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Abstract.

Krpfov-Bountivhov-Mitropalvkil (RKOM) method hor been exended and applied 1o
cerfain thivd order pon-vseiflaiory aonlinear systems chargcterizing ceritically damped
sysfems, For different sei of infiial condiions as well as for different eigenvaives the
solutions obtained by the extended KB8M method show good coincidence with those
eebigived b the numerical method The method iz flustrated by on exaomple.
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1. Introduction.

The agymptotic method of Krylov-Bogoliubov-Mitropolskii (KB} [2,
4} is particularly convenient and is a widely used ool to obtain apprnximafe
solutions af weakly nonlinear systems. Originally, the method was developed
for obtaining the periodic solulions of second order nonlincar sysiems with
gmall norlinearities. The method was then extended by Popov [9]. to damped
oscillatory nonlincar svslems. Owing to physical importance, Popov's results
wore rediscovered by Mendelson [3] and Bojadziev {3]. Murty et af. |6, 7]
cxiended the KBM method to nonlinear over-damped systems. Murty [8] has
presented a unified KBM method for solving a sceond order nonlinear system

which covers the undamped, damped and over-damped cases. Sattar [11] has
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investigated an asymplotic solution of a second order critically damped
nonlinear system. Shamsul [14] has developed a new asymptotic method for
obtaining approximate solutions of second order over-damped and critically
damped nonlinear systems, Shamsul and Sattar [13] have extended
Bogaliubov’s asymptotic method to third order critically damped nonlinear
systems. Recently, Rokibul ez al. [10] have developed a new lechnique for

solving third order critically damped nonlinear systems.

In the present paper, the KBM method has asain been extended and
asymptotic solutions for certain third order eritically damped nonlinear systems
are investigated. For different set of initial conditions as well as for different
cigenvales, the solutions found in this paper show good coincidence with

numerical solutions.

The method

Consider a third order weakly nonlizear differential system
X+hi+k itk x=—£ fix, 65 (1)

where over dets are used to denote first, second and third derivatives of x with

Iespect to 1, &, k,, &, are constants, £ IS the small parameter and f(x, %, ¥) is

the given nonlinear functivn. As the eguation is third order, so, we shall
get three real negalive eigenvalues, where two of the eigenvalues are
equal, because the system is critically damped, Suppose the eigenvalues

are—A.~-A,—u.

Whene =0, the equation (1) becomes linear and the solution of the

corresponding linear equation is

(it 0 ={a,+b, e $o, " (2)
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where «,, b,, ¢, are constants of integration.
When £ 2 0, following [17] a solution of the equation (1} is sought in the form
e =(a+bile +ce* 4 i, {d.b.c.r] +ee {3)

where 4, b, ¢ are functions of time 7, and safisfy the first arder differential

equation

ey =€ A(a,b,c,t) .
B(t) =& B.(a,b,c,0) - 4)
cft) =€ C\{a,b,ct)+---

We only consider a first few terms in the series expansion of (3) and {4),
we evaluate the functions w», andA, B, C,i=1 2., such that a, 3, ¢

appearing in (3j and {4) satisfy the given differential equation (1) with an
accuracy of ordere™. In order to determine these unknown functions it is
customary in the KBM method that the correction terms, #.,i=12..-.n must
exclude terms (known as secular terms), which make them large, Theoretically,
the solution can be obtained up to the accuracy of uny order of approximation.
However, owing to the rapidly growing algebraic complexity for the derivation
of the formulac, the solution is in general confined to a lower order, usually
the first 18]. |

Now differentiating the equation (3), three times with respect to ¢,
subslituting the value of x and the derivatives i, %, ¥ in the original equation
(1), utilizing the relations presented in {4) and finally equating the coefficients

of &, we obtain
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b

af D 8A,  d5 —ut] @
¢ {E;+IH—A][E'+I¥+ZBL)+E a [E'F.}L—H] i,

4 E-I'.l 1 £+“ i =—~f{m{abc,:]
or o l "

(3}
where f{“}(a,b,c,r)zf[xﬂ‘xu,.'fu) and x, = (a+br)e‘3’ +ce™

Now, we expand f in the Taylor's series (see also [7] for details) of the

form

9= 2 F{ab, e 4y EE (@B,¢) A g2 E Eab, cher iR
L= 140 £, =0l
AN (6}
L (a’b’c}e—(fmm: T
|§rﬂﬁ13
Therefore, using (6) into (5), we obtain
i = 1 3
el -;;+ u—ﬂ}‘ %H% +EBL]+¢-'”'[% +A—.u] C (-;H] (% +H]H|
L .
= _if'} H,.b, C}E—{Llﬂ.l-l]-' —t iﬂ(ﬂ,hﬂ}ﬁ-{jh‘mw _I'l iﬂ(ﬂ,h‘,ﬂk_{m*m]: {?)
1,j=1 L= I, =0

~1* Y Fylabi)e M 4o

[RrE

According to the KBM method », docs not contain the fundamental t2rms
ithe soluiion prescnted in the equation (2) is called genenaling solution and its
terms are called fundamental terms) of £17 (see also [6, 11, 13-15] for details).
Therefore equation (7) can be separated in the following way:

=& a aﬁi = —[Fd+gyrar
[ S pgpmid |=t=m ¥ Flab, i B
e [arﬂ; ]a: LMF, (b, C)e (8)
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"”{a +p=A E--l-?.e‘:':!l -i-e"“[a iy (o) (9
& o =
and
A (3 S FH |t = —* EF (@b, = z,r(a.b cye VA (10}
BI I, J=) = .
Solving equation (&), we ohtain
5 “-fa-tAeia
Bim "'E F.(a.b,c)e an

A (G-Dwi-vatin)

Substituting the value of R, from (1 1) into equation (5), we obtain

—_ a‘l H

) ra.'u Ajtre™ —a+,;|.-,l£ C,

3 v, Ea (12)
=.—LF{{; b ﬂ'}g_{”""-'ﬂ']‘ _ F(ﬂ b L‘}g AL

P (G-DA+ fu)

Now we have only one equation (12) fdr pblaining the unknown functions
A, and¢,. So, for detenmining (hese unknown functions, we need to impose
sume restrictions (see also [16, 18] for details). In this paper, we have imposed
the restriction that (he ferm ¢ “**# balance with 4 if i>j and the term
o+ balance with €, f 7> i. This is an important resiriction, since under this
restriction the coefficients of A andC, do not become iarge {the principle of the
KBM method is, the coeflicients of A, B, and C, must be small) and the

solution is also useful in the case of more critically damped {(three of the
cigenvalues are equal) systems, Oa the other hand, if any other relations exist
among the cigenvalues, our solution gives desire results in those cases also. This

restriction is not used in the previous papers [1, 11-16, 18]. Thus, we shall be
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able to separate the equation {12) into two equalions, one for A4 and the other is
forC, and solving them we shall get the unknown functions A and C,. Equation
(10) is a non-homogeneous linear equation, so it can be solve for w, by well

known operator method.

Since 4,b,¢ are proportional to the small parameterz , so they are slowly
varying functions of time ¢. Therefore, it is plausible to replace a, &, ¢ by their
respective values obtained in the linear case (7. e. the valucs of a, B, ¢ obtalned

wheng =0) in the right hand side of (4). This replacement was first made by
Murty et al. [6, 7] ta solve similar type of nonlinear equations. Thus substituting
the vaiues of A,, E, and C, intﬂ_thé fiqﬁatinn (4) and integrating, we obtain

I
a=a,+& J-Al[an By Cp o b) At
a

; :
b=by+& [ B(ay.by,cqut) dt | (13)
i}

E=Cy+E _[C'] (@ Dy, 00,8) dt
q

Substituting the values of a,b,¢ and o, in the equation {3}, we shail get the

complete solution of (1).

Thes the determination of the first order approximate solution is

completed.
Example

As an example of the above method, we have considered a Duffing equation

| type third order weakly nonlinear system
Xk E k& + by =g x? (14}
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Here f =x", and x, =(a+biye ™ +ce™'

\{{{I:I =ﬂﬂﬂ—3~ll +3{11 CE-[Z.H,H}! +3RCE E-H+2,u’?-l' +c3e—3yr
Therefore, + (Mibe‘“’ +6abce™ 43bc%e """”““) (15)
+11(34:1b1eh‘“" +3&1c¢'{m“}' )Hs e

Comparing cquation (6) and (15), we obtain

EFn(fi,b,if}E_l‘A+J'u)r e ﬂje—a.h +3ﬂ2 ce—[zﬁ.u:j: +3£C2 Eu{ﬂrsz +£3€—3'm .
Ey f=0

2 F(a,b, T L P e Ebczewfﬂ+2#}: ,
iy =0 : !

EFZ{G, b, ¢)e VI 2 3 g BRI | 320 ami b {16}
i j=o .

and

E Fz(a‘b’c}c—ﬂl+.j#}f - b]c-lﬁ.f ¢

iog=l .

Therelore, equations (B)-(10) respectively beconme

g'*l‘[g + Ju—ﬂ.]% =4{&1245E_3’;'"r +Geboe @ Lap 2 E—{Jﬂ-!,u}r] (17)

af B A } e .

A
=_(ﬂs P P B T A e +{_,3£—1.;.-}

and
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2 ' i
{; + A] [% + ,u]ul =" 3abe ™ —r3ple g H _ pIgmR (19)

LY
The solution of the equation (17} is

B, = a®bLe™™ +abel e %R 4 3] g | (20)
where I = =2 Sy S

= =
0G@A-w)" T AlA+p) 7 2p(Atp)
Putting the value of B, from equation (20) into the equation (L8), we obtain

= ) a . 1% &41 “pEd _ 3
¢ [a-ﬂ; }I,]—v+e |&+.1 ¢l g

=2(—pla’bl, e ™ +24abcl O 12 A+ bl e - 2D

_( I Lyl i g 2 e _[_czg-&:r)

To separate the equation (21} for detcrmining the unknown functions
A and C,, in this paper we have imposed the restriction that the terms e 4*#H

balance with A, if i >f and with C if j > {. Under this restriction, we obtain

-*“[ Y - A]ai_ 2034~ p)atble

ot o (22)
+2.ﬂ.ﬂﬁ£‘.12£ (ZA+ge _aae-m i 3;11 ceu{um}:
and
3 ; ‘
o '[g + A4 —y] C = 2(,1 + BC e Y gt o g N _plg i (233
The particular solutions of (22)-(23) respectixfel_;,f become
A =mdbe™ +mabce MY tmate™ tmedie P (24)
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C,=nbcte™ ™ + paaice ™ + pcle™HF

(25)
where

sy =3 ___ =6
R GA- ) " G

.| =3

T2AGA - 2AA+ )

1 =3 -1
o=

AT O T
The solution the equation {19) is | |
u o= ab*(ne? 4 nran e wbiers® et .rﬁ)e‘“‘*”“
B2 (% + a4 4 ng Je (26)
where

3

_ _ =6{u—24)
LTI AR -34)
(g —34)

Tap -3y

- 3 3, & ., 2
o (p-3A) |20 Au-3) u-3a (]

3 304 51)
il"d=—3, 'rs="—'_j"
AL+ 1) 285 (L + )

v 3 6 . 2 1
PO2AA ) | uHAY Au+a) 23T

SR - . 1 3__3
% 42 -34y" A 4&1(;:—33.}{3, [,u—ﬂﬂ.)}’
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] 9o _ 6 6
PTaR(u-3hy |20 AQu-3d) (347

1 3 9 6 4]
fw =03 T al T T 2t
dA(u—34) |47 24T =34 A(u-3Ay  (g-34)7

Substituting the values of A, 8,C, from the equation (24), (20} and (25)

respectively, into the equation {13) and inlegraling, we oblain

M-dy b, (l —e ] b mzanbucu (1'_ e )

=a. +E : 27
Lol { 22, A+ ) Gl
mﬂﬂi (1 i E._Mr) mscuatzl (1 £ E_{Mﬂm]
21 (21 + 1)

i Skl e

b=b,+E lilqﬂz%(;:._. Hj?i.r_}_* 'El_aﬂ'".!.’-'.ﬂ'.“‘li!.(i_ . g.-(-‘.*r.mr)-l_ byt (i_ e )} (28)

24 (A -+ ) H
2] _ ikt I R FE L By 3fy =

5, +£{+’1|bacn[l ) mage,(l-e™) meill-e™) (29)
(A+10) {A+w 2

Therefore, we obtain the first order approximate solution of the equation
(14} as
x(r,E}¥(a+hr)n'a*+cﬁ'”’+Eul (34}

where a, b, ¢ are given by the equation (27)-(29) andw, given by (26).

Results and Discussion.

By means of the extended KBM method an approximate solutions of a
third order critically damped nonlinear system has been found in this paper.
It is usual to compare the perturbation solutions, obtained by a certain

perturbation method, to the numerical solutions to test the accuracy of the

273



ISEN 0073-89375
{.Mech.Cont.& Math Sci., Vol.-3, No.-1, June (2008) Pages 204-279

approximate solutions. With regard to such a comparison concerning the
presented KBM.melhcd of this paper, we refer the work of Murty et ol. [6].
In the present paper, we have compared the sclutions cobtained by the
equation {30) to those obtained by fnur-th order Runge-f(utta method for

different set of initial conditions as well as for different eigenvalues.

First of all x{r, £) has been computed by the equation {3Q) in which a, &,
¢ are calculated by equations (27)-(29) and &, i1s calculated by the equation
(26) together with initial condittoens g, :G.E,_ b, =01 ¢, =0l
{or x(0) = 0.900004, #(0)=-2.472107, ¥(0)=7.150955] fork, =7.2, k, =15.81,
£, =961; i e for A=3.1 and p=1 when £=0.1. The solutions for various
values of ¢ are presented in the secend column of Table I. The corresponding
numerical solwtions (designated by x¥) have been compwed by fourth ordet
Runge-Kutta method and arc given in the third column of the Table 1

Percentage errors have also been calenlated and are given in the fourth
column of the Tabie L

Table I.

Initial

+ I x frvor conditions
0.0 (3.900004 {.900004 0.0000
045 .242044 02422656 0.2794
1.0 (1078903 0.078598 -0.3881
1.3 (.G32447 0.032333 -0.3526
210 0016222 0.016178 -0.2720
2.5 0,000066 (.009046 -0.2211
3.0 0.0035326 00053146 -, 1881
3.3 (003152 (.003186 -0.1883
40 0.001927 0001924 -0.1539
4.5 001167 0.001 165 01747
580 0.000708 0000706 -0.2833

AYC o = 0.8, by =01, cp=01, Auil pg=I and ¢ =01
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x is computed by (30)

x* is computed by Runge-Kufta method
[

Secondly, we have computed x(r, &) by (30 for am.:rt]wr set of initial
conditions a, =04, b, =04, ¢, =02 [orxD)=0.600008, KT =-1.799403,
M0}=06.197403] fork, =11, k, =35, k,=25; L e for A=5 and =1 when
£ —0.1. The solutiens for various values of r are presented in the second column
of Table T1. The corresponding numerical solutions (designated by x¥) have
been computed by fourth order Runge-Kuita method and are given in the third

column af the Table I1. Percentage errors have also been calculated and are

given in the fourth celumn of the Table IL

Table I1

¢ | X F o Error%
0.0 D.600008 | 0.600008 ¢.0000
0.5 0,170661 0.170096 -0.3322
10 0.079645 | 0.078833 02626
1.5 0.045230 | 0045150 | 01772
2.0 0.027153 0027111 01549
25 0.016441 0016415 . -0.1584
30 0.000970 | 0009953 | -0.1708
33 0.00647 | 0.006036 0.1822
4.0 0.003667 | oomesn | . -0.1013
45 0002224 | 0002220 -0.1802
50 DOUI34Y | 0.001346 0.2229

Imtal conditions arCag=04, =04, cg=02, =3 u=1 and ¢ = 0.1
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x is computed by (30)
x* 15 computed by Runge-Kutta method

Finally, we have computed x{t. £) by (30) for another set of initial conditions
a, =0.6, b, =0.4, c, =0.1 [or x(0) = 0. 700441, - a0y = -1.003450,
X¥0y=1.233213] fork, =6, k, =12, &k, =8;i e for A=pu=2 when £=0.1. The
solutions for various values of ¢ are presenied in the second column of Tahle
III. The comesponding numerical solutions (designated by x*) have been
computed by fourth order Runge-Kuttz method and are given in the third
calumn of the Table I Percentage errors have also been calculated and are
given in the fourth column of the Table II1,

_Table III

£ X x Ercor %

; 0.0 0.700441 070044 i 00000
0.5 D.330913 0.330721 0581
10 D.148715 0.148614 ' -0.0680
L5 006141 | 0.064575 L0102
20 0027435 | 0027392 -0.1570
2.5 0.011437 DOLL411 0.2279
30 D002 | vooiess -0.2057
35 0.601912 0.001904 04202
a0 B.O00TTO | 0.000767 03911 |
4.5 0.000308 (000306 ; .6536
50 0.000122 4000122 0.0000

Initial conditions ate ey =06, by =04, g=0i, A= =2 and ¢=0.
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x is computed by (30)
x*is computed by Runge-Kutia method
Conclusion,

In this pﬁper, a formula is developed for solving third order critically
damped nonlinear systems with small nonlinearities. This is an extension of the
KBM method. This extension is important, because the formula equation (30)
gives not only the desired results when (he system is critically damped but also
gives the desired results when the system nndergoes more critical damping
(when three of the eighenvalues are equal). The resulis presented in Table IIT are
obtained for A = ¢ =2 . In this case the system undergoes mote critical damping.
From Table III, we see that the results obtained by {30) show good coincidence

" with numerical results in the case of more critical damping alsa.
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