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Abstract

In the present paper it is shown that shape invariance is not a necessary condition for
exact solvability of a potential in Quantum mechanics .Our contention is established by
considering Eckart and Morse Il potentials.
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l. Introduction

There are some well known potentials for which non — relativistic Schrodinger
equations in quantum mechanics can be reduced to hyper geometric or confluent hyper
geometric functions.

Such potentials are known as exactly soluble potentials [1-3] Gendenshtein [2] showed
that these exactly soluble potentials[4] i.e Eckart [6] , Morse[6 , 7] etc show a property
known as shape invariance in the context of super symmetric quantum mechanics [8].

In the present work we attempt to show that the solubility of a potential does not
necessarily imply shape invariance.

Il. Theoretical Analysis

We consider a potential of the form.
U m)=-n(Z) +U; (x) (1)

Where v is an invertible function of variable x. u is a parameter which doesn’t occur
in U;(x). Now the well known one dimensional Schrédinger equation is
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1 4P

dax?

+U(X) B(X) = E B(X) @)

It can be transformed into another equation in variable v.

2 EV0) 20) = ux ) 3)
Where

VORI 0,00 — ] (£) +20'0) + 2 0%() @
v (v)=- n!::::l:}:: (5)
x(3) = (/)77 P (6)

The eigen value of the hamiltonian

H(x,A)= - = :T + U(x, 2) is a differentiable function of the parameter 4 ,since H itself

-
&

is a differentiable function of A[9].
Let us assume that the set of bound state eigen values of H(x,4) can be expressed as,
E=E,(¢); n=0,1,2 (7

For an arbitrary pre assigned value of E,
i.e , E= £ we can solve the set of equations (7) for . If these eigen values are denoted

by €,, ,we get the eigen values of H(y, €)= - 1 (;—;) + V(v €)
Where V (¥, €) is the potential of equation (4) with E= €.

So theoretically an elegant method has been developed by which it is possible to get

the eigen values and eigen functions of the Hamiltonian H (v, €) from H (x, 4).
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In the present article the formalism developed so far will be utilized to find two new

solvable potentials for Eckart [5] and Mose 11[6,7] potentials.
I11. Results and Discussions

Eckart potential which can be expressed as [5]
U(x)=3 C(C-1) coth® x - D coth x (8)
D>C?, 0 < x = w0 has energy

eigen values [4,7]

E,=1[c(c-D-(c+m? - 2 ©

n=0,1,2,3......... Mypge = O

With corresponding eigen functions

¥ (x) = (sin hx)“*" exp [-G x] X P?f“’b} (cothx) (10)
With G = — (11)
and
a=G-C-n (12)
==G-C-n (13)

The above potential (equation (8)) can be written in the form of eqn (1)

with ¥(x) = In(sinhx)(0 < x < w0, -0 < y < w).

The corresponding derived potential can be obtained as;

V)=ab {78 W tan by)- ety 3ot - Juany 450460 (19)

(o= ¥y < )
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This potential has energy eigen values

1
En:_Ean(an_ 1)

a,, are the real solutions of the cubic equation

_a_JG‘:: an(an_ 1j_ (an+ﬂ’j2_[ d ]2

(an+m)
The corresponding eigen functions are
2.3 = VZ(1 4+ 2) ™ exp(— p, y) X pFrinl(z)
Where

Z=[1 + exp(— 3}’]]:;

o, = B ' =g, — d, — T
n (an+ n) y By = Ty n
v, = —4g, o, n

(16)

(17)

(18)
(19)

(20)

The orthonormality of x,, restricts the number of discrete energy levels by requiring

that u, =0 The lowest state energy and wave functions are given by 4, =

—%cx(cx—ljand

2o(¥) = [1 + exp(—2y)]+ exp[(a — B)y] [1 + /(1 + exp(—2y))] #

Constructing the super potential

dxg;
S(y) =- ﬁ and the super symmetric pair.

iS50
V. (v) = $*(y) £ —— one can write

W2

V_()=V (¥)— 4

(21)

(22)
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And
Vi ()= V() + sech®y [—1+ V2B(1+tanhy) :] (23)
In this case V.. (¥) cannot be generated from V., (y) by the well known technique of

reparamatrisation .

As a result they do not form a shape invariant pair. But the condition does not distract

from the fact like the potential ¥ {¥) they are exactly solvable.

Now we consider Morse Il potential [6,7]
U(x , a) = a sech®x + b sech x tanh x, (24)
(o< x < w),

One can deduce energy eigen values E,, and eigen values (x,,(y)) for the potential

—_—
V(y) =ﬁ(a+ %)ﬂlg(cothy— 1) - 31 coth®y + ‘—1; (ﬁz —-a —:D cothy + i (B - H+; (25)

(0 <y <wx)

=7 (B2— ok — a,) (26)
and

Xaly) = [1 - exp (—2) [ exp (—a, y + B, 8) x B (iz) (27)

Where z = [exp (2y) — 1] 'z .a,and 5, are the real solutions of the simultaneous

equations.

(@nt+3)Bn=(a+3)8 )
B:-(2n+ 1)a, +n* = % —a, (29)
n=0,1,23..

= —(a,+iB, +3),8=tan™* [ (cothy — 1)]"/2 (30)
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The wave function y,,(¥) is normalisable for n < «,,

The Jacobi polynomial Pn':“”’““} is real for even n and pure imaginary for odd n.

The ground state energy eigen value and eigen functions are :

Ey=1(8 - a’ - a) (31)

B3| =

xo(¥) = [1— exp(—2y)] /4 exp(— ay + B6). (32)

knowing the ground state wave function one can construct the super symmetry pair of

potentials

V_(y) =V(y) - 4o (33)
And

Vilv) =V.(v) + i cosech® y [1—- B V2 (cothy — 1) f] (34)

It can be observed that it is not possible to get V.(y) from each other by mere

reparameterisation and V.. () lack the property of shape invariance.

In spite of these potential are exactly solvable as the potential V() is solvable.

IV. Conclusion

In the present paper two potentials have been constructed which are exactly
solvable but their respective super symmetric partner potentials do not have the
property of shape invariance. This shows that shape invariance is not a necessary
criterion for the solvability of a potential.
It is to be noted that for all the potentials the eigen values E,, are determined by the
cubic equation and the condition that the discriminant of the cubic equation be positive

(the condition for obtaining only one real root) turns out to be same as the condition

for the normalisibility of the eigen function.
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