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Abstract:  

In this paper, the similarity solution of natural convective laminar boundary layer 

flow around a vertical slender body with suction and blowing has been investigated. Firstly, 

the governing boundary layer partial differential equations have been made dimensionless 

and then simplified by using Boussinesq approximation. Secondly, similarity transformations 

are introduced on the basis of detailed analysis in order to transform the simplified coupled 

partial differential equations into a set a ordinary differential equations. The transformed 

complete similarity equations are solved numerically by using Fourth order Runge-Kutta 

method as well as MATLAB. Finally, the flow phenomenon has been characterized with the 

help of obtained flow controlling parameters such as suction parameter, buoyancy parameter, 

Prandtl number, body-radius parameter and other driving parameters. The effects of 

dimensionless parameters on the velocity and temperature distributions are presented 

graphically. It is found that a small suction or blowing can play a significant role on the 

patterns of flow and temperature fields.   

Keywords: Similarity solution, natural convective; vertical slender body, suction or 

blowing. 

I.     Introduction 

Natural convection is a mechanism, or type of heat transport, in which the fluid 

motion is not generated by any external source (like a pump, fan, suction device, etc.) 

but only by density differences in the fluid occurring due to temperature gradients. In 

natural convection, fluid surrounding a heat source receives heat, becomes less dense 

and rises. The surrounding, cooler fluid then moves to replace it. This cooler fluid is 

then heated and the process continues, forming convection current; this process 
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transfers heat energy from the bottom of the convection cell to top. The driving force 

for natural convection is buoyancy, a result of differences in fluid density.  

Natural convection has attracted a great deal of attention from researchers because of 

its presence both in nature and engineering applications. In nature convection cells 

formed from air raising above sunlight-warmed land or water are a major feature of all 

weather systems. Convection is also seen in the rising plume of hot air from fire, 

oceanic currents, and sea-wind formation. In engineering applications, convection is 

commonly visualized in the formation of microstructures during the cooling of molten 

metals, and fluid flows around shrouded heat-dissipation fins, and solar ponds. A very 

common industrial application of natural convection is free air cooling without the aid 

of fans: this can happen on small scales  to large scale process equipment.  

The problem of free, mixed and forced convection over a horizontal porous 

plate has been attracted the interest of many investigators (Viz. Clark and Riley [1], 

Schneider [2] and Merkin and Ingham [3] among several others) in view of its 

applications in many engineering and geophysical problems. Ramanaiah et al. [4] 

considered the problem of mixed convection over a horizontal plate subjected to a 

temperature or surface heat flux varying as a power of x. However, the problem of 

forced, free and mixed convection flows past a heated or cooled body with porous wall 

is of interest in relation to the boundary layer control on airfoil, lubrication of ceramic 

machine parts and food processing. Deswita et al. [5] obtained a similarity solution for 

the steady laminar free convection boundary layer flow on a horizontal plate with 

variable wall temperature. Hossain and Mojumder [6] presented the similarity solution 

for the steady laminar free convection boundary layer flow generated above a heated 

horizontal rectangular surface. Furthermore, they study of complete similarity 

solutions of the unsteady laminar natural convection boundary layer flow above a 

heated horizontal semi-infinite porous plate have been considered by Hossain et al [7]. 

Hossain et al. [8] obtained a complete similarity solution of the unsteady laminar 

combined free and forced convection boundary layer flow about a heated vertical 

porous plate in viscous incompressible fluid and investigated the effects of several 

involved parameters on the velocity and temperature fields and other flow parameters 

like skin friction, heat transfer coefficients across the boundary layer. Van Dyke [9] 

successfully analyzed a natural convection flow near a vertical thin needle for the case 

of a constant surface temperature. Kuiken [10] has studied the axi-symmetric free 

convective boundary layer along an isothermal vertical cylinder of constant thickness. 

https://en.wikipedia.org/wiki/Fire
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The purpose of the present study is, therefore, to find a possible similarity 

solution of unsteady natural convection laminar boundary layer flow of viscous 

incompressible  fluid caused by a heated (or cooled) axi-symmetric slender body of 

finite axial length immersed vertically in a viscous incompressible fluid. The thermal 

distributions on the outer surface of the body as well as the motion of the body itself 

are assumed to be unsteady. Furthermore, throughout the investigation, the effect of 

suction or blowing has been taken into consideration. We are attempted to investigate 

the effects of several involved parameters on the velocity and temperature fields and 

other flow parameters like skin friction and heat transfer coefficients across the 

boundary layer. The numerical results including the velocity and temperature fields 

are to be presented graphically for different selected values of the established 

dimensionless parameters. It is expected that the effects of suction and blowing play 

an important role on the velocity and temperature fields, so that their effects should be 

taken into account with other useful parameters associated. 

II.    Basic equations of the flow and mathematical analysis 

An axi-symmetric heated (or cooled) slender body of finite axial length is immersed 

vertically in a viscous fluid of variable properties. The surface temperature (=
w

T ), the 

velocity and the temperature of the undisturbed fluid ( ee Tu and ) close to the body 

surface but outside the boundary-layer are all general functions of x and t. rw is the 

radial distance from the axis of symmetry to the surface of the body, x is the distance 

measured along the axis of symmetry of the body and t is the time. The physical 

configuration and the coordinate system of the problem are shown in Fig.1.  
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Fig: 1 physical configuration and coordinate system 
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The influence of body force generated by buoyancy effects on the flow field near the 

surface is significant if the Froude number of such a flow field is of order unity. That 

is the non dimensional form of the buoyancy force is                         
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
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T

TT
cx

e

ew                    (1) 

where gx is the gravity component in the x-direction, Lc is a suitable characteristic 

length and U is a suitable characteristic velocity. The non-dimensional form of the 

equations expressing conservation of mass, momentum and energy for a Boussinesq 

fluid are follows: 
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where  is the density,   dynamic coefficient of viscosity and   kinematic 

coefficient of viscosity , T the temperature, k the thermal conductivity Cp the specific 

heat at constant pressure and 

P

T
aT








 
−= − 
 1 the coefficient of cubical expansion of 

the fluid and
k

C p
=Pr  the Prandtl number . Here ,00 TTT =−  

00 and TTTTT eW =−=  is treated here as constant temperature for the ambient 

fluid. Since the Boussinesq from of the state relations is ( )T = , it follows that 

0
 =

e
(constant). T  and WT  in general depend on both x and t. A solution of the 

equations (2)-(4) is now sought, these equations being valid in the limit Re→ and 

E→0.  Higher order effects are not discussed here, as the present investigation 

concerns the first order boundary- layer approximations only.  
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III.    Similarity solutions 

III.i  Similarity transformations: 

The complexity of the above governing differential equations makes the use of 

simplifying approximations desirable so that tractable solutions may be obtained. The 

method of similarity provides a convenient and accurate procedure for computing heat 

transfer, skin friction and other laminar boundary-layer characteristics, Guided by this 

idea, the independent variables (x,r,t) are changed to a new set of variables 

( ) ,, where the relations between the two sets are 

( )tx

r
tx

,2
,,

2


 ===                                     (5) 
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for the moment, a non-dimensional factor U (x, t) for the velocity component u is 

given by      ( ) ( ) ( ) ,,,,,, 0+= FU  
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where ),,,( 0  =− WW vr

 
where Wv   

represents the non-zero wall velocity called suction or blowing velocity normal to the 

porous surface, so that fluid can either be sucked or blown throughout. Physically, 

Wv < 0 and Wv  > 0 represent the suction and blowing velocity through the porous 

surface respectively. For uniform suction (or blowing) Wv  = constant. However, 

0Wv   implies that the surface is impermeable to the fluid. In view of the above 

transformation, equations (2) to (4) become     
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 The boundary conditions which are imposed in order to determine the solutions of the 

transformed boundary layer equations (6)-(7) are given by: ( ) ( ) 000 == FF  

( ) ( ) 10 == F , ( ) 0=                                                   (9)  

The relations in equation (8) furnish us with the conditions under which similarity 

solutions are obtained provided that all sa'  must be constants and thus the equations 

(6)-(7) will become non-linear ordinary differential equations. In view of the 

conditions (ii) and (i) stated in equation (8), we have ( ) Ba += 0  and  

( ) AaaUL ++= )( 21
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Since γ(ξ, τ) and UL (ξ, τ)  depend wholly on the choice of A (τ) and B (ξ), the equation 

(10) plays a significant role in determining the possible four cases of similarity 

solutions: 
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III.ii.   Similarity case to be considered  

Of these four similarity cases, only the Case (A) for which 
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Here UL should be considered as the non-dimension characteristic velocity. Without 

loss of generality we may write euUL = . For purely natural convection flow we can 

put eF uU =  therefore 122 =eF uU    which yields 06 =a
 

Substituting the constants and choosing fF 1=  and  1=  the above equations (6) 

to (7) reduce to: 
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The body shear stress and heat transfer rate are given by  
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IV.   Numerical solutions and discussions 

The set of differential equations (11)–(12) with the boundary conditions (13) 

are solved numerically by using MATLAB. Like Case A, here the velocity f  and 

temperature   are determined as a function of coordinate . The skin friction 

coefficient )0(f  and the heat transfer rate – (0)  are also evaluated for this case 

and numerical results thus obtained in terms of the similarity variables are displayed in 

graphs and tables  for several selected values of the established parameters wF ,  , R0  

and Pr  below. To obtain the solution of differential equations (11) – (12) with the 

boundary conditions (13), we have adopted a numerical procedure based on 

MATLAB. The effects of suction parameter wF , driving parameter   (the ratio 

between the changes of local boundary-layer thickness with regard to position and 

time), the body radius parameter R0 and the Prandtl number Pr  are plotted in the 

Figure 2 –9. To observe the effect of wF , the other four parameters  ,  R0 and Pr are 

taken constants. Similarly, we observe the effect of the parameters  , R0 and Pr  by 

taking the rest four parameters constant respectively.  

The effects of wF  on the velocity and temperature fields are plotted in the Fig. 2 and 

Fig. 3 respectively. From Fig. 2 it is observed that, in all cases the velocity is starting 

at zero, and then velocity increases with the increase of   near the leading edge and 

finally moves towards 1.0 asymptotically but temperature is starting at 1.0, then it 

decreases asymptotically and finally leads to zero with the increase of . From Fig. 2 

we see that for the case of suction ( )0WF  , the velocity increases with increasing WF  
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but for blowing case ( )0WF  , velocity decreases in the region 8.17.0   and then 

the velocity increases with the increase of the magnitude of blowing. The usual 

stabilizing effect of the suction parameter on the boundary layer growth is also evident 

from this figure. 

From Fig. 3 it is observed that for both the cases of suction and blowing, temperature 

decreases quickly close to the leading edge and away from it temperature decreases 

asymptotically and finally leads to zero with the increase of . For the case of 

suction ( )0WF  , temperature decreases with increasing suction. But for the case of 

blowing ( )0WF  , temperature decreases more with the increase of the magnitude of 

blowing. 

                       Fig. 2                                                                         Fig. 3 

 

Fig 2:  Velocity profiles and Fig: 3 temperature profiles for different values of wF (with  

fixed values of ,5.0= 1.00 =R  and 71.0Pr= ).  

The body radius parameter R0 depends on the shape of the slender body. The velocity 

and temperature fields exhibit remarkable changes with the variation of R0 as observed 

from Fig. 4 and Fig. 5. It is observed from Fig. 4 that in all cases the velocity is 

starting at zero and increasing asymptotically to 1.0. But with the increase in R0 the 
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rate of change of velocity increases primarily. Thus before being asymptotically 1.0 

for higher values of R0 velocity is higher within the boundary layer. It is observed 

from Fig. 5 that in all cases the temperature is starting at 1.0 and decreasing 

asymptotically to zero. But with the increase in R0 the rate of change of temperature 

decreases primarily. Thus before being asymptotically zero for higher values of R0  

temperature is lower within the boundary layer. 

 

Fig. 4                                                                Fig. 5 

Fig. 4 Velocity profiles and Fig 5 temperature profiles for different values of 0R (with 

fixed values of 5.0.=wF , 5.0=  and 71.0Pr= ) 

 

                                      Fig. 6                                                                        Fig. 7     
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Fig. 6 Velocity profiles and 7  temperature profiles for different values of Pr  (with 

fixed values of 0.5wF = ,5.0=  and 1.00 =R ) 

The other controlling parameter is the Prandtl number Pr
pC

k

 
= 
 

 which depends on 

the properties of the medium. The velocity and temperature fields exhibit considerable 

changes with the variation of Pr as observed from Fig. 6 and Fig. 7. It is observed 

from Fig. 6 that in all cases the velocity is starting at zero and increasing 

asymptotically to 1.0. But with the increase in Pr the rate of change of velocity 

increases primarily. Thus before being asymptotically 1.0 for higher values of 

Pr velocity is higher within the boundary layer. It is observed from Fig. 7 that in all 

cases the temperature is starting at 1.0 and decreasing asymptotically to zero. But with 

the decrease in Pr  the rate of change of temperature decreases primarily. Thus before 

being asymptotically zero for lower values of Pr  temperature is lower within the 

boundary layer. 

Fig. 8 and Fig. 9 exhibit the effects of the driving parameter   on the velocity and 

temperature fields, respectively. The velocity and temperature fields exhibit 

remarkable changes with the variation of   as observed from Fig. 8 and Fig. 9. It is 

observed from Fig. 8 that for all cases the velocity is starting at zero and increasing 

asymptotically to 1.0. But with the increase in   the rate of change of velocity 

increases primarily. After 3.0  the velocity increase for 5.0=  and finally leads 

to 1.0 asymptotically. Then increase    the velocity decrease and after certain stage 

the velocity increase leads to 1.0 asymptotically. Like before, temperature decreases 

faster with the increasing   and finally leads to zero asymptotically as is seen in Fig. 9. 
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 Fig. 8                                                                      Fig. 9 

Fig. 8:  Velocity profiles and Fig. 9:  temperature profiles for different values of   

(with fixed values of 0.5wF = , ,71.0Pr =  and 1.00 =R ) 

The values proportional to the coefficients of skin friction )0(//f  and heat transfer –

/ (0)  are tabulated in Table (1) – (4). 

Table 1: Values proportional to the coefficients of skin-friction ( )0(//f ) and heat 

transfer (
/ (0)− ) with the variation of suction parameter wF (for fixed 1.00 =R , 

5.0= and 71.0Pr = ) 

wF  )0(//f  
/ (0)−  

0.50 0.769883 -0.68053 

0.30 0.745995 -0.67369 

-0.30 0.672158 -0.65275 

-0.50 0.647313 -0.64597 

Table 2: Values proportional to the coefficients of skin-friction ( )0(//f ) and heat 

transfer (
/ (0)− ) with the variation of body radius parameter 0R  (for fixed 5.0=wF , 

5.0= and 71.0Pr= ) 

0R  )0(//f  
/ (0)−  

0.05 0.789601 -0.63751 

0.10 0.769883 -0.68053 

0.15 0.730051 -0.66007 

Table 3: Values proportional to the coefficients of skin-friction ( )0(//f ) and heat 

transfer (
/ (0)− )with the variation of Prandtl number Pr (for fixed 5.0=wF , 

5.0= and 1.00 =R ) 
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Pr  )0(//f  
/ (0)−  

0.71 0.769883 -0.68053 

1.00 0.606899 -0.55108 

7.00 0.139052 -0.21924 

 

Table 4: Values proportional to the coefficients of skin-friction ( )0(//f ) and heat 

transfer (
/ (0)− ) with the variation of driving parameter  (for fixed 5.0=wF , 

71.0Pr=  and 1.00 =R ) 

 

  )0(//f  
/ (0)−  

0.5 0.769883 -0.68053 

1.0 0.749632 -0.67015 

1.5 0.730051 -0.66007 

2.0 0.711108 -0.65028 

 

V.   Conclusions  

Similarity solution of natural convective laminar boundary layer flow around a vertical 

slender body with suction or blowing with the similarity case 
( ) ( )

0but0 =








d

dB

d

dA
 

has been studied in this paper. It is observed that this case is very case sensitive 

relative to the values of controlling parameters and no symmetric relationships of 

controlling parameters on the flow variables are observed here.  On the basis of the 

findings the following conclusions can be drawn:  

(a) For the case of suction ( )0WF  , the velocity increases with increasing WF  but 

for blowing       case ( )0WF  , velocity decreases in the region 8.17.0   and 

then the velocity increases with the increase of the magnitude of blowing. For the 

case of suction ( )0WF  , temperature decreases with increasing suction. But for 
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the case of blowing ( )0WF  , temperature decreases more with the increase of the 

magnitude of blowing. 

(b)  With the increase in R0 the rate of change of velocity increases primarily. Thus 

before being asymptotically 1.0 for higher values of R0 velocity is higher within 

the boundary layer. But with the increase in R0 the rate of change of temperature 

decreases primarily. Thus before being asymptotically zero for higher values of R0  

temperature is lower within the boundary layer. 

(c)  With the increase in Pr the rate of change of velocity increases primarily. Thus 

before being asymptotically 1.0 for higher values of Pr velocity is higher within 

the boundary layer. It is observed from. But with the decrease in Pr  the rate of 

change of temperature decreases primarily. Thus before being asymptotically zero 

for lower values of Pr  temperature is lower within the boundary layer. 

(d)  But with the increase in   the rate of change of velocity increases primarily. 

After 3.0  the velocity increase for 5.0=  and finally leads to 1.0 

asymptotically. Then increase    the velocity decrease and after certain stage the 

velocity increase leads to 1.0 asymptotically. Like before, temperature decreases 

faster with the increasing   and finally leads to zero asymptotically. 
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