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Abstract:

The paper is devoted to a theoretical study for the distribution of axial velocity for blood
flow in a branch capillary emerging out of a parent artery at various locations of the branch.
The results are computed for various values of r and the angle made by the parent artery and
the branch capillary. Also due attention is given to the variation of n (fluid index). The output
is compared with the results in the previous similar investigations. A theoretical estimate for
the velocity of blood for various non negative values of the fluid index parameter and yield
stress in different locations of the branch capillary is presented.
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¢hj§aN pjl (Bengali version of the Abstract)

jém djZ£ -b-L Ed"a ¢h¢iae UUjc¢el niMiu niMj -L+¢nl eim£-a I$2 fEhj-ql SeE Arfu
N¢a-hN h%V-el asANa Aenrpdj-e HC fee¢V HLjé" ii-h ¢e-uj¢Saz j§m djZE€ Hhw njiMi
-L*#¢nL eimf aili L«a ¢h¢ize -LiZ r-Hl ji-el SeE NZej Llj g-u-Rz n- fEhiqf fcibN p§Q-LI
felhaNenfmaiju J kbikb NZej Llj g-u-Rz f§hNae pcln Aerpdi-e ¢e¢ZNa g-ml p-%o fEi¢
g-ml a¥meij Lli q-u-Rz fEhiqf fci-bNI p§QL fEQm (Parameter) Hhw pqge-f£s-el (Yield
Stress) AGZjaEL ji-el SeE niMij -L+¢nL eim£l ¢heize UUj¢el -r-ce I-§% N¢a-h-NI asANa
pAihE jie-L f¢I-hne Llj g-u-Rz

1. Introduction :

A systematic study of the rheologic and fluid dynamic properties of blood
and blood flow could play a significant role in the basic understanding,

diagnosis and treatment of many cardio-vascular, cerebra-vascular and
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arterial diseases. Therefore, the rheological complexities involved in the
blood flow in the cardiovascular system have attracted serious attention from
many researchers. Physiologically blood is an aquous liquid (plasma) having
some suspended particles like white blood cells, erythrocytes, platelets and
others. Rheologically blood behaves like a homogeneous Newtonian fluid in
large blood vessels while it behaves non-Newtonian in narrow blood vessels
e.g. capillaries. The flow behavior is further complicated due to the fact that
at low shear rate certain chemical reactions occur that may cause significant
changes in the flow behavior of blood. Since harmful experiments cannot be
carried out on living human beings, model studies related to blood flow
through human artery with a branch capillary have been carried out by many
theoretical researchers. The complications in describing the flow of blood in
the arterial system leads to develop a constitutive mathematical model that
can explain its non-Newtonian behavior. Misra and Chakravarty[1]
developed a mathematical model to study unsteady flow of blood through
arteries treating blood as a Newtonian viscous incompressible fluid paying
due attention to the orthotropic material behavior of the wall tissues. In an
another theoretical study Misra et al ( [4],[5],[6].[7] ) presented a
mathematical analysis in which the blood was treated as a non-Newtonian
fluid and the artery as non linearly viscoelastic. A good number of analytical
as well as experimental studies on the flow of blood through the arterial
segments having stenosis or multiple stenoses were carried out by
Young,Shukla et al,Chaturani[3] and Sami. They assumed that blood
behaves like a Newtonian fluid. On the basis of the experimental
observations, Han,Barnett and Whitemore[10] suggested that blood behaves

like a non Newtonian fluid under certain conditions. At a low shear rate(
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about 0.1/sec) blood behaves like a Casson model fluid. Misra and Kar [8]
developed a mathematical analysis of branching when blood enters from a
feeding artery into a right-angled branch capillary. On the basis of the above
assumptions the present analysis deals with the distribution of the axial
velocity (u) at various locations of the branch capillary for different non-
negative values of n (fluid index) and 0 (yield stress). In the present

investigation, the following relevant assumptions are made:

i) A two layered structure of blood flow through narrow artery is studied. The two

layers are (a) the peripheral layer and (b) the core layer

i) The length of the main (feeding) artery is quite large in comparison to its

diameter
iii) The blood is treated as a Herschel-Bulkley fluid
iv) The branch capillary makes an arbitrary angle a with the feeding artery

v) R" and R:" (<R") respectively denote the radii of the feeding artery and the
branch capillary
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Figl. Schematic diagram of an arterial segment with branch capillary
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In case of steady flow, the multiphase flow of blood through a narrow artery
is studied for the microcirculatory system. The angle made by the arteriole
emerging from the feeding artery (a) is taken arbitrary. The model presented
here is relevant to blood flow in micro vessels having diameter less than 200

um and a shear rate below 10sec™
2. Formulation of the problem and the method of solution :

In terms of cylindrical polar coordinates(r, ¢, z) with z-axis along the vessel
axis, the governing equation of motion (for a low Reynolds number) may be

taken as

sut op. 16(r7)
> — >  x * 2'1
r ot oz r or (2.1)

In conformity to the rheological properties of blood, the blood is considered
non-Newtonian and of Herschel-Bulkey type. The constitutive equation for

Herschel-Bulkley fluid may be taken as

—?:* zl(r*—ry " >7, (2.2)
—?;* =0,7 <7, (2.3)

The multiphase flow of blood may be taken to be governed by the following
system of equations:

*

ou 1

L g @4
or u °
_g‘l:* :i(z'*—ry)", R <r <Rj (2.5)
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T =7, <R (2.6)
where g, = u(l+k—kr™)

Let a be a characteristics radius, p(t) is a non- dimensional pressure gradient

along the axis of the tube which is taken to be a periodic function of t.

We non-dimensionlise the variables as

27 r u’ N
r=—0r=—u=—p—t=tw,
pOa a pOa/
2u,
2., R R’ R’ R’
= —n ’R:—’R :—O’R :—P’ = ——
“, ,U(apo) =7 Re= R, 3
Sp
—=—p,p(t 2.7
57 PoP(t) (2.7)

Using non-dimensional variables the equation(2.1) takes the form

2 ou 16(rr)
ZZ_2p(t)-=
ot P( r

ﬂ/
Yo,

Equations (2.4)- (2.6) become

,0<r<R (2.8)

where ¢” =e= Is the Womersley parameter.

—%=r”,ROSrSR (2.9)
ou 1

—— = (r-0)"\R_<r<R 2.10
ot ek ka0 ResT<R (2.10)
—%:0,0Sr<Rp (2.11)
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2
where 6 = ty
P2

3. Boundary Conditions :
Mathematically the boundary conditions for the present problem are
u=0 at r=R 3.1)
T1is finite atr =0 (3.2)
4. Method of Solution for Steady Flow :

For steady flow of blood, equation (2.8) can be written as

16(r7) _
r or

2p,,0<r<R (4.1)
ps being the steady pressure gradient.
Integrating Eq.(4.1) and using boundary condition (3.2), we get

T=p,r (4.2)
Integrating Egs. (2.9) —(2.11) and using boundary condition (3.1) and
Eq(4.2) we get

u="P (R™M_r"y R <r<R (4.3)
n+1
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n+l n-1 m+n+l m+n _ 2pom+n+l
ie pS (R™-R ™)+ p {[R GRO no°R) 0, K ka" =R, noR, +n(n21)0 R, .
n+l L+k 140 p. 2p! 1rk'mensl p(m+n)  2p (m+n-1)
k2a2m R2m+n+l n9R2m+n n n—l 92R2m+n—l
0 _ 0 + ( ) 0 ]}_

@+k)>2m+n+1 p(2m+n) 2pZ(2m+n-1)

p_sn rn+1 _9_rn+ nHZrn—l N kam rm+n+1 B nermm N n(n _1)02rm+n—1
L+k “1+n p, 2p? 7 l+k m+n+l p(m+n)  2pi(m+n-1)
k2a2m r2m+n+l n9r2m+n n(n_l)02r2m+n—1

— +
(L+k)’"2m+n+1 p(2m+n) 2p’(2m+n-1)

(4.4)

LR, <r<R,

By neglecting powers of 0 higher than the second,

uzp_:(RnA n+1) ps {[Rn+1 (9Rn nHZRS’l +kam R(;n+n+1 B n@Ran +n(n_1)92R(;n+n+1 N
n+1 T l4k 14n p, 2p2 T 1+k men+l p(m+n)  2pi(m+n-1)

k2 2m R02m+n+l ~ n9R02m+n +n(n_l)02R§m+n—l]}-

(1+k)> " 2m+n+1 p,(2m+n) 2p’(2m+n-1)

" n B a" n n(n -

ps I[ Rg+l HR; 92 Rn l] Rm+n+l 9Rm+n ( 1)92 R;)n+n+1
1+k “1+n p, 2p2 7 1+k m+n+l p/(m+n)  2pi(m+n-1)
k?a?" ~ RI™™  ngRI™" n(n-1)g°R2™M

+
@+k)*2m+n+1 p.(2m+n) 2p2(2m+n-1)

(4.5)

1}0<r<R,

5. Numerical Results and Discussion :

For the purpose of the computational work, the following values of the

material constants, and the rheological other parameters have been taken:

a =0.0075 cm R=1.0 m = 0.05 k=02 Rp=01 Ro=09
R1=0.15

ps=1.0 A1=0.1 (cf Misra, Adhikery and Shit [2] )
The experimental work of Merrill [11] led to report that the yield stress 0 lies

within the range 0.0 to 0.3. The distribution of axial velocity is presented in
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the figures 2 — 4 along with our predictions on the basis of the present
analysis. Fig 2 exhibits the distribution of axial velocity with varying fluid
index parameter n from 0.75 to 2 and taking 6 = 0.0. Our results presented in
fig.2 shows that the axial velocity decreases with the increase in value of n.
Within the whole range of the values of n, the axial velocity is zero forr=1
and increases steadily as r is diminished. In fig.3, n is taken as 0.75 and 0 is
varied from 6 = 0 to 6 = 0.2. The axial velocity is found to decrease with the
increase in the value of 0. In fig.4, the Newtonian model is considered taking
0 = 0 and n = 1. The axial velocity becomes zero at r = 1 and increases
consistently as we decrease the value of r fromr=0 to r=1.
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Fig.2 Distribution of axial velocity( u) for different values of n at 0 = 0.0
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Fig.3 Distribution of axial velocity(u) for different values of © atn=0.75
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Fig.4 Comparison of axial velocity for Newtonian model(n = 1, ©= 0) with Misra and Ghosh in the
steady case

The above results show close conformity to the corresponding results
obtained by Misra et. al.[9]

6. Conclusion :

It follows from the above discussion that the fluid index parameter and the
yield stress play an important role in the study of steady flow of blood in the
arteries with branching. Also the consideration of the arbitrary o, the angle
between the feeding artery and the branch artery gives the generalized form

of the axial velocity.
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