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Abstract:

Set of all finitely generated n-ideals of L is a lattice, denoted by F, (L). In this
paper the author has characterized those F,(L) which form relatively Stone lattices. It has
been shown that F. (L) is relatively Stone if and only if PvQ=L for any two

incomparable prime n-ideals P and Q of L.
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Chj§aﬁ pil (Bengali version of the Abstract)

L-HI pp£j ii-h p2@ pLm n-BC¢Xuj-ml (n-ideal) -pVU HL¢V mEj¢Vp (Lattice)
kigi-L Fn(L) aili ¢Q¢q%a Lli quz HC f-ce fEhGLil -pC ph Fn(L) kigili B-f¢rl -@Vie
mEj¢Vp (Stone Lattice) NWe L-I-R aj-cl Q¢lceNa °h¢ng fEcie L-I-Rz HV -cMi-ej g-u-R
-k Fn(L) B-f¢rl -@Vie qu L-HI -k -Lje ca"¢V Aa¥me -j+¢mL n-BC¢Xuim P Hhw Q HI SeE
k¢c Hhw -Lhmjijce k¢c PVQ=L quz

1. Introduction.
Relative annihilators in lattices and semilattices have been studied by
many authors including Mandelker [5] and Varlet [8]. Also Cornish [2]

has used the annihilators in studying relative normal lattices. Then [6] has
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introduced the notion of relative annihilators around a fixed element

ne L, called relative n-annihilators.

For a,bel, <ab>={xeL:xaa<b} is known as annihilator of a

relative to b or simply a relative annihilator. It is very easy to see that in

presence of distributivity, <a,b> isanideal of L.

Again for a,b e L we define <a,b>,={x:xva>b}, whichis called a

dual annihilator of a relative to b, or simply a relative dual annihilator. In

presence of distributivity of L, <a,b>, is adual ideal (filter).

For a fixed element n of a lattice L, a convex sub lattice containing n is
called an n-ideal. The idea of n-ideals is a kind of generalization of both
ideals and filters of a lattice. The set of all n-ideals of a lattice L is
denoted by 1, (L), which is an algebraic lattice under set inclusion.

Moreover, {n} and L are respectively the smallest and the largest
elements of 1 (L).

For any two n-ideals 1 and J of L, itis easy to check that
IAd=1nJ={xeL/x=m(i,n, j)for some iel, jed} where

m(x, vy, z)=(xAy)v(yrz)v(zax) and

v ={xelliAj<x<i, v j, for some i, i, el and j,, j, €J}

The n-ideal generated by a finite numbers of elements is called a finitely
generated n-ideal. The set of all finitely generated n-ideals is denoted by

F (L). n-ideal generated by a,, a,, ..,a, isdenoted by <a,, a,,.., a, >,

m

which is the interval [a, na, A...AQ, AN, @, va,Vv..va,vn].
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Thus, the members of F (L) are simply the intervals [a,b] such that
a<n<b. A neat description of finitely generated n-ideals can be found in
[7]. By [4] and [7], we know that F (L) is a lattice and for [a,b],
[a'l’ bl] € Fn(L)1

[a, b]~[a,,b]=[ava,bab]land[a b]v[a,b]l=[ara,bvb].

The n-ideal generated by a single element a is called principal n-ideal,
denoted by <a > . Clearly, <a>,=[aAn,avn]. By [4] we also know that

<a>, n<b> =<m(a, n,b)>,, when L is distributive. Let L be a lattice

with 0 and 1. An element a*< L is called a pseudocomplement of ae L,
if arna*=0 and aAx=0 implies that x<a*. L is called pseudo
complemented if its every element has a pseudocomplement. For a,belL,

and a fixed element neL we define <a,b>"={xeL:m(a,n, x)e<b>}
={xeL:ban<m(a,n x)<bvn}. By [6], <a b>" is called the annihilator
of a relative to b around the element n or simply a relative n-
annihilator. It is easy to see that for all a,belL, <ab>" is always a

convex subset containing n. In presence of distributivity, it is easy to
prove that <a,b>" is an n-ideal.

For two n-ideals A and B of a lattice L, <A B> ={xelL:m(a,n, x) B
for all a e A}. In presence of distributivity, clearly < A, B > is an n-ideal.

Moreover, we can easily show that <a,b>"=<<a >, ,<b> >.

[

A distributive lattice L is called a Stone lattice if it is
pseudocomplemented and x*vx**=1, for each xe L. Also recall that a

lattice L is relatively pseudocomplernented if its every interval [a,b]

(a,bel, a<b) is pseudocomplemented. A distributive lattice L is called
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a relatively Stone lattice if its every interval [a,b] is a Stone lattice.

In this paper we include some results on relative n-annihilators of a
lattice.

Then we use them in generalizing some results on relatively Stone

lattices in terms of n-ideals.

We start the paper with the following result which is due to [4, 7 ].
Proposition 1.1: For a lattice L with neL, F, (L) =(n]’ x[n).
Following result due to [1] will be needed in proving our main results.

Proposition 1.2: Let 1 and J be two n-ideals of a distributive lattice.
Then forany xelvJ, xvn=i, v j and xan=i, A j, for some i, i, 1

and j, j,eJ withi, j>nandi,, j,<n.
Now we give a generalization of [2, Lemma-3.6].

Theorem 1.3: Let L be a distributive lattice. Then the following hold:

(1) <<x>,,I>=<<xX>,,<y>>;

(il) << x>, 3 >= V<<x>_,<y> >, where the supremum of n-
yeld

ideals <<x>,,<y> > istakeninthe lattice of n-ideals of L, for any

x e L and any n-ideal J.
Proof: (1) L.H.Sc R.H.Sis obvious. Let t eR.H.S, then
te<<y> ,<x>>.Thisimplies m(y,n,t)e<x>,. Thatis

<m(y,n,t)> c<x> andso (<y>, n<t> )v(<x> Nn<t>)c<x> . That
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IS, <t> A[<x> v<y>]c<x> whichimplies
te<<x> v<y> ,<x>>.Thus, telL.H.Sand so (i) holds.
(i) R.H.Sc L.H.Sisobvious. Let t cL.H.S, then m(x,n,t) e J thatis
m(x, n,t) = j forsome jeJ. Thisimplies te<<x>_,< j> >. Thus

t eR.H.S and so (ii) holds.

Lemma 1.4: Let L be a distributive lattice with ne L. Suppose a,b,ceL.
(i) Ifa,b,c>n, then

<<m(a,nb)> ,<c> >=<<a> ,<c>>v<<b> 6 <c> > Isequivalent to
<anb,c>=<a,c>v<hbc>;

(ii) Ifa,b,c<n

then<<m(a, n,b) > ,<c> >=<<a>,<c> >v<<h> ,<c> >

Is equivalentto <avb,c>,=<a,c>, v<b,c>,.

Proof: (i): Suppose a,b,c>n and

<<a>, Nn<b> ,<c> >=<<a>,, <c>>v<<b>  ,<c> >.Let
xe<aab,c>. Then

xnanbsc, <x> Nn<aab> =<x> N[n,aab]l=[n, (xvn)a(anb)]
=[n,(xAaAb)vn]c[n,c]. Hence

Xe<<anb> ,<c> >=<<m(a,nb)>,6 <c> >=<<a>,<Cc>>v<<b>  ,<Cc>>.

Thus x<pvqg,wherepe<<a>,,<c>,>, ge<<b> ,<c>>. Then
<p>,n<a>,c<c>,. Thatis, [pan, pvn]ln[n,alc[nc]. Thus,

[n, (pvn)Aa]l<[n, c] which implies pra<c,andso pe<a,c>. Similarly,
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gqe<b,c>andso xe<a, c>v<b,c>.Hence <anb,c>c<a,c>v<b,c>.
But <a,c>v<b,c>c<anab,c> isobvious, Therefore,
<anb,c>=<ac>v<bc>.

Conversely, suppose <aab,c>=<a,c>v<h,c>. Let
X e<<m(a, n,b)> ,<c>>.Then

<x> n<m(@n,b)> =[xan, xvn]ln[n,asb] c[n,c]. Thatis
[n,(xvn)A(aab)]<[n,c]. Thus, [n (xaaab)vnlc[n,c]l Wwhich
implies xarasb<c,and so

Xxe<anab,c>=<a,c>v<b,c>. Thisimplies x=rvs, where re<a, c> and
se<b,c>. Thenraa<c and sab<c. Now

<r> n<a> =[ran,rvnlnln,al=[n,(rvn)aa]=[n, (rara)vn]c[n,c]

=<c>,. Hence, re<<a>,, <c> >.

Similarly, se<<b>, ,<c>>.Thus xe<<a> ,<c> >v<<b> ,<c> > and

SO <<m(a, n,b) > ,<c> >c<<a>,,<Cc>>v<<b>  ,<Cc> >.

Since <<a>,,<c> >v<<b> ,<c> >c<<m(a,nb)> ,h<c> > is obvious,

SO <<m(a, n,b) > ,<c> >=<<a>,,<Cc>>v<<b>  <c> >.
A dual calculation of above proof proves (ii).

Following result on Stone lattices is well known due to [3, Thcorem-3,
Page-161] and [2, Theorem-2.4].

Theorem 1.5: Let L be a pseudocomplemented distributive lattice. Then

the following conditions are equivalent:
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(i) L is Stone;
(i) Foreach x,yelL, (xAy)*=x*vy*
(i) I f xAy=0, x,yelL, then x*vy*=1.
Similarly we can easily prove the following result which is dual to above

theorem.

[
Theorem 1.6: LetL be a dual pseudocomplemented distributive lattice.

Then the following conditions are equivalent:
(i) L is dual Stone ;
(i) Foreach x,yeL, (xvy)*® =x** ay*®;
(iii) if xvy=1, x,yeL, then x** Ay*! =0,

where x** denotes the dual pseudcomplement of x.

[2, Theorern-3.7] (also see [5 ]) has provided a nice characterization of
relatively Stone lattices in terms of relative annihilators. By a similar

technique we can easily prove its dual result.

Theorem 1.7: Let L be a relatively dual pseudocomplemented

distributive lattice. Let a,b,ceL be arbitrary elements and A B are
arbitrary filters. Then the following are equivalent;

(i) L is relatively dual Stone;

(i) <a,b>, v<ba>,=L;

(ilf)<c,anb>,=<c,a>, v<c,b>,;

(iv)<[c), AvB >, =<[c), A>, v<[c), B>,;

(V) <avb,c>;=<a,c>, v<b,c>,.
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[2, Theorem- 3.7] and [5, Theorern-5] provided some characterizations
of relatively Stone lattices. Here generalize those results in terms of n-

ideals.

Theorem 1.8: Let F (L) be a relatively pseudocomplemented

distributive lattice and A andB be two n-ideals of L. Then for all

a, b, c e L, the following conditions are equivalent:
(i) F, (L) is relatively Stone ;
(i)<<a>,,<b> >v<<b> ,<a> >=L;

(iif) <<m(a, n,b) >,,<c> >=<<a>,<Cc>,>v<<b> ,<c> >.

Proof: (i) => (ii). Let zeL, consider the interval

| =[<a>, Nn<b> n<z>,<z>1]11in F(L). Then <a> n<b> n<z>,

is the smallest element of the interval 1. By (i), 1 is Stone. Then by

Theorem 1.5, there exist finitely generated n-ideals [p, q], [r,s]e!l such

that,

<a> n<z> Mp,gql=<a>, Nn<b> Nn<z> =<b> n<z> A[r,s] and

<z>.=[p,q]v[r, s].

Now,

<a>, N[p,ql=<a>, "[p,gqln<z> =<a> N<b> Nn<z> c<b>,
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implies [p,gqlc<<a>,,<b>>. Also <b> A[r,s]=<b> n<z> Ar,s]
=<a> n<b> Nn<z>c<a>, Implies [r,s]c<<b>,<a>>. Thus,
<z>,c<<a>,,<b>>v<<b>  ,<a> >
and so ze<<a>,,<b> >v<<b> ,<a> >.

Hence <<a>,,<b> >v<<b>  <a> >=L.

(i) => (iii). In (iti) RH.S < L.H.S is obvious. Let zeL.H.S. Then
ze<<m(a,n,b)>,<c> >, which implies zvne<<m(a,nb)> ,<c> >.
By (i)zvne<<a> ,<b> >v<<b> ,<a> >. Then by Proposition 1.2,
zvn=xvy, for some xe<<a> , <b>> and ye<<b>,<a> > and
X,y>n. Thus, <x> n<a> c<b>_, and SO
<X>, N<a> =<X> Nn<a> N<b>
c<zvn> n<a>, N<b> =<zvn> n<m(anb)> c<c>,. Thisimplies
Xe<<a>, ,<C>, >. Similarly ye<<b> ,<c> >, and SO
Zvne<<a>,,<c>>v<<b> ,<c>>. Similarly, a dual calculation of
above shows that zane<<a>,,<c> >v<<b> ,<c>>. Thus by

convexity, ze<<a>,,<c>,>v<<b> ,<c> > and so (iii) holds.

(ili) => (i). Suppose (iii) holds. Let ab,c>n. By (iii),
<<m(a,n,b)> ,<c> >=<<a>,<c>>v<<b> ,<c>>. But by Lemma
1.4(i), this is equivalent to <aab,c>=<a,c>v<b,c>. Then by [2,
Theorem-3.7], this shows that [n) is a relatively Stone Lattice. Similarly,

for a,b,c <n, using the Lemma 1.4(ii) and Theorem 1.7, we find that (n]
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Is relatively dual Stone. Therefore F, (L) is relatively Stone by Proposition

1.1.

We conclude the paper by generalizing another well known
characterization of relatively Stone lattices. To prove this we need the

following lemma which is due to [2, Lemma-3.4].

Lemma 1.9: If L, isasublatticeof L and p is a primeidealin L,

then there exists a prime ideal P in L suchthat P =L nP.

Theorem 1.10: Let F (L) be a relatively pseudocomplemented
distributive lattice. Then the following conditions are equivalent:

(i) F, (L) is relatively Stone

(i1) Any two incomparable prime n-ideals P and Q are comaximal, that
ISPvQ=L.

Proof: Suppose (i) holds. Let P, Q be two incomparable prime

n-deals of L. Then there exist a,beL such that acP-Q and beQ-P.
Then <a> cP-Q,<b> cQ-P. Since F (L) is relatively Stone, so by
Theorem 1.8, <<a>_ ,<b> >v<<b> ,<a> >=L.Butas P, Q are prime,
so it is easy to see that,<<a> ,<b>>cQ and <<b> ,<a> >cP.

Therefore LcPvQ andso PvQ=L. Thatis, (ii) holds.

Conversely, suppose (ii) holds. Let P, and Q, be two incomparable prime
ideals of [n). Then by Lemma 1.9, there exist incomparable prime

idealsP and Q of L such thatP, =Pn[n) and Q, =Qn~[n). Since neP,
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and neQ,, so P, Q are in fact two incomparable prime n-ideals of L.
Then by (ii), PvQ=L. Therefore, P vQ, =(PvQ)~[n)=[n). Thus by [2,
Theorern-3.5], [n) is relatively Stone. Similarly, considering two prime
filters of (n] and proceeding as above and using the dual result of [2,
Theorern-3.5] we find that (n] is relatively dual Stone. Therefore by

Proposition 1.1, F (L) is relatively Stone.

References:
1. Ali M. Ayub, A Study on Finitely generated n-ideals of a lattice, Ph.D
Thesis, 2000.
2. Cornish W. H., Normal lattices, J. Austral. Math. Soc. 14(1972), 200-
215.

3. Gratzer G., Lattice theory, First Concepts and distributive lattices,
Freeman, San Francisco, 1971.

4. Latif M.A. and Noor A.S.A, n-ideals of a lattice, The Rajshahi
University Studies (Part B), 22 (1994), 173-180.

5. Mandelker M., Relative annihilators in lattices, Duke Math. J. 40(1970),
377- 386.

6. Noor A.S. A. and Ali M. Ayub, Relative annihilators around a neutral
element of a lattice, The Rajshahi University studies(part B), 28(2000),
141-146.

7. Noor A. S. A. and Latif M.A., Finitely generated n-ideals of a lattice,
SEA Bull, Math. 22 (1998), 73-79.

8. Varlet J., Relative annihilators in semilattices, Bull. Austral. Math. Soc.
9(1973), 169- 185

727



