>¢l
2

244,645 > 1
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Therefore, the condition is hold.

Example(6)
Consider the system:
dy (t
Y;E) +2e?y, (t—2) + e3y,(t—3) = 0
dy, (t
yz() +3ety; (t—4) + 2ey,(t—1) =0

where the system have nonoscillatory solution:

y1() = e""andy, () = —e™

[ ]p [3e Ze]Tz[AZL ﬂ

m = min | a; a;
1<i<n i Zl ]1
]¢1

= 12]%(311 -laz1 l,azz —lagz )

= 111S1j1é13(0,0,0) =0

n

q= min | p; _Z|pji |
J:

j#i
= Uslél (P11 = Ip21 I, p22 — Ip12 D
— _ 4 (a3
= %%(Ze (3e*),2e — (e”))

in (—149.016,—14.6489) = —149.016

o = min{Tll,Tzz}
=min{2,1} =1

—mao

eqo > e
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e(—149.016)(1) > e
—405.067 > 1

Thus, the condition is not hold.

V. Conclusions

In this paper, we find the conditions satisfy of oscillatory, has no eventually
positive solutions and has no ultimately negative solutions of the linear system first
order delay deferential equation and inequalities by solution system of delay
differential equation and inequity. We prove the system of delay differential
inequality have non-oscillatory eventually positive by imposingit possesses
oscillatory eventually positive and leads to a contradiction. In the same way, we prove
the system of delay differential has non-oscillatory eventually negative. Using the
conditions and definitionswe were able to be exampled from matrices.
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