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Abstract

This paper is concerned with the motion of a non-Newtonian fluid of Reiner-
Rivlin type through an annulus with porous walls in presence of radial magnetic field.
Here, the inner cylinder rotates about its axis with a transient angular velocity while the
outer one is kept fixed.
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I.  Introduction

The unsteady motion of a viscous conducting liquid between two porous
concentric circular cylinders acted on by a radial magnetic field was studied by
Mahapatra [1]. The motion of an ordinary viscous fluid between two co-axial
porous circular cylinders when the inner cylinder is oscillating was investigated by
Khamrui [2]. In this paper, an attempt has been made to investigate the flow of a
Reiner-Rivlin fluid through two porous co-axial circular cylinders acted on by a
radial magnetic field. The inner cylinder rotates with a transient angular velocity
and the outer one is at rest. The approximate solutions for two extreme cases have
been derived and in solving the problem Hankel functions have been used.
The well-known constitutive relation of Reiner-Rivlin fluid is given by

Tij = —p0ij + pej; + Uceey; 1)
where p is the coefficient of viscosity, . is the coefficient of cross-viscosity, 7;; is
the stress tensor,e;; is the rate of strain-tensor and 6;; = 1,i = j and 6;; = 0,i # j.
Here u and u, are assumed to be constants.

Il. Formulation and Solutions of the Problem
Let us consider the radii of the inner and outer cylinders be ‘a’ and ‘b’
respectively. Choosing the cylindrical polar co-ordinates (r, 8, z) with z-axis as the
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common axis of the cylinders, the velocity components can be taken as (u, v, 0). It
is assumed that all the physical quantities are independent of 8 and z.
Neglecting the effects due to the induced electric and magnetic fields,
the equations of motion can be written as
2 —
(6u u v ) _ O01yy + 0Ty + Trr—TH9 \

E or r or 0z r
and (2)
ov ov  uv oBZ v) _ 0Trg , 0Tg; |, 2Trg
p(at + or T + p ‘r2) T or T 0z T r )

where B, is the magnetic induction vector and ¢ is the conductivity of the fluid.
The equation of continuity is

ou u
o tr=0 ©)
ou 2u ov v
Now, e, = 2=, egg=—, ey, =e€g; =€, =0, eg=——~-.

Hence, we have on using (1),

we=pr gt 4 (E) + (5]

u v v\2 u?
oo = —p+ 2+ (5 =) + 47

Trz = Tz = Tzz = 0

and o = (5 =7) 25 -7 (47

Hence from (2), with the help of (3), we get

ou, ou v\ _ o  u 9 4(6u)2+(6v v)z
P\ot T%r ~ 7 )T Tor T Moz T Hehy or ar r

2o (B2 + a2 - 4] @

and

Wy O 9BG v (2 2\ (v v
p(6t+u6r+r+ p 'rz)_u(ar-l-r)(ar r) (5)
It is assumed that the rate of suction at the inner cylinder is equal to the

rate of injection at the outer cylinder. So, we have on using (3)

_ auq _ bup
u=—=- (6)

where u, and wuy, are the radial velocities at the inner and outer walls
respectively.
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Substituting for u in (5) and considering u, to be constant, we get

v  aug (v v oB§ v _ (0  2\(v v
plo+ Gt + o =G (5 ()
Again, substituting v = rw in (7), we obtain

ra—w+%(ra—w+2a)) =v i(r
ot ar

w dw 0B? w
)+ :
r ar

Fy A= et ®)

where v is the kinematic coefficient of viscosity and w is the angular velocity of
the inner cylinder.

Further, putting w = ¢ (r).e™™ in (8), we get

d?o dp m
2 T — - — 2 — M2 —
riot @-nr——+ (vr 2R—M )<p 0 (9)

a

where M = BO\E and R = % is the cross-flow Reynolds number in

Newtonian fluid.

If the inner cylinder rotates with a transient angular velocity Qe ™™,

the boundery conditions are

@(r) =Q whenr =a
and } (10)
@(r) =0 whenr=D>
R
Now, substituting @(r) = rz"".F(r) in (9), we have
2 A°F ar 2,2 _ 0 2\F —
r dr2+rdr+(kr m°)F =0 (11)

2
which is Bessel’s equation of m-th order, where m = \/(1 + g) + M?

and kz\/i.
v

For practical need, the solution of equation (11) can be taken as
F(r) = CHL (kr) + DHP (k1)

where H,(,}) (kr) and H,(,f) (kr) are Hankel functions of the first kind and second
kind respectively and C, D are constants.

Hence we obtain

(@) =2 [CHP (er) + DHP (k)]
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Applying the boundary conditions (10), we obtain

R
Qa'zHP (kb)

R
_ —0a'"2H® (kb)
HP (ka) 1P (kb)-HY (kb)HP (ka)

— HY (ka)u P (kb)-HD (k)P (ka) *

Hence we obtain the azimuthal velocity as

R . R € @ (ep)—g D @)
b = Oraal-3e-nt [H,(,;)(kr)HT(,;)(kb) H,(,;)(kb)H,(,;)(kr)]
Hyy (ka)Hy (kb)—Hy, (kb)H,? (ka)

(12)
Using the relation (6), equation (4) becomes

- e L (6_v_z)2
P( r3 r) 6r+'ucar{ +

r ar r

which on integration gives

v? a’up 4a?u? v v\2
p=p0+pf7dr— 2r2 +‘uc{ r4 +(6_r_;)}

=po + o+ D01+ D01 (SAY) (13)

which shows that the pressure is made up of the components p; due to the rotatory
motion, p,; due to the porosity of the cylinders and p;;; due to the cross-viscosity.
It is also evident from the solution that the velocity is unaffected by the
cross-viscosity while the pressure is affected by it.

I11. Flow for Low Frequencies

We have the expressions (Watson [3], p. 73) for H1 (z) and
HZ(z) intermsof J,,(z) and J_,,(2) as

Hrln(z) _ € Tt [ (2)—]-m(2) and Hrzn(Z) _ e J (2)—J_m(2) |

—isinm.

isinm. m
Hence we get
HYY (kr)H? (kb) — HSY (kb)H (k)
HY (ka)HS (kb) — HSY (kb)HS? (ka)

_ ]m(kr)]—m(kb) _]m(kb)]—m(kr) (14)
]m(ka)]—m(kb) _]m(kb)]—m(ka)

Again, we have (Watson [3], p.40)
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In@ = () s~ it |

0 1

2 r(m+1) 4r(m+2) h
Z m 2
= (E) (g —a1z° + i)
and
AN 1 z2
Jom(@ = (2) . [r(—m+1) s ]
z\™™m 2
- (E) (g = D1Z% + e ),
ay = — a; = ——
0= T —— 1= )
Where I"(rr11+1) 4-1—'(77;:4—2) } (15)

- r(-m+1)’ - 4r (-m+2)

The absolute values of kr, ka and kb are small for low frequencies and so avoiding
terms involving powers of k higher than two, we get

Im (kr)]—m (kb) — Im (kb)]—m (kr) =

=an|5) ()]

— k2 l(aoblbz + a,byr?) (%)

m

b m
- (a0b17'2 + albobz) <;) l
and

]m(ka)]—m(kb) _]m(kb)]—m(ka) =
m nm
~anto| )" ()

a
) 2 2y (&
k [(aoblb + a,bya )(b)

m

b m
— (aghia? + a,byb?) (E) l
Putting in (14), we have

Hy (kr)Hix (kb) = Hyy (kb)Hye (kr)
HP (ka)H? (kb) — H (kb)H (ka)

23



J.Mech.Cont.& Math. Sci., Vol.-12, No.-1, July (2017) Pages 19-25

aobo[

m b m 2 2 o (T m 2 b m
T -k (aoblb +a1b07' )(E) —(a0b17' +a1b0 ) T

m m m

aobo[ b ] kz[(a0b1b2+a1b0a2)( ) —(a0b1a2+a1bob2) Z ]

Now, substituting = \/% , we finally obtain the velocity from (12) as

V —
R }Zze_nt {[(g)m—(g)m] aohg [(aoblb +abor )( ) —(a0b1r2+a1bob2)(g)m]} (16)

Qrza'™z . —
[(a) —(B)m] vaobo [(a0b1b2+a1b0a2)( ) —(a0b1a2+a1b0b2)(§ m]

b a

IVV. Flow for High Frequencies
The value of |k| is very large for high frequencies and so, we use the
asymptotic formulas (Sommerfeld [4], p.100)
1/, 4 1 1
Hi(2) = (i) 2 pilz=m(m+3)} H2(z) =

nz

(%)1/2 e—i{z—%n(m+%)} .

Hence we get

2 ; )

(€] @) _ g (2) — _ ik(b-r) _ ,—ik(b-1)
H,'(kr)H: ' (kb) — H, '(kb)H. (kr) = ———ie e

m ( ) m ( ) m ( ) m ( ) T[km{ }

2 pik(b—T)
wk\rb !

sinceb >r
and

€Y) 2 (€] @) _ ik(b—a) —ik(b—a)
H ka H kb —H kb H ka = — e —e
m ( ) m ( ) m ( ) m ( ) l\/_l{ }

2 .
ik(b—a) :
— .e sinceb > a .
kv ab !

Substituting in (12) and simplifying, we finally obtain the velocity for
high frequencies as

v = QraR D 536 R) gt [ o-ik(r-o)]

1 1
= QrzR V268 Renteosk (5 — q) (17)

where k = \/Z
%

24



J.Mech.Cont.& Math. Sci., Vol.-12, No.-1, July (2017) Pages 19-25

It is clear from the solution that the velocity is not affected by the
magnetic field for high frequencies.
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